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Chuong 01

GOC LUONG GIAC

Ly thuyét

1. budng tron dinh hudng va cung lugng gidc

{3: - Budng tron dinh hudng:

=" Puong tron dinh huedng la mot dwong tron trén d6 da chon mot

/J

chiéu chuyén dong goi la chiéu duwong, chiéu ngwoc lai la chiéu

A
am R
* Qui wdc chon chiéu ngugc véi chiéu quay cua kim dong ho lam
chiéu duong.

=1’ Cung lugng gidc:

“'e  Trén duong tron dinh hudng cho 2 diém A, B. Mot diém M di dong trén duong

tron ludn theo mot chiéu tit A dén B tao nén moét cung luong gidc c6 diém dau A

va diém cudi B.

e V6i2diém A, B da cho trén duong tron dinh hudng ta ¢6 v6 s6 cung luong gidc co
diém dau A, diém cudi B.

N
e KihiéuAB.

Trén mot dwong tron dinh hwdng, 18y 2 diém A, B thi:
(1) Ki hiéu AB chi mdt cung hinh hoc (16n hodc bé) hoan toan xac dinh.

my
(2) Ki hiéu AB chi mot cung lwong gidc diém dau A, di€ém cudi B.
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2. Géc lugng gidc.
e
-=1’_GOc lugng gidc:
“S="e Mot diém M chuyén dong trén duong tron tir C dén
%
D tao nén cung luwong giac CD.
Khi d6 tia OM quay xung quanh goc O tir vi tri OC
dén OD. Ta néi tia OM tao nén géc lugng gidc, o tia
diu OC va tia cudi OD.

*  Kihiéu: (OC,0D).

e Taquy wdc: chiéu quay
+nguwoc voi chiéu quay kim dong ho la chiéu duong
+ ciing v6i chiéu quay kim dong ho la chiéu am.

e Khitia OM quay goc « thi ta noéi goc luong giac ma tia d6 quét nén cd s6 do « .

* SO do cua goc luwong gidc véi tia dau OC, tia cudi OD duoc ki hiéu la
sd(OC,0D)=q.

g et | |
S6 do ctia cac goc luong gidc c6 cung tia dau OC va tia cudi OD sai khac nhau mot boi

nguyén cua 360° nén c6 cong thirc tong quat la: sd(OC,OD) = a®+k.360° (k € Z)
Thuong viét la (OC,0D) = a°+k.360°

\.
(-]

g, Hé thuc Chasles:
Vi 3 tia Oa, Ob, Oc bat ki ta co:
(Oa,0b)+(0b,0c) =(0a,0c)+k.360° (keZ)

3. bon vi Radian.

=
{f.;@._.» Pon vi Radian:
»  Trén duong tron ty ¥, cung c6 do dai bang ban kinh dwoc goi 1a cung c6 s8 do |
rad.
Quan hé gitta do & radian:
180°

» 1°=irad va lrad = .
180 s

w )

Khi viét s6 do cua mot gdc (cung) theo don vi radian, ta khéng viét chi rad sau s6 do.

180°=w—>60°=§ 1800 = > 450=7
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4. budng tron lugng gidc

-=." Pudng tron lugng gidc:

“Z5=»  Trong mat phang Oxy, vé duong tron dinh hudéng tam Y B
O, bankinh R=1. N
»  Duong tron nay cit hai truc toa d6 tai bdn diém A (1 ;0),
A'(-1;0), B(0;1), B'(0;-1). A10) A10)
O Zz

» Taldy A(1;0) lam diém g0Oc ctia dwong tron.
y 8 8

»  DPuong tron xac dinh nhu trén dwoc goi la duong tron
luong gidc (goc A). B'(0: 1)

5. b6 dai cung tron.

-

v
Vol

et o) |

If-s—f »  Cung c6 s6 do « rad ctia duong tron ban kinh R ¢6 d6 dai = Ra.
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0éCdc dang bai tap
—

R~ Dang 1. MGi lién hé gilra dé va radian

— )‘;@ Phwong phdp )

Dung m6i quan hé gitta d¢ va radian: 180° =7 rad
180°

™

» D61 cung a co s6 do tir radian sang do a.

e Lo \ A g T
» Poi cung x° ¢6 sO do ttr d§ ra radian x°. R02

4 vidy 1.
(1) D6i s6 do ctia cac gdc sau ra radian: 72°,600°,-37°45'30".

o SV A O 3
(2) D6i s6 do ctia cac gbc sau ra do: %,%,— 4.

= Loi gidi

D6i 56 do ctia goc 45°32" sang don vi radian véi dd chinh xac dén hang phan nghin ?
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g A vidy13.

Déi s6 do radian sang sd do do

(1) m(rad) (2) %(md) (3) %(md)
227 S5 127
@) T(md) (5) —?(rad) (6) —?(md)

Dai s6 do d sang s do radian:

(1) 170° (2) 1000° (3) 3100°
(4) —90° (5) —240° (6) —125°
= Loi gidi
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R~ Dang 2. D6 ddi cung lugng gidc

— ;;ﬁ? Phwong phap )

Cung tron ban kinh R ¢6s6 do « (0 <a< 27r), ¢ sO do do a°(0° <ac< 3600) va co do dai

I thi: I=Ra=—%.R dodd L=-2
180 T 180

0
» Ddc biét: 1 rad = 180 , 1°= " rad
T 180

Vidy 2.1.

Mot duong tron cd ban kinh 36 m. B¢ dai ctia cung trén duong tron d6 c6 s6 do la

3T 1
1) — 2) 51° 3) -
1= (2) ()3
= Loi giai
Ry e R - S - Ry - EREEE e
Vidy 2.2

0
Mot hai li la d6 dai cung tron xich dao c6 sd do [%J =1. Biét d6 dai xich dao la

40.000km, hoi mot hai 1i dai bao nhiéu km?

........................................................................................................................................................
........................................................................................................................................................

4 vidy 23.

Cho hinh vudng A,A A, A, noi tiép duong tron tam O (cac dinh duoc sap xép theo

chiéu ngugc chiéu quay ctia kim dong ho). Tinh s do ctia cac cung lwgng giac
A

AA,AA(,j=0123i%])

= Loi gidi
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R~ Dang 3. Biéu dién géc lugng gidc trén dudng tron lugng gidc

— f:,é Phwong phap )

N
Dé biéu dién gbc luong giac cd s6 do a trén duong tron legnggiac ta can thiee hién cac
budc sau:

» Budc 1: V& duong tron lugng gidc. Chon gdc A(1;0) lam diém dau.
» Buoc2:  Chon diém cudi M trén duong tron luong giéc sao cho (OA,OM )=« .
Diém cudi M chinh la diém biéu dién cta géc lwgng gidc cb s6 do a.
#% Kién thtec can lwu y:
v Puong tron legng gidc 1a duong tron cé tam tai gdc toa do, ban kinh bang 1,
dwoc dinh hudng vai:
» Chiéu quay dwong (nguoc chiéu quay cta kim dong ho),
» Chiéu quay am (cung chiéu quay cuia kim déng ho).
» L&y diém A(1;0) lam diém gdc ctia duong tron.
y
B
M
'\+
\
A K o Ax
BJ‘
Cac diém B(O; 1),A(1; 0), B'(O;—l) nam trén duong tron lwong giac.
v' Néu ‘a‘ > 27 (hodc ‘a| > 360°) ta phan tich o=+ k27 hodac o =3 +k360°vdi
-7 < B <7 .Khi d6, diém biéu dién ctia géc lwong gidc cd s6 do a sé trung véi
diém biéu dién cua goc luong gidc c6 s6 do la 3.
v'a>0 thi gbc a quay theo chiéu duong, a<0 thi goc a quay theo chiéu am.
\ J
7

A vidy 3.

Xéc dinh diém M trén duong tron luong gidc biéu dién gdc luong gidc c6 s8 do bang

(1) 45° 2) _n
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Vidy 3.2.
Biéu dién cung luong giac trén duong tron luong giac c6 s6 do:

(1) = (2) -765° (3) x=kr (keZ)

= Loi giai

Vi duy 3.3.

Cho cung lwgng giac c6 s6 do x = % +km véi k la s6 nguyén tuy y. C6 bao nhiéu gia
tri k théaman x e I:ZTT;STT] ?

N\ e LA
= Loi giai
........................................................................................................................................................
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Vidy 3.4.

Cho cung luong gidc ¢ s6 do x = —% + %ﬁ véi k 1a sO nguyén tuy y. C6 bao nhiéu gia
. . ~ 3m
tri cia k thoa man xe[—?ﬂwJ ?

= Loi giai
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(c il
Luyén tap

A. Céu héi— Trd 1oi trdc nghiém
» Caul. Gobcco sd do % ddi sang do bang
A T7°. B. 7°30'. C. 8°. D. 8°30'".

» Cau2. Mot dueong tron co duong kinh la 50(cm). Do dai cua cung tron trén dwong tron cd sd

dola % bang (Iam tron dén hang don vi):

A. 40(cm). B. 39(cm). C. 19(cm). D. 20(cm).
» Cau3. SO do theo don vi radian ctia goc 315° la
AT B. T, c . D. 2.
2 4 7 7

S oa gy O s N A Sy % X
» Cau4. Cung tron cé so do la e Hay chon s6 do d§ ctia cung tron do6 trong cac cung tron sau

day.
A. 5°. B. 15°. C.172°. D. 225°.

» Cau5. Cung tron c6 sd dola 7. Hay chon sd do do ctia cung tron d6 trong cac cung tron sau day.
A. 30°. B. 45°. C. 90°. D. 180°.

. . M i AT
» Cau 6. GoOc cd so do = doi sang do la:

A. 135", B. 72°. C. 270". D. 240°.
» Cau7. Gobc co sd do 108° ddi ra radian la:
AT iy c.€., D. .
5 10 2 4
» Cau8. MOt banh xe ¢d 72 rang. S6 do goc ma banh xe da quay duoc khi di chuyén 10 rang la:
A. 60°, B. 30°. C. 40°. D. 50°.

» Cau9. Trén duong tron voi diém gocla A.Diém M thudc duong tron sao cho cung luong giac
AM c6s6 do 60°. Goi N la di€ém d6i xting véi diém M qua truc Oy, s6 do cung AN la

A. —120° hoac 240°. B. 120°+k360°,k € Z.
C. 120°. D. —240°.
» Cau 10. Trén duong tron ban kinh r =15, d6 dai caa cung c6 sd do 50° 1a:
A. 1215.@. B. l:15—7r. C. lzlS.@.SO. D. [=750.
T 180 T

A \ \ 14 7 ey \ . ? 7r \
» Cau 11. Trén duong tron ban kinh r =5, d¢ dai cua cung do § la:

N B. =" c.1=2" D.1=%".
8 8 8 3

» Cau12. S8 do ctia cung tron c6 d6 dai 75(cm) trén duong tron c6 duong kinh 30(em) (1dy
7 ~3,14 va lam tron dén phut) cé dang aob’(a,b € Z) . Gia tri ctia biéu thttc P=2a-b
bang;

» TOAN TU TAM - 0901.837.432



» Cau 13.

» Cau 14.

» Cau 15.

» Cau 16.
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A. 533. B. 535. C. 267. D. 266.
Trén hinh vé hai diém M, N biéu dién cic cung c6 s6 do la:
Y B 11
T
A’ 3 \4
0 X
N ;
A x="+2kn. B.x=——+kr.  C.x=_+kn. D.x="+k—..
3 3 3 3 2

Trén duong tron luwgng giac goc A, cho diém M xac dinh boi sd AM = % .Goi M, la diém

(8%
d6i xting cua M qua truc Ox. Tim s6 do cua cung luong giac AM, .

-5

A.sd AM,=—=+k2r keZ B.sd AM1=%+k27r,keZ

C.sd AMlz‘—;+k2w,kez D. sd AMlz_—37r+k7r,keZ

biém M trong hinh vé sau 1a di€ém biéu dién ctia goc «.
:E',f A

| =

M 3 T

SO do cua « la

5m

A.a=—%+k27r,keZ. B.a=—€+k7r,keZ.

C. a:%+k27r,keZ. D. a:—%+k27r,keZ.

Khi biéu dién cung lwong giac trén duong tron luong gidc, khang dinh nao duwdi day

sai?

A. Diém biéu dién cung « va cung 7—a d6i xting nhau qua truc tung.

B. Diém biéu dién cung a va cung —a ddi xting nhau qua goc toa do.

C. Mdi cung luong gidc duoc biéu dién boi mot diém duy nhat.

D. Cung « va cung o+ k27r(k e Z) c6 cting diém biéu dién.

Mot dong ho treo tuong, kim gio dai 10,57cm va kim phut dai 13,34cm .Trong 30 phut
miii kim gio vach 1én cung tron c6 do6 dai la

A. 2,78cm. B. 2,77cm . C. 2,76cm.

D. 2,8cm.
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» Cau 18. Trong 20 gidy banh xe ctia xe gan may quay duoc 60 vong.Tinh do dai quang duong xe
gan mdy da di duoc trong vong 3 phut,biét rang ban kinh banh xe gan may bang 6,5cm
(lay m=3,1416)

A. 22043cm . B. 22055cm . C. 22042cm . D. 22054cm .

» Cau 19. Mot banh xe dap quay dwoc 25 vong trong 10 giay. Tinh do dai quang dwong ma ngwoi
di xe thuc hién duoc trong 2,35 phtt, biét rang ban kinh banh xe bang 340mm. (Tinh
theo don vi mét, két qua duoc lam tron dén hang phan tram).

A. 314,5(m). B. 753,04(m). C. 514,8(m). D. 437,8(m).

» Cau 20. Ttr mot vi tri ban dau trong khong gian, vé tinh X chuyén dong theo quy dao la mot
duong tron quanh Trai DAt va luon cach tam Trai Dat mot khoang bang 9200km. Sau 2
gio thi vé tinh X hoan thanh hét mot vong di chuyén. Quang duong vé tinh X chuyén
dong dugc sau 1 gio la
A. 28902,65(km). B. 29802,65(km).  C. 32102,65(km).  D. 28905(km).

» Cau 21. Mot chiéc du quay c6 ban kinh 75m, tdm cta vong quay & d cao 90m1, thoi gian thyc
hién mdi vong quay cta du quay 1a 30 phit. Néu mot ngudi vao cabin tai vi tri thdp nhat
ctia vong quay, thi sau 20 phuat quay, nguwoi d6 ¢ do cao bao nhiéu mét?

A. 127,5(m). B. 154,3(m). C. 87,7(m). D. 157,5.
B. Cdu hoi - Tra loi Diing/sai
» Cau 22. Ddi s6 do cha cac goc sang radian. Khi dé:
M¢énh dé Ping | Sai

° T
30 =—rad
(a) 5 ra

15) 1
(b) (?J —Erad

(c) | 132" = & rad
15

(d) | —495 = —BTW rad

» Cau 23. Ddi s6 do cha cac goc sang do. Khi do:

Ménh dé bung | Sai
(a) 3—7rrad =135
4
®) | —— rad=-0,5
360
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(c)

(d) | —4rad ~—229,18 | |
» Cau 24. Biéu dién goc lwong gidc trén duong tron lwong giac. Khi do:

ﬁrad =27 ‘ ‘
2

o

T b AT

Ménh dé bang | Sai
(a) | 12514 diém M thudc géc phan tw thir thie 1T
(b) | 405'1a diém N thudc géc phan tw thi 11

(© 19?” la diém P thudc goéc phan tw tha I1

(d) —:L%T la diém Q thudc goc phan tu th IV
» Cau 25. Biéu dién goc lwong gidc trén duong tron lwong giac. Khi do:
M¢énh dé Pung | Sai
(a) | 36 +k360°,k € Z la difm M thudc goc phan tw thir 11
(b) —60" + k180", k € Z 1a cac diém M,, M, thudc géc phan tu thie II va
v

() —% +k2m,keZ 1a M thudc goc phan tu thwe 111

™

—E+k%,k €Z labén diém M, N, P,Q thudc goc phan tu the

LI I, IV
» Cau 26. Trong hinh vé bén, ta xem hinh anh dwong tron trén mot banh 1ai tau thuy twong tng
voi mot duong tron luong giac.

(d)

| Ménh dé | Pang | Sai
Cong thitc tong quat biéu dién goc luong gide (OA,OB) theo don vi

(@) . ™
radian: (OA,OB) = 4 Hken(ke);
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Cong thitc tong quat chi ra goc luwong giac twong tng véi bon diém

(b) bi€u dién1a A,C,E,G theo don vi radian la k%(k )

Cong thirc tong quat chi ra goc luong giac twong tng véi hai diém

(c) bi€u dién 14 A, E theo don vi d6 la: k180°(k € Z)

Cong thttc tdng quat biéu dién géc lwong gidc (OA,0C)+(OC,0H)
(d)

theo don vi radian: %4‘ k2m(k € Z)
» Cau 27. Puong kinh ctia mot banh xe may la 60 (cm) . Trong mdi y & mbi cau, hiy chon ding

hay sai
Ménh dé Dlng | Sai

(@) Do dai cung 40° cua mot banh xe gan béng 20,94 (cm), két qua lam
a
tron dén chir s6"thdp phan thir 2.

Mbi banh xe phai lan mot vong thi nguoi di xe di duwoc quang duong

B\ 94,2(cm), ket qué lim tron dén chiv s5'thip phan thie 1.

D& nguoi di xe di duoc quang duwong 2(km) thi mbi banh xe phai
lan 1000 vong

(c)

@ Néu xe chay véi van tSc 50(km/h) thi trong 5 gidy banh xe quay

duoc gan 36,9 vong.
» Cau 28. Trén duong tron lugng gidc tam O va hé truc toa dd Oxy cho diém M sao cho

AOM ="
5
M¢énh dé Pung | Sai
SS do ctia goc lwong giac c6 tia dau la OA tia cudila OM bang
@ T kn(kez).
5

®) Goc luong giac c6 s6 do % 6 cung tia dau va tia cudi véi goc
leong gidc (OA, OM).

Trén duong tron lwong giac biéu dién goc luong giac c6 s6 do

(© %+k§,keZ ta duoc 6 diém.

Khi biéu dién géc o = g + k77r ,keZ 1én duong tron luong giac ta

d ST B s 1A a1 N
(d) duoc tap hop diém la mot da giac déu thi dién tich ctia da gidc déu

dé bang 4.
» Cau 29. Tt mot vi tri ban dau trong khong gian, vé tinh X chuyén dong theo quy dao la mét
duong tron quanh Trai Dat va luon cach tdm Trai Dat mot khoang bang 9200km. Sau 2
gio thi vé tinh X hoan thanh hét mét vong di chuyén.
| Ménh dé | Pang | Sai

Quang duong vé tinh X chuyén dong duwoc sau 1 gio la:
@] < 28002, 65(km), ket qua lam tron déin chit s5'thip phan thit 2.
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Quang duong vé tinh X chuyén dong duoc sau 1,5 gio la:
~ 43353,98(km), két qua lam tron dén chit so thdp phin thir 2.
(c) | Sau khoang 5,3 gio thi X di chuyén dugc quang dwong 240000 (km)

(b)

Gia st vé tinh di chuyén theo chiéu duong ctia duwong tron, sau 4,5

(d)

s A o A 9T
gio thi vé tinh vé nén mot goc > rad?

C. Ciu héi - Tra 1oi ngin
» Cau 30. Tt hinh vé duong tron luong giac, cong thirc s6 do tong quat ctia goc luong giac
(OA,OM); (OA,ON) c6 dang lan luot 1a n" +k360" (ke Z); m" +k360" (k € Z) v6i n;m la

4 ~ A 7 L4 . 1
cac s6 nguyén. Tinh gia tri S = 2 m’ —n

M

= Dién dép s6:
» Cau 31. Tt hinh vé duong tron luong giac, cong thirc s6 do tong quat ctia goc luong giac

(0A,0M); (OA,ON) ¢6 dang lan luot 1a —+k2r (keZ); ~L r+k2r (keZ) véi
m

q
m;n;p;q la cac sd nguyén va %,g 1a phén s3 t6i gian. Tinh gia tri T=(m+p)—(n+q)
Yy
M

A

o7

297

12
K{

4

N

= Dién dap so:

» Cau 32. Mot banh xe c6 duong kinh ké ca 16p xe 1a 55¢m . Néu xe chay véi téc d¢ 50km / h thi
trong mot gidy banh xe quay dwoc bao nhiéu vong? (Két qua diwgc lam tron dén hang phin
tram).

= Dién dap so:

» Cau 33. Mot banh xe dap quay duogc 25 vong trong 10 gidy. Tinh d6 dai quang dwong ma nguoi
di xe thurc hién duoc trong 2,35 phtt, biét rang ban kinh banh xe bang 340mm. (Tinh
theo don vi mét, két qua dugc lam tron dén hang don vi).

= Dién dap so:
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» Cau 34. Mot cai dong hod treo twong co duong kinh bang 60cm, ta xem vanh ngoai chiéc dong hod
la mot dwong tron véi cac diém A, B,C lan luot twong tng voi vi tri cac s6 2,9,4. Tinh
tong do dai cdc cung nho AB va AC (két qua tinh theo don vi centimét va lam tron dén hang
phin tram).

= Dién dap so:

» Cau35. Goi M, N, P la cac diém trén duong tron luong giac sao cho s6 do cac goc luong gidc

(04,0M),(0A,ON), (OA,0P) Tan luot bing =, "~ va MN =NP=2. Tinh dién
26 6

tich tam giac MNP. Két qua lam tron dén chir s6"thdp phan thi 2.

= Dién dap so:

Hét
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of LY thuyét

1. Gid tri lugng gidc c0a moét gdoc lugng gidc

*i‘ Dinh nghia:

A \ \ .7 . . \ A7 «A? Y
Trén duong tron lwong giac, goi M(xM,yM) la diém biéu P
dien goc luong giac ¢ s6 do o . Khi dé: sinay ... M(a;y)
*  Qui wdc chon chiéu nguoc véi chiéu quay ctia kim dong ho E
S A o1 O P
lam chiéu duong. o csa] =z
* vy, diém M goilasin caa . Ky hiéula sina =y,
* x, diém M goila cosin ctia «. Ky hiéu la cosa = x,, 7
» sina ., ) A sina
®* Neéu cosa=x, #0, Yu _ S goi la tang ctia «v. Ky hidu tana T .
X, cosa X, cosa
X, _cosa X, _cosa

* Néu sina=y, #0, 4=—— goila cdtang ctia o . Ky hiéu cotox =L =——.
Yu sSa Yy Sina

(1) C4c gid tri:
1. sinav, cosa xac dinh Vae R.

2. tana xac dinh Va#%ﬂm (keZ). 3. cotar xac dinh Vo # km (keZ).
(2) Véi moi goc lwong giac a, ta cd

1. sin(a+k27r)=sina, VkeZ; 3. tan(o:+k7r)=tana,a;t%+k7r,VkeZ;

2. cos(a+k2m)=cosar, VkeZ; 4. cot(a+kr)=cota, a=kr,VkeL.

(3) Dau ctia céc gia tri lwgng giac ctia goc a:

y 7 A
goell g gl Goc phan tw
Kb M I II | II1| 1V
i cos v + | - | -] +
A 2 I Vi ™ .

o i3 F %“’ L | sina + |+ | - -
3 . e
AT - -
o= 0 tan o + +

\ goc 11l i3 goe IV cot o + - + = /
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(1) sin® a+cos* a=1 (2) tana.cota =1, a;tk—ﬁ, keZ
2

(3) 1+ cot’ a = , a¢1+k7r,keZ

——, azkm, kel @) 1+ tan* o = 5
sin” «v Cos” v

3. M&i quan hé gilra cdc gid tri lugng gidc cOa hai géc ddi nhau

sin(— ):—sina
cos( ) cos Cos — d5i
tan( a):—tana
cot( ) —cota
4. Mdi quan hé gilfa cdc gid tri lugng gidc coa hai géc bu
nhavu
s1n(7r—a):sma
cos(w—a):—cosa Sin — bi !
tan(w—a):—tana
)

5. Mdi quan hé gilfa cdc gid tri lugng gidc cla hai géc phy nhau

(T B| ar
sin| ——a |=cosa A i
2 VAN
T . f {’f'l(f; IHJ.
cos E—a =sina A\ ol w Ha *
Phu - chéo N
T ;
tan(z—aJ=cota B

cot| ——« tan o
5

6. M&i quan hé gilra cdc gid tri lugng gidc cOa hai géc hon kém

B
(7 il
sin —+a = COS il
/ .
sin(w ) =—sina (H "
i T

+a) -
cos| —+a |=—sina A'\ i itpa 2
cos(7r+a):—coso< 2
M ] -
tan(w+a):tanoz s R
tan| —+«a | = —cota
cot(7r+a):cota 2
T
cot[5+o¢J:—tanoz
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» Gia tri lwong gidc ctia cac cung dac biét:

0 L I ™
“ 6 | 4 | 3 2
sina 0 E Q ﬁ 1
2 2 2
cos 1 ﬁ Q E 0
2 2 2
t 0 L 1 | 3 | Khong xdc dinh
an o —- ong xac din
3 §xac e
1
cotar | Khéngxacdinh | 3 1 ﬁ 0

» TOAN TU TAM - 0901.837.432



l:
Chuang 01 =
HS & PHUONG TRINH LUONG GIAC

Cdc dang bai tap

R~ Dang 1. Tinh gid tri lugng gidc cua 1 géc lugng gidc

o i
= Phwong phap )
» Ap dung hé thiic co ban:

(1) sin®a+cos* =1 (2) tana.cotar =1, a#k—w, keZ

@) 1+tan’ a =———, aztikn, kel (3) 1+ cot* a = .12 , azkn, kel
o 2 sin” «v

(5) tana = :;‘;"‘ . (6) cota = 2%
[0

sine
» Dong thoi tier dir kién a<a <b (a < b) thi xac dinh cu thé dau cua sina va/hodc cosa

» T d6 tinh dugc chinh xac cac gia tri lwong gidc con lai.

4 Vidya.

2
Cho cosx = T (—g <x< OJ . Tinh gia tri ctia cac gia tri lwong gidc con lai.
5

= Loi giai

{ vidy1.2.

. 3 7 .7 . 2 /4 .7 . .7 \ .
Cho sinx = = (g <x< ’iTJ . Tinh gia tri ctia cac gia tri lwong giac con lai.

= Loi gidi
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Vidy 1.3.

Cho tanx :% (—w <x< —%J . Tinh gia tri ctia cac gia tri lwong giac con lai.
= Loi gidi
e e

Vidu 1.4.

Cho cotx = i [7? <x< %J . Tinh gia tri ctia cac gia tri lugng giac con lai.

= Loi giai
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R~ Dang 2. Tinh gid tri lugng gidc lién quan géc ddc biét

— #:i': Phwong phap )

» Ap dung cic hé thiic co ban.
» Ap dung méi quan hé giita cac gia tri luong giéc.

(1) Cos — déi: (2) Sin — bu:
sin(—a):—sina sin(w—a):sina
cos(—a)=c05a cos(vr—a)=—c05a
tan(—a):—tana tan(:'r—a):—tana
cot(—a):—cota cot(vr—a):—cota

(4) Phu - chéo (3) Hon kém %

i ™
sm[;—a}=coso: sm{—+a} = Cos
cos(——aj=sina cos(—+aJ = —sinao

w Vs
tan| ——«a |=cota tan| —+« | = —cota

™ i
cot| ——a |=tana cot| —+a | =—-tana

5] +o)
Sln(7r+of) = —sino
) cos(7r+a) = —COoSw
(5) Hon kém =
tan(ﬁ+a)=tana
cot(w+a):c0ta

£ Vidy2.1.
Tinh gia tri cua biéu thic:
(1) S$=3-sin’90°+2cos’ 60°—3tan’ 45°
(2) K=sin’10" +sin’ 20° +sin” 30° +...+sin” 70° + sin” 80"
(3) M =cos’10° +cos” 20° +cos® 30° +...+cos” 170° + cos’ 180°
= Loi gidi
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Vidy 2.2.
Chttng minh

D =sin[s—ﬂ—aj+cos(l37r+a)—3sin(a—5w)=3sina
2

A \ \ .7 7 . A2 « A7 - X 7 b 7 AN 5
Trén duwong tron luong gidc, xac dinh diém M biéu dién goc lwong gidc co s6 do ?ﬂ

Cho biét, khi quét goc lugng giac tir (~10127;10127) ¢6 bao nhiéu cip goc ddi co gia

tri |sin‘ bang sin%ﬁ?
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R~ Dang 3. RUt gon biéu thuc lugng gidc

— i
= Phwong phap )
» Ap dung hé thiic co ban:

(1) sin’ a+cos’a =1 (2) sin®a+cos*a=1 a;tk?ﬁ,kez
4) 1+tan’ oo =———, aztlikn, kel (3) 1+cot’ o =——, a#km, kel
COS” «v 2 sin” «

(5) tana = 22 (6) cotar= c.osa‘
COSs v sin v

» Ap dung cac hé thikc co ban.

» Ap dung méi quan hé: Cos — ddi; Sin — bit; Phu — chéo; Hon kém %/ .

4 vidy 3..
Rat gon biéu thikc
1) A= (1 —sin? ;vc).cot2 X+ (1—cot2 x)

2 M= (sinx +cosx)2 +(sinx—cos x)2

........................................................................................................................................................
........................................................................................................................................................
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Vidy 3.2.

Rat gon biéu thikc

2
1) C= 2(cos4 x +sin® x + cos® x sin? x) —(cos8 x+sin® x)

2
sinx—cosx) —1
(2) E=£ _ ) (3) F=sin’ a+cos’ ar+3sin” cvcos” o
an x —Sin x.cos x

w Loi gidi

Cho O<a<g.Tinh

\/1+sina +\/1—sincu
1-sina 1+sina
= Loi gidi
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R~ Dang 4. Gid tri I6n nhat - gid tri nhé nhat

oy i
= Phwong phap )

» Ap dung hé thiic co ban:
(1) sin* av+cos” a =1

k
(2) sin?a+cos*a=1 a#—w, keZ
@) 1+tan* a =

T l+tan’ o=

— ——, azkn, kel

COS « COS «x SN «v
sin

(5) tana =

cosa
. (6) cota=—

cosa sina
» Ap dung cac hé thic co ban.

(3) 1+cot’ a =

» Ap dung méi quan hé: Cos — ddi; Sin — bui; Phu — chéo; Hon kém %/ .

» Vo6imoi goc lugng gidc a, ta cd: —1<sina <1 va —-1<cosa <1
1. sin(a+k27r):sina, vkeZ; 2. cos(a+k27r):cosa, VkeZ;
) 4
{ Vidy 4..

Tim gia tri 16n nhat — nho nhat cua
1) A= cos(2x) +3

(2) D=1-sin2x
= Loi giai

4 Vidy 4.2.

Tim gia tri 16n nhat — nho nhat cta
(1) Z=+2cosx+3 -4 (2) V =+2+cos2x

= Loi giai

» TOAN TU TAM - 0901.837.432




Chuong 01
HS & PHUONG TRINH LUONG GIAC

Vidy 4.3.
Tim gia tri I6n nhat — nho nhat cua:

(1) M =7cos” x—2sin’ x (2) Q =sin® x +cos® x

Viduy 4.4.

Tim gid tri nho nhat cta biéu thite P = cot® a+cot*b+2tan’ a.tan’b+2 I

= Loi giai
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(c il
Luyén tap

A. Céu héi— Trd 1oi trdc nghiém

» Cau36. Cho % <a<m.Két qua dung la

A. sina>0, cosa>0. B. sina<0, cosa<0.
C. sina>0, cosa<0. D. sina<0, cosa>0.
» Cau 37. Trong cac dang thiec sau, dang thirc nao dting?
A. sin(l80° —a)z—cosa. B. sin(1800 —tz):—sina.
C. sin (1800 - a) =sina. D. sin (1800 - a) =cosa.
» Cau 38. Chon déang thiic sai trong cac dang thitc sau
A. sin(%—xj:cosx. B. sin[gﬂc]:cosx.
C. tan(%—xlzcotx. D. tan(%erJ:cotx.

» Cau 39. Cho biét tan« =%. Tinh cota
1 1
A. cota=2. B. cota:Z. C. COta:E' D. cota:\/i.

» Cau 40. Cho % <a <. Khéang dinh nao sau day dung ?
A. sina<0. B. tana>0. C. cota>0. D. cosa<0.

n . 3r ., )
» Cau 41. Biét tana=2 va 7r<a<7. Tinh sinc.

a5 5. 25 o

5
R

» Cau 42. Biét tana=-3. Tinh tan(a —%r] .

A. —l. B. } C.3. D. -3.
3 3

» Cau 43. Trong cac cong thirc sau, cong thitc nao sai?

A. sin®a+cos?a=1. B. 1+ tan’a = [a¢%+kw,kezj.

cos® o

C. 1+cot’ v=—=
sin® o

(oz¢k7r,keZ). D. tana+cota:1[a¢k7ﬂ,ker.
. . 3 .7 e .
» Cau 44. Cho sma:g va §<a<7r. Gia tri ciia cosa la:

Al B. 2. C.+2. p. 2
) 5 5 25

4 . T ., .
» Cau4s. Cho cosa:g voi O<a<5. Tinh sinc.
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A. sinazl. B. sinaz—l. C. sinazg. D. sina:ig.
5 5 5 5
» Cau 46. Rut gon biéu thuc P=sin(a+%jsin(a—%].
A. —§c052a. B. EcosZa. C. —ECOSZCI. D. —ECOSZCI.
2 2 3 2

LA 1 . . . . 29 S
» Cau47. Gi4 tri biéu thitc P =sin? —+sin? —+sin’ —+sin’ — + tan —cot — bing
6 3 4 4 6 6
A. 2. B. 4. C. 3. D. 1.
» Cau 48. Cho sina = 5 va g <a <. Gia tri cia cosa la:

Al B. -2, C.+2. p. &

5 5 5 25
» Cau 49. Cho cosazg voi 0<a<g. Tinh sinc.

A. sina=l. B. sinaz—l. C. sinazg. D. sinazig.
5 5 5 5

» Cau 50. Cho tanaz—gvo'fi 377T<04<27r. Khi d6:

A. sinaz—i COSx=———. B. sim)z:i cosa:i.
Jar’ Ja1 Jar’ 41

C. sincuz—i CoSoy = —. D. sinoz:i cosoz=—i.
Ja1 Ja1 Jar’ 41

Pay 2 \ \ . 4 . 2 \ 7
» Cau 51. Trén ntra duong tron don vi cho goc « sao cho sina = 3 va cosa<0. Tinh tanc.

A 2205 g, 25 c 2. 51
5 5 5

. 1 = . as EYPRET
» Cau 52. Cho smazé va §<a<7r. Khi d6 cosa cé gia tri la.

A. cosa:—g. B. cosa:&. C. cosa:g D. cosa:—&.
3 3 9 3
» Cau 53. Cho P:M véi tanx =2. Gia tri ctia P bang
sinx+2cosx
N B 22 c V8 D5
9 3 9 4
» Cau54. Cho sinx = 1 va cosx nhan gia tri am, gia tri cia bi€u thiec A= M ban
2 sinx +cosx

A. —2-4/3. B. 2+4/3. C. —2+4/3. D. 2-4/3.

» Cau 55. Biéu thitc P = —2tan* x trén [O; %} dat gia tri 16n nhat tai

cos* x

A. x=0. B.x:z. C.x:z. .
3 6 12
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» Cau 56. Mot vat dao dong diéu hoa theo phuong trinh x =1,25 Cos[Zwt - %j (cm) (t dobéng

gidy). Tinh quang duong vat di dwoc sau thoi gian ¢ =2,5s ké tir lic bat dau dao dong.
A. 4,21(cm). B. 3,21(cm). C. 1,21(cm). D. 2,21(cm).
» Cau 57. Héng ngay, muc nudc cia mot con kénh lén xudng theo thay triéu. B9 sau h(m) cta con
kénh tinh theo thoi gian f (gio) trong mot ngay dwoc cho boi cong thirc:
h=lcos 7T—t+E +3, 0< t <24,
2 8 4

Hoi tai thoi nao trong ngay thi mwec nwdc ctia con kénh cao nhat?

A. 10(h). B. 12(h). C. 14(h). D. 15(h).
B. Cdu hoi - Tra loi Diing/sai
» Cau58. Cho 0 <a<90°. Xét dwoc dau ctia cac bidu thite sau. Khi dé:

Ménh dé bung | Sai
(a) —sm(a+90 )
(b) = cos(a 45° )
() | C=tan(270'-a)<0
(d) | D=cos(20:+90°)>0
R , L e , S5cotx+4tanx 2sinx+cosx oy
» Cau59. Cho tanx=-2. Tinh duoc cac biéu thitc A = ,A, =—————  , khi do:
5cotx—4tanx Ccosx —3sinx
M¢énh dé Ping | Sai
(@) | cotx=——
(b) | Vi tanx=-2 nén cosx=0
21
@ | A=——
3
(d) A =—
27
R , L e y 2sinx+3cosx 2 .
» Cau 60. Cho cotx=2. Tinh dwoc cac biéu thitc B, = — ,B,=— : , khi
3sinx—2cosx COS” X —sin x cos x
dé:
Ménh dé Dung | Sai
(@) | Vi cotx=2 nén sinx #0.
(b) | B,=-8
(c) | B,=-5

(d) | B,+B,=-13
» Cau 61. Ttr mot vi tri ban dau trong khong gian, vé tinh X chuyén dong theo quy dao 1a mot
duong tron quanh Trai DAt va ludn cach tam Trai Dat mot khoang bang 9200k Sau 2
gio thi vé tinh X hoan thanh hét mét vong di chuyén.
| Ménh dé | Pang | Sai

@) Quang duong vé tinh X chuyén dong dwoc sau 1 gio la:
~ 28902, 65(knn).

» TOAN TU TAM - 0901.837.432
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Quang duong vé tinh X chuyén dong duoc sau 1,5 gio la:
~ 43353, 98(km)

(0

Sau khoang 5,3 gio thi X di chuyén dwoc quang duwong 240000km

(d)

Gia st vé tinh di chuyén theo chiéu duwong cua duong tron, sau 4,5

s A s A 9T
gio thi vé tinh vé nén mot goc ) rad

7r 7 ~N 2 7 - A? 7 . 14
» Cau62. Cho O<a< > Xét duvoc dau cua cac biéu thirc sau. Khi do:

M¢énh dé Pung | Sai
(@) | A=cos(a+7)<0
(b) | B=tan(a—m)>0
(c) C=sm(a+2—7rj<0
(d) D=cos(a—§]<0
» Cau 63. Tinh duoc cdc gia tri luong gidc con lai ctia géc x, biét: tanx :% voi g <x <, khi dé:
Ménh dé Pang | Sai
(a) | cosx<0
(b) | cosx = —@
10
(0) | sinx= —@
10
(d) sinx+cosx:—@
» Cau 64. Tinh duoc cac gia tri luong gidc cuia goc «, biét: sina = —77,—2 <a<0.Khidé:
M¢énh dé Ping | Sai
2
a) | cos”a=—
(@ 1
b) | cosa=——
(b) 2
(c) | cota= 3
c >
J7
(d) ’cancwrcotoz:—M
23
» Cau 65. Tinh duoc cac gia tri luong gidc ctia goc «, biét: tana=2,0<a < g Khi dé
M¢énh dé | Pang | Sai

(@)

» TOAN TU TAM - 0901.837.432
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1
b Pa==
(b) | cos” « c

(0 \/g
5

cosq=——
@ | sina 282
» Cau 66. Tinh duoc cac gia tri luong gidc ctia goc «, biét: sina = %,g <a<m.Khidod:
Ménh dé bang | Sai
(a) | cosa<0
(b) | cosa= ﬁ
3
(c) | tanc 2
c i
J5
(d) | cota= —ﬁ
2
. , . W e . 3 3w .y
» Cau 67. Tinh dugc cac gia tri lwong gidc ctia goc «, biét: cosa = i <a<—m.Khi do:
M¢énh dé Pung | Sai
(a) | sina<0
(b) | sina= —g
(© | tana= i
3
(d) | cota= h -
N
» Cau 68. Tinh dwoc cac gia tri lugng gidc ctia goc «, biét: tana = @,ﬂ' a< 3—7T Khi do:
Ménh dé bung | Sai
9
(@) | cota=——=
2410
9
b) | cosa=——
(b) 1
cosa <0
© [ 9.
sina <0
@ | sina--2010
11
» Cau 69. Tinh duoc cac gia tri luong giac ctia goc «, biét: cota = J2+1,0<a< g . Khi do:
Ménh dé Plng | Sai
cosa >0
@ |4
sina >0

» TOAN TU TAM - 0901.837.432
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) | tana =2 +1

© | - 2-2

() 2412

Cosax =

C. Ciu héi - Tra 1oi ngin

1 ., r s LA , .
» Cau70. Cho cosx = > Tinh gid tri biéu thitc P =3sin’ x+4cos” x.

= Dién dap so:

» Cau 71. Biéu thircsau: T = 25111(977r —xj +3cos (197r —x) =kcosx.Khido k="

= Dién dép s0:

sin(l&r—xj—Zcos(x—w)
2

57
COS| ——X

» Cau 72. Biéu thitc sau: S= =kcotx.Khidd k=7

= Dién dap so:

sin 9 oS 92 —COS(A+C)ta

£A+CJ . [A+Cj sin B
COos 2 Sin 5

» Cau 74. Biéu thitc A:tan(ﬂTﬂ—xj+2cot(57r+x):kcotx, khi d6: k=7

» Cau73. Cho tam giac ABC, khi d6 biéu thuic

n B

béng?

= Dién dap so:

= Dién dap so:

2sin(x—4m)+ cos[x —SW]

. [ 3m
sin| ——x

1 e
» Cau76. Cho cota = 3 Tinh gia tri cta biéu thirc A =

» Cau 75. Biéu thic B = =ktanx, khi d6: k="?

= Dién dap so:

3sina+4cosao

2sina—5cos«

= Dién dap so:

» TOAN TU TAM - 0901.837.432
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» Cau 77.

» Cau 78.

» Cau 79.

» Cau 80.

» Cau 81.

» Cau 82.

» Cau 83.

» Cau 84.

» Cau 85.

» Cau 86.

» TOAN TU TAM - 0901.837.432
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3 4 L4 . 2. A7 7 t + 3 t Y R B \ A7 ~ A7 A
Cho cosa =—. Tinh gia tri ctia biéu thitc B = SARATOCONY Kot qua lam tron dén chir s6"thap
4 tan o+ cot «v

phin thir 2.

= Dién dap so:

sin o — Cos

Cho tana =+2. Tinh gia tri ctia biéu thiee C = . Két qua lam tron

sin® a+3cos’ a+2sina
dén chit s0'thdp phan thir 2.

= Dién dap so:

Biét sina+cosa=+/2. Tinh gié tri ctia sin a+cos* a.

= Dién dap so:

Pon gian cic biéu thtc sau (gia st moi biéu thic sau ludn c6 nghia):

2 s 2
cos’ x—sin
c= 2"V _cot’xcot’y.

sin® xsin® y

= Dién dap so:

B
Trong tam gidc ABC ta co: cos A +cos(B + C)+tan -

:kcot%. Khi d6: k=?

= Dién dap so:
Cho biéu thire f(x)= 3(sir14 x +cos* x) - 2(sin6 x +cos® x) tinh £(1)

= Dién dap so:

o J —2cot’ x—cos’x sinxcosx . T ,
Cho biéu thtrc g(x)= 5 + voi x#0,x#—,x#m.Tinh g
cot” x cotx 2

2024~
2023

= Dién dap so:

\ 1 4 .7 . ?
va cosb=z. Tinh gia tri cuoa:

Wl

Cho hai goéc nhon a va b. Biét cosa=

P = (cosa -Cos b)2 —(sina -sin b)2 . Két qua lam tron dén chir s0"thdp phan thir 2.

= Pién dap so:

sin® x —cos x

2

: . Két qua lam tron
sinx —cos” x

4 \ 4 .7 . ? - A? ’
Cho tanx:—g va §<x<7r. Tinh gia tri ctia biéu thiec M =

dén chir s6'thdp phan thir 2.

= Dién dap so:

Cho 3cosa—sina=1,0"<a<90". Tinh gia tri ctia tanca. Két qud lam tron dén chir s6 thip
phan thir 2.

= Dién dap so:

Trang 38
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2
1-tan®x i
» Cau 87. Cho biéu thitc A = ( 5 ) - L >— khi x= 2024 thi A bang bao nhiéu?
4tan” x 4sin” xcos” x 3

= Dién dap so:

20247

2023

2 2
» Cau 88. Cho biéu thtic B= {sin(g - x] +sin (107r + x)} + {cos (3% - x] +Cos (87r - x)} khi x

thi B bang bao nhiéu?

= Dién dap so:

» Cau 89. Tinh S=sin’5 +sin®10 +sin’15 +...+sin’80 +sin®85’.

= Dién dap so:
Hét

» TOAN TU TAM - 0901.837.432
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Ly thuyét

1. Céng thuc cong

5

(1) cos(a—b):cosacosb+sinasinb (2) cos(a+b)=cosacosb—sinasinb
(3) sin(a—b):sinacosb—cosasinb 4) sin(a+b)=sinacosb+cosasinb
_ tana-tanb _ tana+tanb

(5) tan(a—b) (6) tan(a+b)

~ l+tanatanb l-tanatanb

2. Cong thuc nhan doi

Cho a=b trong cac cong thitc cong, ta duoc:

¢,

g .
Cong thitc nhdn doi:

(1) sin2a =2sinacosa

(2) cos2a=cos’a—sin*a=2cos’a—1=1-2sin’a

(3) tan2a= Lngz
l1-tan“a
Cong thiic ha bdc:
(4) cos®a =112 (5) sin® g= 10524 O
2 2 1+ cos2a

3. Céng thuc bién déi tich thanh téng

?@

1) Cosa.cosb:%[Cos(a—b)+cos(a+b)]
(2) sina.sinb:%[Cos(a—b)—cos(a+b)]

(3) sina.cosb = %[sin(a —b)+ sin(a + b)]

» TOAN TU TAM - 0901.837.432 Tmng 40
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4. Cong thuc bi€n déi téng thanh tich
Ttr cOng thire bién d6i tich thanh tdng, dét u=a-b, v=a+b ta cd

5

(1) COSQ+COSb=2COSﬂ.COSﬂ (2) cosa—cosb=—251nﬂ.sina—_b
2 2 2 2
(3) sina+sinb=231n%.cos? 4) sina—sinb=2cos&2b.sin%

» TOAN TU TAM - 0901.837.432
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0?Cdc dang bai tap
d

R~ Dang 1. COng thuc cdng

B ;
= Phwong phap )

(1) cos(a—b):cosacosb+sinasinb (2) cos(a+b):cosacosbfsinasinb
(3) sin(a—b)=sinacosb—cosasinb 4) sin(a+b)=sinacosb+cosasinb

_ tana-—tanb

_ tana+tanb
I+tanatanb

(5) tan(a—b) (6) tan(a+b)

l-tanatanb

4 Vidy1.1.
Rat gon cac biéu thirc:
\E cosa—2 cos(jﬂz)

1) A= ) (2) B:(tan a— tan b)cot(a—b)—tan atan b
—/2 sina+2 sin(ZJraJ

= Loi giai

Vidy1.2.

Tinh gid tri cta cac biéu thic sau:

) 1
1) Azcos(x+;rj biét sinx=— va O<x<g

3

(2) B:cos(a+b).cos(afb) biét cosa:% va cosb=%

= Loi gidi

» TOAN TU TAM - 0901.837.432
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{ Vi dy 1.3.
Véi

1+tanb
=tana

1) a~b="-, chitng minh r
(1) 4 chumg minh rang ———=—

(2) a+b= %, chting minh rang (1+tana)(1+tanb)=2

........................................................................................................................................................

» TOAN TU TAM - 0901.837.432
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R~ Dang 2. Cng thuc nhén doéi
— i.f_' z
f.?\Phu’ang phap )
1) cos(a—b) =cosacosb+sinasinb (2) cos(a + b) = cosacosh—sinasinb
(3) sin(a - b) =sinacosb—cosasinb 4) sin(a - b) =sinacosb+cosasinb
5) tan(a-b) =204 tanb. 6) tan(a+b) = 04+ tanb.
l+tanatanb l-tanatanb
4 vidy 21
Rat gon cac biéu thirc sau
(1) A=sin10°cos20°cos40° (2) B=cos’xsinx—sin® xcosx

4 vidy22.

Tinh cac gia tri lugng gidc cua cac goc 2a biét

(1) cosa=i,0<a<E (2) sinazl,0<a<E
13 2 4 2
= Loi giai

........................................................................................................................................................

........................................................................................................................................................

» TOAN TU TAM - 0901.837.432 Trang 44
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Vidy 2.3.

Cho sina—z, vOi ae(g;wj. Tinh gia tri cia E=sin2a+tan2a.

1—cos2x +sin2x
1+ cos2x+sin2x

Ching minh biéu thiee P = .cotx khong phu thudc gia tri cua x
= Loi giai

» TOAN TU TAM - 0901.837.432
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R~ Dang 3. Cong thuc bién déi tich thanh téng

LAY g
= Phwong phap )

(1) cosa.cosb = %[cos(a —b)+ cos(a it b)]

(2) sina.sinb = %[cos(a —b) - cos(a + b)]

(3) sina.cosb = ;[sin(a —~ b) s sin(a s b)}

4 vidy 31.

Bién mdi biéu thitc sau thanh dang tong
(1) A =sin10°cos20°cos40° (2) B=sinxsin2xsin3x

(3) C=8cosxsin2xsin3x 4) D= cosxcos(x—60°)cos(x+60°)

4 Vidy 3.2

Chting minh rang 4 cos x cos (%— xJ cos(§+ x] =cos3x,voi xelR.

> Loi gidi

» TOAN TU TAM - 0901.837.432 Trang 46
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R~ Dang 4. Cong thuc bién déi téng thanh tich

LAY 1
= Phwong phap )

(1) cosa+cosb = 2cosa\'—+b.cosﬂ (2) cosa—cosh= —ZSinM.sinﬂ
2 2 2 2
(3) sina+sinb= ZSina—-Fb.cosﬂ (4) sina—sinb= ZCOSM.Sinﬂ
2 2 2 2
)
4 Vidy 4.1.
Bién d6i mdi bidu thizc dwdi day thanh mot tich:
(1) sinx +sin 2x +sin3x (2) sinx+sin3x+sinS5x+sin7x
+
(3) cosx +cos2x +cos3x +cos 4x 4) cosxrrcosy
COSX —COS I/

o ) e e

= Loi giai
........................................................................................................................................................
........................................................................................................................................................
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2
Vidu 4.2.
Chitng minh
(1) cos5xcos3x+sin7xsinx = cos2x cos4x
(2) sin5x—2sin x(cos2x +cos4x)=sinx
(3) cos5xcosx +sin3xsinx = cos2xcos4x
@) 2 (sin acos2a—sin2acos Ba) +sin5a =sin3a

= Loi giai

» TOAN TU TAM - 0901.837.432 Trang 49
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(c il
Luyén tap

A. Céu héi— Trd 1oi trdc nghiém

» Cau 90.

» Cau 91.

» Cau 92.

» Cau 93.

» Cau 94.

» Cau 95.

» Cau 96.

» Cau 97.

» Cau 98.

» Cau 99.

» Cau 100.

» TOAN TU TAM - 0901.837.432

Rut gon biéu thite M = cos2x.cosx +sin2x.sinx ta dwoc két qua la:
A. M=cosx. B. M =cos3x. C. M=sinx. D. M =sin3x.
Rut gon biéu thirc cos(120°— x)+cos(120°+ x)—cosx ta dugc két qua la

A. 0. B. —cosx C. —2cosx D. sinx—cosx.
Biét sina= > , cosb = §, Tca<m0<b<| Két qué ctia biéu thtkc sin(a+b) bang:
13 5 2 2
A 0. 88 c. X p. =3
65 65 65
Trong cac cong thitc sau, cong thirc nao sai ?
A. cos6a =cos’ 3a—sin®3a. B. cosba=1-2sin’3a.
C. cosba=1-6sin’a. D. cos6a=2cos’3a—-1.
Dang thitc nao khéng dang véi moi x ?
A. cos? 3x=@. B. cos2x=1-2sin’x.
C. sin2x=2sinxcosx. D. sin? 29@@.

N . 1 \ . :/
Néu sinx+cosx = 2 thi sin2x bang

N ) c V2 =
4 8 2 4
. cos|( ax
Biét rang X ! —+ 2.tan2x = ( ) (a,be]R).Tl’nh gia tri ctia biéu thiee
cos“x—sin“x l-tan“x b—sm(ax)
P=a+b.
A. P=4. B. P=1. C.P=2. D. P=3.

cn 3 3 , 3
Biet SIH(O&-F?]-}-COS(O(-F?] = \/5 Tinh 51n(a+7r)—2cos(a—7r).

A2 B. . c.- L. D. &

V2 V2 V2 2
- 5 Y WA ey ! . : 2 N B BC .
Biét tam gidc ABC c6 cac goc thoa man sin A+sin B+sinC = acos?coszcosg voia, b

nguyén. Tinh a+b.

A. a+b=6. B. a+b=4. C.a+b=2. D. a+b=8.
Tim gid tri 16n nhat ciia ham s6 y =2sinx+2.

A. -1. B. 1. C. 2. D. 0.

Cho tam gidc ABC. Gid tri ctia biéu thitzc P =sin’ A+sin® B+sin’ C—2cos Acos BcosC
bang

A. 1. B. 3. C. 2. D. 0.
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» Cau 101. Cho biéu thirc S=sinx+sin(x+a)+sin(x+2a)+sin(x+3a)+sin(x+4a). Néu 0<a<n
thi S khong phu thudc vao x khi 4 nhan gia tri nao?
A.a:2—7r. E.a:—ﬂ hoac u:%r.
C.a:—z—7r hoac a:4—7r. D.a=—.
5 5

B. Cau hoi - Tra loi Ding/sai

e 3 4 , L .
» Cau 102. Cho biét sina = g,cosa =7z va cac biéu thieic A = sm(——aj+ sin(7 +«);

B= cos(w—a)+cot(%—aj. Khi do

M¢énh dé Pung | Sai

(a) | A=cosa—sin«
(b) | B=cosa+tana

(c) A+B:£
20
29
d| A-B=——"
(d) 20

™ T o
» Cau103.Cho O<a<—;—<b<w va tana=3;tanb=-2.

Ménh dé Pang | Sai
@) | tan(a+m)=-3
(b) | tan(a+b)=-1
(c) cot(u—b) — i !
() | sin(a—b)=—22
2
» Cau 104. Cho sinx :—g va 3 <x<2m.
Ménh dé bung | Sai
(@) | cos2x= —ﬂ
5
(b) | sinX =2
2 5
x 1
tan= ==
©tn3=3

@ | c= 2sin2x—cos2x —287.

tan 2x + cos 2x 551

» Cau 105. Biét sin2a = —g,g <a< 3% Cac ménh dé sau day dung hay sai?

M¢énh dé Pung | Sai

(a) A:COSZa:g

» TOAN TU TAM - 0901.837.432
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B =(1+33in2 a)(l—4c052 a) =

(c)

C=sin*a+cos*a=—

25
(d) | D=sin 2x+ L =ﬂ
4 10
» Cau 106. Cho tam giac ABC.
M¢énh dé Pung | Sai
(a) | A=180° —(B+C)
(b) sinB+sin(A+C) =0
(c¢) | sinA+sinB+sinC = 4cos§cos§cos%
(d) | AABC can khi sin A.sinC = cos A.cosC
» Cau 107.Biét tanx = —% va % <x <7 .Céac ménh dé sau duing hay sai?
M¢énh dé Pung | Sai
(a) | cotx=-2
(b) | cosx = &
5
(c) | sinx+cosx= e
o 2 . N 2
@ | M= 2sin x+351r21x.co.saz 4cos” x :_E
5c0s” x —sin” x 19

» Cau 108. Trong vat ly, phwong trinh tdng quat cia mot vat giao dong diéu hoa dugc cho boi cong

thtrc x(t) = Acos(wt +¢) trong d6 t 1a thoi diém (tinh bang giay), .x(t) lali 6 cta vat tai
thoi diém £, A la bién d6 dao dong (A >0). (Diungchobayja, b, c).

Ménh dé

Ding

Sai

(@)

Néu mot vat giao dong theo phuwong trinh x(t) =5cos (1007# + %) thi

li d§ cuia vat ¢ thoi diém ban dau la 572 .

(b)

Mot vat giao dong diéu hoa theo phuong trinh
x(t) =10 sin(507rt).cos(507rt) thi bién do cua giao dong 1a 5.

(0

Cho hai dao dong diéu hoa cung phuong c6 phuong trinh Ian luot 1a
x, =5c0s (1007t +7) (cm) va x, =5cos (lOOwt - g} (cm) . Khi &6
phuong trinh dao dong tong hop cta hai dao dong trén la

X = 5\/5 cos (1007# + %j (cm).

(d)

» TOAN TU TAM - 0901.837.432

Mot soi cap R duoc g:fm vao mot cot théng dtng o vi tri cach mat
dat 14m. Mot soi cap S khac cling duoc gén vao cOt d6 o vi tri cach
mat dat 12m . Biét rdng hai soi cap trén ciing duwoc gan véi mat dat
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tai mot vi tri cadch chan cot 15m (Hinh vé bén dudi). Goi « 1a géc
. A s 10
gitra hai soi cap trén khi do tano = al

C. Cdau héi - Tra Loi ngin
» Cau 109. Cho biéu thitc P = cos5x.cos3x —cos (5x + 90°).cos(—3x - 90°) . Sau khi don gian hoa, ta

dwoc biéu thirc P = cos(ax) . Gia tri cia a bang

= DPién dap so:

A ; .~ . 1 T E 2 3 a .,
» Cau 110. Cho géc o thoa man sina = 4 Khi d6 gid tri biéu thitc P =cos’ 2x+cos’ x bang X Tinh

. A M A ~ o A A A .o
a+b. Biét rang phan so 5 la phan s6 toi gian.

= Dién dap so:

, 02 ff i rage , c0s10x —cos9x —cos8x + cos 7x
» Cau 111. Tinh gid tri biéu thitc: A=

: : . : Vol x=— (két qud lam tron dén
sin10x —sin9x —sin8x +sin 7x 34
hang phan tram).

= Dién dap so:

» Cau112.Cho tana=2 va ae [0;%). Tinh A= Zﬁsin%sin(% +%) (két qua lam tron dén hang phin

tram).

= Dién dap so:

. 3 . e w e e , 2tana—cota .,
» Cau 113. Cho sina=— va — <a <. Gia tri gan dung cua biéu thitc E=——— la bao
5 2 tana+3cot o

nhiéu (lam tron két qua dén hang tram)?

= Dién dap so:
» Cau 114. Cho biéu thtrc lwgng giac sau (gia st cac biéu thirc déu c6 nghia):

A =cos(57—x)— sin(%r + xj +tan (3% - x) +cot (3 —x). Khi d6 gia trj cia 10A bing bao

nhiéu?

= Dién dap so:

cr 1w , 1-cosa 1 )
» Cau 115. Don gian biéu thixc P=| ———+ sin’ av.
sin“a  l+cosa

» TOAN TU TAM - 0901.837.432
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= Dién dap so6:

» Cau 116. Goi S 1a tap hop cac gia tri cua tham s& m sao cho gia tri nhé nhat ciia ham sd

=|cos* x — cos 2x + m| bing 3. Tinh tong cac phan tir ctia tap S .
y g gcacp p

= Dién dap so:
» Cau 117. Cho tam giac ABC c6 d¢ dai ba canh BC=a, AC=b, AB=c thdéa man a+c=4b. Tinh gia

tri biéu thitc P = tan%.tan% .

= Dién dap so:

» Cau 118. Trong Vat li, phwong trinh tong quat ctia mot vat dao dong diéu hoa cho bdi cong thirc
x(t) = Acos(wt +go), trong do  1a thoi diém (tinh béng giay), x(t) la li dO cta vat tai thoi
diém t, A la bién d6 dao dong (A>0)va p e [—77; w] la pha ban dau ctua dao dong. Xét

hai dao dong diéu hoa c6 phuong trinh:
X, (t) = 2COS[%t +%J (cm), x, (t) = 2C08(%t —gj (cm).

Tim pha ban dau cta dao déng tdng hop nay. Két qua lam tron dén chir s6'thdp phéin thir 2.

= Dién dap so:

Hét
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Chuong 01
HAM SO LUONG GIAC

o7,
LY thuyét

T A=
1. Dinh nghia ham sé lugng gidc
o
ngnh nghia:
"+ Hamsdsinla quy tac dat teong ting mdi s& thuee x véi s6 thuee sinx, ky hiéu
y=sinx.
»  Ham s cos la quy tic dit tuong ting mdi s8 thiee x véi s6 thue cosx, ky hiéu

1/ =COSX.
*  Ham s6 tan la ham s duoc x4c dinh béi cong thirc:
sinx . T C LA
= voi x¢—+k7r(keZ),kyh1eu y=tanx.
COS X 2
*  Ham sd cotan 1a ham s8 dwgc xéc dinh boi cdng thirc:
CcoSX
= vOi x # km (ke Z), ky hiéu y=cotx.
sinx ( ) y e y

(1) Tap xé4c dinh ctia ham s8 y=sinx va y=cosx la R

(2) Tap xé4c dinh ctia ham s§ y=tanx 1a D= R\{%+kﬂ (k € Z)}

(3) Tap xéc dinh ctia ham s8 y=cotx la D=R\ {kw (ke Z)}

.
2. Ham s8 ch@n, ham sé 1&, ham sé tuan hodn
o
A Ham s8 ché@n - ham sé 1é:
Ham s8 y = f(x) dwoc goi la
* Hams6 channéu VxeD tacd —xeD va f(—x) = f(x) .

* Hamsd'lénéu VxeD tacd —xeD va f(-x)=—f(x).
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7/ Ham s8 tuan hoan:

Hams6 y = f (x) dwoc goi 1a ham s6 tuan hoan néu ton tai s6 T # 0 sao cho Vxe D

ta co:

(1) x+TeDvax-TeD.
2) f(x+T)=f(x).

S6 T dwong nho nhat thoa man cac diéu kién trén (néu c6) dugc goi la chu ki cia ham

s tuan hoan do.

(1) Ham s8 y=sinx va y=cosx la cac ham s6 tuan hoan véi chu ki 27.

(2) Ham s6 y=tanx va y=cotx la cdc ham sd tuan hoan véi chu ki 7.

3. D6 thi & tinh chdt ham sé y=sinx v& y=cosx

Ham sé y =sinx

Ham s6" y =cosx

1. Dinh nghia:

Quy tac dat tuong ting moi s8 thuc x
voi sin cta goc luong giac co s6 do x
radian duoc goi 1a ham sd sin.

» Ki hiéu y=sinx .

Quy tac dat trong trng moi s thue x
véi cos ctia goc luong giac c6 s6 do x
radian duoc goi 1a ham sd cos .

» Kihiéu y=cosx .

2. Tap xdc dinh: D=R D=R
3. Tép gid tri: [-11] [-11]
4. Tinh chat La ham sd 1é. La ham s& chan.
5. Chu ky) Chuki 2. Chu ki 2r.
Ham so Ham s6
+ Dbng bién trén mdi khoang + Dbng bién trén mdi khoang
[—z+k2ﬁ;z+k27rJ. (—W+k2W;k2w). )
6. Don diéu 2 2 i + Nghich bién trén mdi khoang
+ Nghich bién trén moi khoang ( k27 7+ k27r).
z+k27r;3—7r+k27r .
2 2
i Yi
Y = sinx
7. D6 thi
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Y = Sinxc

8. Gia tri dac
biét

sinx:—1<:>x=—%+k27r .

sinx=0<x=kr.

sinx:l<:>x:g+k27r.

cosx=—-1l<x=m+k2m .
T
cosx:0<:>x=5+k7r.

cosx=1l<x=k2r.

4. Do thj & tinh chdt ham sé y=tanx va y=cotx

Ham sé" y =tanx

Ham s6 y = cotx

1. Dinh nghia:

Ham s0 tan 1a ham s6 dwoc xac dinh boi
sinx

cong thire y = (cosx#0)

cosx
» Ki hiéu y=tanx.

Ham s0 cOtan la ham s6 duoc xac dinh

X
——(sinx#0)
sinx
» Ki hiéu y=cotx.

ot A , cos
boi cong thire y =

2. Tap xdc dinh:

D:R\{%+kw,keZ}

D=R\{km k eZ}

3. Tap giad tri:

[11]

En

4. Tinh chat
ham

La ham sd 1é.

La ham sd 1é.

5. Chu ky

Chuki 7.

Chuki 7.

6. Don diéu

Ham s& dong bién trén moi khoang

z+k71';3—7r+k7r .
2 2

Ham s6 nghich bién trén mdi khoang
(k7r; T+ k7r) .
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0éCdc dang bai tap
—

R~ Dang 1. TGp xdc dinh

A i
& Phwong phap )

Tap xac dinh ham s6 lwong giac co ban:
» Ham s& y =sinx;y=cosx cd tdp xdc dinhla R.

» Ham s6 y =tan x co tap xac dinh la R\{;er,keZ}.

» Ham s8 y = cotx ¢6 tap xac dinh 1a R\ {km,k e Z}.

Ngoai ra con co6 cac dang:

» y:f(x):% luuy Q(x)=0.

» y:f(x)=2,n/Q(x) thi y=f(x) c6 nghia khi Q(x)20.

P(x) lvuy Q(x)>0.

» y:f(x):zm

A vidy1a.

Tim tap xac dinh cua cdc ham s sau:

(1) y=sin4x (2) y=sin ifi;
(3) y=cosvx+2 (4) y =cos 2;)25
—-x
= Loi gidi

........................................................................................................................................................

........................................................................................................................................................
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Vidy1.2.

Tim tap xac dinh cua cac ham s sau:

D)y =tan(x+zj 2) y :cot(x—g]

L f Vidy13.

Tim tap xac dinh ctia cac ham sd sau:

(1) y=+/3+2cosx 2) y= fan 2x +c0t[3x+%]

~sinx+1
tan5x sinx
(3) y=— @) y=—5—"——
sin4x —cos3x sin“ x—cos” x

= Loi giai
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R~ Dang 2. Tinh ch@n - 1&

— ;;’é Phwong phap )

» Dinh nghia: Cho ham s8 y = f(x)xéc dinh trén D
» Ham s6'chdnnéu VxeD tacd —xeD va f(-x)=f(x).
» Hams6'lénéu VxeD tacd —xeD va f(-x)=—f(x).

» D& xac dinh tinh chdn Ié cia ham s8 ta thiee hién theo cac budc sau:
» Buwoc 1: Tim tap xac dinh D ctia ham s0, khi do:
* Néu D la tap d6i xténg (ttc 1a Vx € D= —x € D), ta thyc hién tiép budc 2.
+ Néu D khong la tap d6i xting (tec1a 3x € D ma —x ¢ D), ta két ludn ham s6 khong chan
ctiing khong 1é.
»  Buoc 2: Xac dinh f(—x), khi do:

* Néu f(-x)=f(x) kétludn ham s6 1a ham chan.
* Néu f(-x)=—f(x) kétluan ham s&la ham lé.

+ Ngoai ra két luan ham s8 khong chén ciing khong le.

» Chil i

@ Vi cac ham s6 luong giac co ban, ta cé:
1. Ham s& y =sinx la ham so lé. 2. Ham s8 1y = cosx la ham s6 chan
3. Ham s6 y =tanx la ham sd 1é. 4. Ham s6 y = cotx la ham sd lé.

@ Cong thirc lién quan dén viéc xtx li ddu “ —

1. Cong thtrc hai cung d6i nhau:

x"  khin:2
—x" khin/2

4 vidy21.

Xét tinh chan 1é ctia cdc ham so sau:

. 2
(1) y=3cosx+sin’ x (2) _Lysin 2x
1+cos3x
= Loi giai
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Vidy 2.2.

Xét tinh chdn 1é ctia cdc ham sd sau:

(1) y=2xsinx (2) y=cosx+sin2x.
B y= Cojczx- (4) y =tan’ 2x.sin 5x.

L\- ° 2
........................................................................................................................................................
........................................................................................................................................................
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Doi khi ngwoi ta con phat biéu bai toan dwéi dang:
» VOi cau (1) y= 2xsinx:
Chirng minh do thi ham s6” y = 2xsinx nhdn truc tung lam truc doi xirng.
cos2x

» VOi cau (3) Y= .l
X

Ccos 2x

Chitng minh do thi ham s6’ y = . nhadn gobc toa do lam tdm doi xirng.
» DO thi cia ham s6 1é nhan nhéan géc toa dé lam tdm doi xiing.
» D0 thi ctia ham s6 chdn nhan nhan truc Oy lam truc doi xiing.
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R~ Dang 3. Tinh tuan hoan

— ;,i': Phwong phap ) w

» Tinh tudn hoan ham s6'lugng gidc co ban:
(1) Ham s8 y=sinx va y=cosx la cic ham s& tuan hoan véi chu ki 27.
(2) Hamsd y=tanx va y=cotx la cAc ham s& tuan hoan véi chu ki 7.

» Cac két qua co thé ap dung:

(1) Ham s8 y=A.sin(ax+b) (A.a=0) la mot ham s& tudn hoan véi chu ki T =|2;|T
2) Ham s8 y=A.cos(ax+b) (A.a0) la mot ham s5 tuan hoan véi chu ki T = |2;|T
(3) Hams8 y=A.tan(ax+b) (A.a#0) la mot ham s8 tuan hoan véi chu ki T = ;|
(4) HamsS y=A.cot(ax+b) (A.a#0) 1a mot ham s8 tuan hoan véi chuki T = |Wa|

(5) Néuhamsd y = f(x) chi chita cdc ham s6 lwong gidc ¢6 chu kilan luwotla T, T,,..., T,
thi ham s6 f c6 chuki T lab¢i chung nho nhdtcaua T, T,,..., T, .
(6) Néuhamsg y = f(x) tuan hoan v6i chu ki T thiham s§ y = f(x)+c (cla hang s3)

cling la ham s tuan hoan véi chu ki T.

L

Mot s6 ddu hiéu nhdn biét ham sé” y = f(x) khong phdi la ham tudn hodn

Ham s6 y = f(x) khong phai la ham tuan hoan khi mdt trong céc diéu kién sau bj vi pham:
(1) Tap xac dinh ctia ham s6 1a tap hiru han.
(2) Ton tai s6 a sao cho ham s khong xéc dinh véi x >a hodc x<a.
(3) Phuong trinh f(x)=k c6 nghiém nhung s6 nghiém hitu han.
()

4) Phurong trinh f(x) =k c6 v0 s6 nghiém sap thit ty:

<X, <X, <..mal|x, —x |—0hay .
\ J
{ Vidu3a.
Tim chu ki (néu c6) ctia cac ham s6 sau:
(1) y=1-sin5x (2) y=cos? x—1
3)y= sin(%x] .COS {% xJ 4) y=cosx+ cos(\/g.x)

= Loi gidi
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&4 vidy3a.

Xét tinh tuan hoan va tim chu ki (néu c6) ctia ham s sau:

(1) y=cos’x-1 (2) y=sin{§x}.cos[%x}
(3) y=cosvx+2 (4) y =cos 2;)25
- X
= Loi giai

........................................................................................................................................................

........................................................................................................................................................
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R~ Dang 4. Gid tri I6n nhat - nhoé nhat

— #:i': Phwong phap )

A ke s : “ s . 1 J-lSsinx <1
» Ta cé tap gia tri cia ham s6 iy =sinx; y=cosx déu la [—l;l], tic la .
—1<cosx <1

Tir d6 ta co cac hé qua sau:

D {0S|sinx|£l 2 {gésinszI 3 {Osxjsinx <1

0S|cosx‘£1 0<+cosx <1

4 1
Lwuvy: Néu a<P(x)<b thi —> —.
y ( ) a P(x) b

{ Vidy 4.1.
Tim gia tri 16n nhat va gia tri nho nhat ctia cdc ham sd sau:

(1) y=4-3sin5x (2) y =-2[sinx|

(3) y:ﬁsin2x+cos2x+l 4) y=sinx,xe[—%;%}
= Loi giai
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Vidy 4.2.

Tim gia tri 16n nhat va gia tri nho nhat ctia cdc ham s6 sau:

(1) y =-2sin* x +3sinx -1 (2) y = cos’x +2sinx+2

........................................................................................................................................................
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(c il
Luyén tap

A &
A. Céu héi— Trd 1oi trdc nghiém
» Caul. Tap xac dinh ctia ham s6y =tan2x 1a

A. D= R\{4+k—|keZ} B. D= R\{4+k—|keZ}

C. D= R\{ +k27r|keZ} D. D= R\{2+k7rlkeZ}
» Cau2. Tap xac dinh ctia ham s6 y =sinxla

A.[-11]. B. (-11). C. (0;+00). D. R.
» Cau3. Tap xacdinh ciahamsé y=—1Ia

sinx

A. D=R\{0}. B. D=R\{k2m, ke Z}.

C. D=R\{km, keZ}. D. D=R\{0;7}.
» Caud. Tap xac dinh caa ham s6 yz.; la

sin2x+1
A.D=R\{—%+kw,keZ}. B.D=R\{—%+k2w,keZ}.
C.D=R\{—%+k7r,kez}. D.D=R\{—%+k27r,kez}.
. . ~ Cos 2x R g 2 . \ . . A
»Cau5. Hamso y= Tet khong xac dinh trong khoang nao trong cac khoang sau day?
anx
Tokom S skon | keZ. B. [ 3T kom; 3T kon |
2 4 4 2

C. (ﬂ+k271’;377r+k271’j,kez. D. (_—27r+k27r;g+k27TJ,keZ.
» Cau6. Tap xac dinh ctia ham s6 y =cot2x —tanx la:

A. R\{2+k7rkeZ} B. R\{km keZ}.

C. R\{ +kE keZ} D.R\{k%,kez}

» Cau7. Chon phat biéu dung:
A.C4cham s y=sinx, y=cosx, y=cotx déu la ham s& chan.
B. Cacham s6 y =sinx, y=cosx, y =cotx déu la ham so lé.
C. Cacham s8 y=sinx, y=cotx, y =tanx déu la ham s8 chan
D. Cacham sd y=sinx, y=cotx, y=tanx déu la ham so lé.
» Cau8. Trong cac ham sd sau day, ham s6 nao c6 d6 thi d6i xiing qua truc tung?
A. y=tanx. B. y=cosx. C. y=sinx. D. y=cotx.

» Cau9. Trong cac ham s sau, ham s6 nao tuan hoan véi chu ki 27 ?
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A. y=sinx. B. y=tanx. C. y=cotx. D. y=cos2x.

» Cau 10. Chu Ki tuin hoan cia ham s8 tanx+sin’® x 1a
A. k27 . B. 27. C.r. D. 4x.
» Cau 11. Ham s6 nao sau day la ham so 1€?

A. y=2x+cosx. B. y=cos3x. C. y=xzsin(x+3). D. yzcoix
X
» Cau 12. Trong cdc ham s sau, ham s nao c6 d6 thi d6i xtiing qua gdc toa d6?
i 1
A. y=cot4x. B. y=3mx+ . C. y=tan’x. D. y=‘cotx‘.
Ccos X
Cau13. Chohaihamsé f (x) cos2x va (x) ‘sin ZX‘ —cos3x Ménh dé nao sau day la dang?
» Cau . - = . ¢
1+sin®3x g 2+tan®x ' y &
A. f(x) lé va g(x) chan. B. f(x) va g(x) chan.
C. f(x) chan, g(x) lé. D. f(x) va g(x) 1é.

» Cau 14. Trong cac ham s sau, ham s6 nao c6 d6 thi d6i xtiing qua goc toa d§?

A y= 13 : B. y:sin(x+%) C. y:\/acos[x—%J.D. y=\/sin2x.

sin” x
.7 . 7 A, \ L4 . 2 A, ? \ ~ . 37-(- ‘A \
» Cau 15. Gia tri lon nhat va gia tri nho nhat cia ham s6 y = 3sm(x + Tj -1 Ian lwot la:

A. 4,-2. B. 2,-4. C.1L-1. D. 3,-3.
» Cau16. Goi M,m lan lugt la gia tri 16n nhat va gid tri nho nhat cia ham s6 y=6cos2x—7 trén

doan _E;Z . Tinh M+m.
3°6

A. -14. B. 3. C. -11. D. -10.

» Cau 17. Tim gid tri 1on nhat, gia tri nho nhat ctia ham s6 y = 2sin’ x +3sin 2x —4cos® x .
A. miny = —3\2-1; maxy = 32 +1. B. miny = —3\2-2; maxy = 32-1.
C. miny = —3x/§; maxy = 3\/5—1. D. miny = —3\/5—1; maxy = 3x/§—1.

» Cau 18. Xét sy bién thién cua ham s6 y =tan2x trén mot chu ki tuan hoan. Trong cac két luan

sau, két luan nao dung?

A. Ham s6 da cho dong bién trén khoang (O;%) Vé(— ;—j .
B. Ham sG da cho dong bién trén khoang (0;%)%1 nghich bién trén khoéng(% ; gj .
C. Ham s8 da cho ludn dong bién trén khoang (o,- g] .

D. Ham s6 da cho nghich bién trén khoang (O;%) va dong bién trén khoéng(% ,g} :

» Cau19. Cho d6 thi ham s0 lwgng gidc y =sinx nhu hinh vé duéi day:
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1 y = sinx

Hamso y = ‘sin x‘ c6 bao nhiéu an dat gid tri bang 1 trong doan [%,%} ?

A.5 B.1 C.3 D. 7

» Cau 20. Huyét 4p 1a 4p liec mau can thiét tac dong 1én thanh dong mach nham dwa mau di nudi
dudng cac mo trong co thé. Nho lyc co bdp cua tim va st can ctia ddng mach ma huyét
ap duoc tao ra. Huyét ap t6i da va huyét 4p toi thiéu tuwong ting duoc goi la huyét ap
tam thu va huyét 4p tam truong. Chi s6 huyét 4p ctia chiing ta duoc tinh bang huyét ap
tam thu/huyét 4p tam truong. Gia sit huyét ap ctia nguoi dé thay doi theo thoi gian
dwoc cho bdi cong thirc: p(t) =115 + 25sin (1607rt)tr0ng dé p(t) la huyét ap tinh theo

don vi mmHg (milimet thiy ngén) va thoi gian t tinh theo don vi phat. Khi d6, chi s6

huyét ap bang
g 5 19 o1 . 10
90 60 80 90

» Cau 21. Mot con lac 16 xo sau khi duoc kéo xudng dudi vi tri can bang 4cm va tha ra thi né dao

dong diéu hoa véi phuong trinh: y =—4cos8t (cm) (tham khao hinh vé).

%
—T
EA"

Bién 46 Acm vachuky T cta dao dong la
A. A=4cm; T=%. B. A=4cm; T:% C. A=8cm; T=% D. A=4cm; T =2n

» Cau 22. Hang ngay muc nudc ctia con kénh 1én xudng theo thuy triéu. Do sau h (mét) ctia murc
nudc trong kénh dwgc tinh tai thoi diém ¢ (gio) trong mot ngay bdi cong thirc

h:3cos[

Tt

+ %J +12. Muyc nuede ctia kénh cao nhat khi:

A. t=13(gid). B. t =14 (gid). C. t =15(gid). D. t =16 (gid).
» Cau 23. Co bao nhiéu gia tri nguyén cta tham s6 m thudc doan [—10;10] dé ham s6

y=\/sin2x—25inx+m—l xac dinh trén R.
A. 8. B. 9. C.12. D.13.
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» Cau 24. SO gio cd anh sang ctia mot thanh phd A trong ngay thit + ctia nam 2021 dwoc cho boi

mot ham s6 y =4sin

T
%(t—eo)

thi thanh phd A c6 nhiéu gio 4nh sdng mat troi nhat ?
A. 28 thang 5. B. 29 thang 5. C. 30 thang 5.
B. Cdu hoi - Tra loi Ding/sai

» Cau25. Chohamss y= 3—sin(2x+%] , khi dé:

Ménh dé

D. 31 thang 5.

Dung

+10, vdi t e Z va 0<t <365. Vao ngay nao trong nam

Sai

(a) | Ham s0 c6 tap xac dinh D=R

(b) | Gia tri nho nhat cua ham sd bang 2

(c) | Gia tri 16n nhat ctia ham s8 bang 4

(d) | Tap gid tri chaham s61la T = [2; 4:|
» Cau 26. Cho ham s6 f(x) =tan2x—1. Khi do:
Ménh deé

Ding

Sai

(a) | Gia tri cia ham so tai x = béng 0

© |3

(b) | Gia tri cia ham sO tai x :% béng J3-1

(c) | Codbagiatri x thudc [O;w] khi ham s6 dat gia tri bf?mg 2.

(d) | Ham s6 da cho 1a ham tuan hoan.
» Cau 27. Cho ham s& f(x) = ‘x‘ sinx . Khi do:

Ménh dé

Dung

Sai

(a) | Tap xac dinh ctia ham s6: D=\ {O} )

(b) | f(=m)==f()-

(c) | D0 thi ham s& da cho d6i xting qua gdc toa do O(0;0).

A | f(=x)=-f(x)-

» Cau28. Ham sG y = f(x) c6 d6 thi nhu sau

m @

Ménh dé

Dung

Sai

(a) | Ham s6 c6 tap xac dinh D = {—3%,3?%} i

(b) | Ham s6 ddng bién trén khoang (-;0).

» TOAN TU TAM - 0901.837.432
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(c) | Ham sd nghich bién trén khoang (—w; - %j )

(d) | Tap gia tri cia ham s6 la [O; 2:| .
» Cau29. Cho ham s6 f(x) = |tan x| + ‘x3 —3x‘ . Khi dé:
Ménh dé Dang | Sai

(a) | Tap xac dinh ctia ham s6: D =R\ {ng km, ke Z} .

(b) | Ham s6 da cho 12 ham sd chén.
@ | f(=m)=—f(7)
(d) | B0 thi ham s6 da cho d6i xing qua goc toa do O(O; 0)

» Cau 30. Cho ham sd f(x) =2cosx+1 va g(x) =sinx +tanx . Khi do:
Ménh dé bung | Sai
(a) | Tap xac dinh ham s6 f(x): D=R.

(b) | Ham so f (x) la ham tuan hoan.

(c) | Tap xac dinh ham s& g(x): D:R\{%+kw‘keZ}.

(d) | Ham s6 g(x) la ham khong tuén hoan.

sin 2x

»Cau31. Chohamsd f(x)=tanx va g(x)=cot’x- . Khi d¢:

M¢énh dé Ping | Sai

T
2
(b) | Ham s6 f(x) 1a ham khong tuan hoan.

(a) | Tap xac dinh ham s6 f(x): D=]R\{ +k7r‘keZ}.

(¢) | Tép xac dinh ham s8 g(x): D=R\{kr |k €Z}.

(d) | Ham s6 g(x) la ham tuéan hoan.
» Cau 32. Cho ham sd f(x) =2+3cosx va g(x) =sinx+cosx . Khi do:
Ménh dé Pung | Sai
(a) | Gid tri 16n nhét ctia ham s6 f(x) bang 5

(b) | Ham s6 f(x) dat gia tri nho nhat khi x =7+ k27 (k € Z)

(c) | Gid tri 16n nhét cua ham s8 g(x) bing —2

(d) | Ham so g(x) dat gia tri nho nhat khi x = —3% + k27 (k € Z)

» Cau 33. Cho cac ham sd sau: f(x) =+/5-3sin’x ; g(x) =tanx —xcosx . Khi do:
Ménh dé Dung | Sai
(a) | Tép xéc dinh ham s6 f(x) la: D=R.

(b) | Ham s6 f(x) da cho 1a ham s0O 1é.

» TOAN TU TAM - 0901.837.432
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(c) | Tap xac dinh ham s& g(x) la: D:R\{g+kw‘keZ}.

(d) ‘ Ham so g(x) da cho 1a ham so 1é.

Hang ngay muc nude ctia con kénh 1én xudng theo thuay triéu. Do sau /1 (mét) ctia mure nude

trong kénh tinh theo thoi gian t (gio) duoc cho boi cong thic h (t) =3cos (%t + %j +14.

Ménh dé

Pung

Sai

(a) | Cong thic tuan hoan véichu ki T =2x.

(b) | Chiéu sau ctia muc nudc thap nhatla 11m.

(c) | Chiéu sdu ctia myrc niedc cao nhat la 14m .

(d) | Thoi gian d€ myc nwée cao nhét la ¢ =9.

Chiéu cao so v6i muc nudc bién trung binh tai thoi diém ¢ (gidy) cia moi con song duoc

cho boi ham s6 h(t) =75 sin[%tj , trong d6 h(t) duogc tinh bang centimét.

(Tat ca ket qua dwoc lam tron dén hang phian mueoi)
Ménh dé

Dung

Sai

(a) | Chiéu cao ctia séng tai cac thoi diém 5 giay bang 69,3 (cm)

(b) | Chiéu cao ctia séng tai cac thoi diém 20 gidy bang 75 (cm)

Trong 30 gidy dau tién (ké tit moc t =0 gidy), thoi diém d€ song dat
chiéu cao 16n nhat 6 giay

()

Trong 30 gidy dau tién (ké tit moc t =0 gidy), thoi diém dé€ song dat

@ chiéu cao 16n nhat 18 giay

C. Ciu héi - Tra loi ngin

» Cau36. Tap gid tri cia ham s6: y =5+4sin2xcos2x ¢ dang [u;b] véi a;b 1a cac s6 nguyeén.

» Cau 37.

» TOAN TU TAM - 0901.837.432

Tinh gid tri S=a*—2ab

= Dién dap so:

A .7 . 2 \ ~ . /4 u 7. \ /4 Py a \
Tap gia tri cia ham s8: y =sin® x+cos’® x c6 dang {E ;l} véi a;b la cac s6 nguyén, b la

phan s t6i gian. Tinh gié tri S =a+ab®

= Dién dap so:
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» Cau 38.

» Cau 39.

» Cau 40.

» Cau 41.

» Cau 42.

» Cau 43.

» Cau 44.

» Cau 45.

» Cau 46.

» TOAN TU TAM - 0901.837.432
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C6 bao nhiéu gia tri nguyén ctia tham sd m trong doan [0;10] dé ham so
y=~+m-2sinx xacdinh trén R.

= Dién dap so:

S6 gio c6 anh sdng ctia thanh phd T & vi d6 40° bac trong ngay thit t cia mot ndm
khong nhuan dwgc cho boi ham s d(t) =3-sin Lgiz(t —80)} +12 voi teZ va 0<t<365.
Ban An muén di tham quan thanh phd T nhung lai khong thich danh sang mat troi, vay

ban An nén chon di vao ngay nao trong nam dé€ thanh phd T c6 it gio c6 anh sang mat
troi nhat?

= Dién dap so:

Cé bao nhiéu gia tri nguyén ctua tham sd m trong doan [—10;10] dé ham s6

sinx-1 , L.
=——— cotap xacdinh R.
cosx+m

= Dién dap so:

Tinh tong gid tri 16n nhat va gia tri nho nhat (néu c¢d) ciia ham s6: y = 2cos(x —g} -1.

= Dién dap so:
Tinh tong gid tri 1on nhat va gia tri nho nhat (néu c6) ctia ham s6: y = V1+sinx —3. Két
qud lam tron dén chir s thdp phan thir 2.

= Dién dap so:

Ay ~N .7 . 2 N, . - A? a J& \ 14
Ham s8 y=1-3y1-cos’ x dat gia tri nho nhat tai diém x = Evr+ kn,keZ,vbi a;b 1a cac

~ A a \ ey n AN e .2 7 L4 .
sO nguyen, b 1a phan s t8i gian. Tinh gid tri S=a+ab’

= Dién dap so:

7 A .7 . A 2 N A7 A m-— 1 7 . A
C6 bao nhiéu gia tri nguyén ctua tham s6 m dé ham so y = \/— —2cos4x xac dinh trén
m

R.

= Dién dap so:

Cé tat ca bao nhiéu gid tri nguyén ctua tham s6 me [—2024; 2024] dé ham s6

y=+sin’ x—2sinx+1—m x4c dinh trén R?

= Dién dap so:

Goi M va m Tan luot la gia tri 16n nhat va gid tri nho nhat cua ham s6

y=sinx++3cosx+3. Tinh M+m.

= Dién dap so:
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» Cau 47. Trong cadc ham s6 y =sin2x, y:tan‘x, y=tanx+cotx, y=2sinx+3 cd bao nhiéu ham

sO 1é?

= Dién dap so:

» Cau48. Tim chu ki tuédn hoan cia ham s6 f(x)=tan2x (két qua dugc lam tron dén hang phan

tram).

= Dién dap so:

» Cau49. Choham s y= ksin(tx) véi k,t € R ¢ d6 thi nhu hinh vé. Ham s ¢6 tap gia tri la
[a,b]. Tinh T =2a+6b.

u
V3
\/\-/1

= Dién dap so:

» Cau 50. SO gio ¢d anh sang ctia mot thanh phd A trong ngay thtt ¢ ctia ndam 2024 dwgc cho boi
mot ham sd y =4sin [%(t - 60)} +10, véi t e Z va 0<t <365. Vao ngay nao trong thang

5 nam 2024 thi thanh phd A c6 s6 gi¢ dnh sang mat troi chiéu nhiéu nhat?

= Dién dap so:

Hét

» TOAN TU TAM - 0901.837.432
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Ly thuyét

g
1. Khdi niém phuong trinh tuong ducng
-@;Dinh nghia:
* Hai phuong trinh dwoc goi la twong dwong khi ching c6 cung tap nghiém.
* Néu phuong trinh f (x) =0 tuwong duong vdi phuong trinh g(x) =0 thi ta viét:

f(x):()<:>g(x):0

& s )
» Dé€ giai phuong trinh, ta bién doi phuong trinh d6 thanh mét phuwong trinh twong
duwong don gian hon. Cac phép bién d6i nhu vay dugc goi la cac phép bién doi twong
dwong.
» Ta co mdt s6 phép bién déi twong duwong thwong str dung sau:

(1)  Céng hodc trir hai vé& cia phurong trinh véi cing 1 s8 hodc cing 1 biéu thirc ma
khong lam thay do6i diéu kién cua phuong trinh.

(2)  Nhan hodc chia hai v€ ctia phurong trinh véi cling 1 s6 khac 0 hodc ciing 1 biéu
thirc ludn c6 gid tri khac 0 ma khong lam thay doi diéu kién ctia phuong trinh.

» D€ chi sy twong duwong ctia cac phuong trinh, ngwoi ta dung ki hiéu " <"
& J

2. Phuang trinh sinx = a

o
Xét phuong trinh sinx =a (1)
* Néu ‘a| >1 thi phwong trinh (1) v nghiém.

~ . . , n x =arcsina+k2xw
* Néu [a|<1 thi phuong trinh (1) ¢6 nghiém

(keZ).

x =m—arcsina+ k2x

» TOAN TU TAM - 0901.837.432
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U=v+k2m (keZ)

»  Sinu =Ssinv <
u=mw—v+k2mw

» Truong hop dac biét:
(1) sinx:—1<::>x:—%+k27r,kez
(2) sinx=0<x=km,keZ
(3) sinx=1<:>x:%+k27r,keZ

= [3°+k.360°
x=[3°+ }( eZ)
x=180°-3°+k.360°

» Phuong trinh sinx =sin3° < {
&

3. Phuong trinh cosx = a
o
Xét phuong trinh cosx=a (1)
* Néu ‘a| >1 thi phwong trinh (1) v nghiém.

x =arccosa+k2mw (keZ).

e NEéu |a|<1 thi phwong trinh (1) cé nghiém
|| P & () R Lc=—arccosa+k27r

U=v+k2=w
» COSU =COSU <=

u:—v+k2w'(kez)

» Truong hop dac biét:

(1) cosx=0<:>x=§+k7r,keZ

(2) cosx=lex=k2m,keZ

3) cosx=-lox=n+k2m,keZ

x = 3°+k.360 ,(kEZ)
x=-3°+k.360°

» Phuong trinh cosx = cos 3° < {
\_

4. Phuong trinh tanx = a & cotx = a

0

Phuong trinh tanx=a cotx=a
Piéu kién x¢g+k7r véi keZ x#kr véi keZ
Nghiém x=arctan(a)+k7r,ke Z x=arcc0t(a)+k7r, keZ

» TOAN TU TAM - 0901.837.432
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X \
U#—+km hayv¢£+k7r
» tanu=tanv < 2 2 kel
u=v+km
u#kr(hayov#k
» cotu=cotv< TT( y w),keZ
u=v+kmw
» Truong hop ddc biét:
(1) tanx=0<x=kn,keZ (4)C0tx:0<:>x:%+k7r,kez
(2) tanx:1<:>x:%+kw,kez (5)cotx:1<:>x:%+k7r,kez
(3) tanx=—1<:>x=—%+k7r,keZ (6) cotx:—l<:>x:—2+k7r,kez
» Phuong trinh tanx =tan3° < x=3°+k.180°, ke Z
\_ Phuong trinh cotx=cot(3°< x=(3°+k.180°, ke Z Y,

» TOAN TU TAM - 0901.837.432
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0éCdc dang bai tap
—

R’ Dang 1. Phuong trinh sinx = a

il ; .
— ﬁ\Phu“ongphup )

Xét phuong trinh sinx =a (1)
» Néu |a|>1 thi phuong trinh (1) v6 nghiém.

x =arcsina+ k2w

» N&u |a|<1 thi phuong trinh (1) c6 nghiém { (k € Z) .

x=m—arcsina+ k2w
Chu y:

U=0v+k2r

» sinuzsinv@{ (keZ)

U=m—0+k2m

» Truong hop dac biét:
1) sinx=—1<:>x:—%+k27r,keZ
(2) sinx=0<x=km keZ

(3) sinx:1<:>x:%+k27r,keZ

= (3°+k.360°
» Phuong trinh sinx =sin/3° < x=p ,(keZ)
x=180°-3°+k.360°
) K ‘/\'. ‘g ’
4 vidy1..
Giai cac phrong trinh sau
3
1) sinx=——> 2) sin(x—60°
(1) sinx 5 2) sm(x )
4
(3) sin3x=—— (4) sin £+E :_ﬁ
3 2 3 2
(5) 2sin(3x+])=l (6) Sir{sin(x+%ﬂ=0
= Loi giai
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R~ Dang 2. Phuong trinh cosx = a

— ;ﬁ? Phwong phap ) .

Xét phurong trinh cosx =a ( 1)
» Néu |a‘ >1 thi phuong trinh (1) v6 nghiém.

x =arccosa+k2nw

» Né <1 thi phw trinh (1) c6 nghié keZ).
&u |a I phurong trinh (1) 6 nghiém [x=—arccosa+k27r( )
Chi y:

U=v+k2mw
»  COSU =COST <> (kez)

u=-v+k2mw

» Truong hop dac biét:

(1) cosx=0<:>x=%+k7r,kez

(2) cosx=leox=k2r,keZ
3) cosx=-lox=n+k2m,keZ
x = [3°+k.360°

» Ph trinh xX= °e , Z
wong trinh cosx = cos 3 [x=—/6’°+k.360° ( € )

Vidy 2.

Gidi cac phwong trinh sau

) cos[?ax—%]:—% 2) cos(x-2)=%

(3) cos(2x+50°):; () 2cosx=-1

(5) 2024.cos (x +30°) = 2025 (6) cos(cos(x+2))=1
= Loi gidi

........................................................................................................................................................

........................................................................................................................................................
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R~ Dang 3. Phuong trinh tanx = a va cotx = a

— g Phuong phip ),

Xét phuong trinh cosx=a (1)

Phuong trinh tanx=a cotx=a
Diéu kién x¢g+k7r véi keZ x#km voi keZ
Nghiém xX= arctan(a)+ km, keZ X = arccot(a)+k7r, keZ
Chi y:
=+ km hayv¢1+k7r
» tanu=tanv < 2 2 kel
u=v+kmw
u#kn(h #k
» cotu=cotv < W( e W),keZ
U=v+krw
» Truong hop dac biét:
(1) tanx=0=x=km,keZ 4) cotx:0<:>x=%+k7r,keZ
(2) tanx=1<:>x:%+k7r,kez (5) tanx=—1<:>x=—%+k7r,kez
(3) tanx:—1<:>x=—%+kw,kez (6)cotx=—1<:>x=—%+k7r,kez
» Phuong trinh cotx =cot3° <> x=3°+k.180% keZ
» Phuongtrinh « « » + - =
.

4 vidy3a.

Giai cac phwong trinh sau

(1) tan2x = tanzTTr tan— NE
(3) tan(3x—30°)=—§ 4) Cot(qﬂé} -3
(5) (cotx—lj{cotxﬂ} =0 (6) tan(w—x}+2tan(x+7r} =1
2 2 2 2
= Loi gidi

» TOAN TU TAM - 0901.837.432
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........................................................................................................................................................
........................................................................................................................................................
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R~ Dang 4. Phuong trinh cé nghiém thuéc khodng - doan

— L Phucong phip ),

Phuong phap tim nghiém trong khoang, doan (a;b) hoac [a;b] hoac [a;b) hoac (a;b]:

» Budc 1:  Giai phuong trinh (dwa vé phuong trinh co ban).

» Bwoc2:  Ung véi mbi nghiém thudc khoang doan, tim diéu kién ctia cac s nguyén k
thoa man.
w
xX=—-—+km
Vi du: O budc 1 ta tim dwoc ho nghiém

x=3—ﬂ+kﬂ’
2

Vaoi x=—%+k7r: a<—%+kw<b—>k:?

Vaoi x=3?ﬂ+krr: a<3?ﬂ+k7r<b—>k=?

» Buwdc 3: Két ludn nghiém.

» TOAN TU TAM - 0901.837.432

#
{ Vidy 4.1,
Giai phuong trinh lwong giac cosx =0 trén khoang (0;27r) . I

{ Vidy 4.2.
Tim nghiém ctia phuong trinh 2sin(x +40°)=+/3 trén khoang (~180°180°). I

= Loi giai
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Vidy 4.3.

Giai phuong trinh luong giac tanx =—1 trén khoang [0;3;} .

{ Vidu 4.4

Giai phuong trinh luvong giac cot [2x ZJ =3 trén khoang [;T ,5;} .

= Loi giai

L4 Vidy 45.

sin3x

Tim nghiém ctia phuong trinh =0 trén doan [ 27 ;47 |

cosx+1
= Loi gidi
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R~ Dang 5. B&i todn thyc té lién quan phuong trinh lugng gidc

— ;."é Phwong phap )

» Bwdc1:  Poc va hiéu ndi dung bai toan thuyec té da cho.

» Bwdc 2:  Phan tich bai toan d€ nhan dién bai toan thudc ndi dung kién thirc lién quan
dén ham s0 lwong gidc, phuwong trinh luong gidc nao.

» Bwdc 3:  Dung kién thirc da hoc, giai bai toan va két luan nghiém.

¢ Vidy5.1.

SO gio c6 anh sang mat troi ctia mot thanh phd A trong ngay thi¢  ctia nam 2017 dwoc
cho boi mot ham sd y = 4511{%@—60)}“0 voi te’Z va 0<t<365. Vao ngay nao

trong nam thi thanh phd A ¢6 nhiéu gio ¢6 4nh sang mat troi nhat?
= Loi giai

4 vidys.2.

Chiéu cao /i(m) ctia mdt cabin trén vong quay vao thoi diém t gidy sau khi bat dau
chuyén dong duoc cho boi cong thirc h(t)=30+20 Sm(;_St - %j . Sau 2 phut ké tir khi

bat dau chuyén dong, Cabin dat d6 cao t6i da bao nhiéu lan?
= Loi giai
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(c il
Luyén tap

A &
A. Céu héi— Trd 1oi trdc nghiém
» Caul. Choham sd y=cosx c6 do thi nhu hinh vé.

Nghiém ctia phrong trinh cosx =—1trong khoang (O; 27?) la:

A. x=0. B. x=m. C. x=2m. D. x=

» Cau2. Choham s6 y=sinx cd do thi nhu hinh vé.

Nghiém ctia phuong trinh sinx =1trong khoang (0;7r) la:
A. x=0. B.x=m. C. x=-2. D. x=—.

» Cau3. Choham s6 y=cosx c6 do6 thi nhu hinh vé.

[
-]
"
o
=
]
ol
-]
pa
=]
-

o ST, ety ) B ok cre B N e

Tap nghiém ctia phuwong trinh cosx =11a?
A.x=k7r(keZ). B.x:7r+k27r(keZ).

C. x=k2n(keZ). D. x=_+k2n(keZ).
2
» Cau 4. Phuong trinh cosx =0 co6 nghiém la:

A.x=%+k7r (keZ). B. x=k2= (keZ).

C. x="+k2r (keZ). D. x=kr (keZ).
2
» Cau5. Phuong trinh 2.sinx—1=0 c6 tap nghiém la

A. S ={%+k2w;5§+k2ﬂ,keZ}. B. S:{g+k27r;—2?7r+k27r,keZ}.

C.S={%+k2w;—%+k2w,keZ}. D.S:{%+k2w,keZ}.
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A.x:2—7r+k27r(keZ) B. x=+—+kn(keZ)

3 3

C. x=%_+k2r(keZ) D. x=—_+k2n(keZ)
3 3

Ny o2 A , \ . T
» Cau7. Tat ca cac nghiém cua phuong trinh sinx = smg la

x:£+k27r x:z+k27r
Al 3 (kez). B.| 3 (kez).
x=—"L4kor x=2" s kon
3 3
- x="tkn
C. x=—+kmr (keZ). D. 3 (keZ).
3 21
x=?+k7r

1
» Cau8. Nghiém ctia phrong trinh cosx = > la

A.x:ig+k27r. B.x:i%+k27r. C.x:i%+k27r. D.x:i%+k27r.

202
» Cau9. Phuong trinh cos2mx = 025 c6 bao nhiéu nghiém trong (—7r;7r)

Al B. 0. C. 2. D. 5.
» Cau 10. Nghiém ctia phuong trinh 2cos(x—-15°)-1=0 la
x =75°+k360° x =60°+k360°
A. ,keZ. B. , kel
x =135°+k360° x =—-60°+ k360°
x = 45°+k360° x =75°+k360°
. , kel. D. , kelZ.
x =—45°+k360° x =—45°+k360°
» Cau 11. Gidi phuong trinh cosx = ?3
J3 0
A x=t—+k27 (keZ). B. x=t—+kn (keZ).
2 6
C. x=t_+k2r (keZ). D. x=+_+k2r (keZ).
6 3
» Cau 12. Nghiém cua phuong trinh cosx = Cosll la
x=1+k271' x=1+k27T
12 (kiez). B.| 12 (klez).
11m T
x=""—+127 X=—S+I2m
12 12
™ 11m
C.x=—+k2r (keZ). D. x="—+k2r (keZ).
12 12
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» Cau 13. Phuong trinh sin(Zx—gj:O co nghiém la

A. x=km,keZ. B. x=%+k§,keZ. C. x=g+k7r,keZ. D. x=%+k7r,keZ.
» Cau 14. Giai phuong trinh cosx =1.

A.x:%,keZ. B. x=kn, keZ.

C. x=g+k27r, kelZ. D. x=k2r, keZ.
» Cau 15. Phuong trinh ZSinx—\/g =0 co tap nghiém la:

A. {i%-l—kZﬂ,kEZ}. B. {ig+k27r,keZ}.

T S5m v 2w
C. {E+k27r,g+k27r,keZ}. D. {§+k27r,?+k27r,keZ}.

» Cau 16. Tdng cac nghiém cua phuong trinh 2 sin(x + 40°) =3 trén khoang (—180° ;180°) la

A. 20°. B. 100°. C. 80°. D. 120°.

» Cau 17. Tim tong cac nghiém cua phuong trinh cos(Sx - %J = cos[Zx - %) trén [0 ;7r] .

AT B. 2T, i p. T,
18 18 18 18
. ~ (A . sin 3x R .
» Cau 18. SO nghiém phuong trinh =0 thudc doan [27r; 47r] la
cosx+1
A T. B. 6. C. 4. D. 5.
» Cau19. V&inhitng gia tri nao ctia x thi gia tri ctia cdc ham s6 y =sin3x va y=sinx bang nhau?
x=k2m .
A. keZ). B. x=k—(keZ).
x=_+kom (kez) 4 (kez)
4
- x=km
C.x=k—-(keZ). D. keZ).
2 ( ) e uw n kz ( )
4 2
» Cau 20. SO nghiém ctia phuwong trinh sinx =0 trén doan |:0; 7r] la
Al B. 2. C.0. D. 5.

» Cau 21. Nghiém ctia phwong trinh sin (% . x} +1=01Ia

A.x:%+k27r,keZ. B.x=%+k7r,keZ.
Vs 5m
C.x=—?+k7T,k€Z. D.x=?+k27r,k€Z.

.2
» Cau 22. Tap nghiém cuia phuong trinh cos3x + sm?ﬂ =01a

A. i5—7r+k2—7r,keZ . B. i2—7r+k2—7r,keZ .
16 3 9 3

» TOAN TU TAM - 0901.837.432
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i5—7T+k2T7T,keZ

D.
7

» Cau 23. Trong cac phuong trinh sau, phuong trinh nao c6 nghiém?
A. cosx=3. B. sin2x=-2.

C. Cos[Zx—zj =-1.
3

» Cau 24. Phuong trinh nao sau day c6 nghiém?
A. sin2021x-2=0.

I

N

D. cos(Zx—l) =—
B. cos(2x+2021)=3.

C. sinx+1=0. D. cos(2x+2021) =-1.

» Cau 25. Phuong trinh 2sinx++/3=0 cb tong nghiém dwong nho nhat va nghiém am 16n nhat

bing
A B. 2r. ) D. 7.
3 3
» Cau 26. Nghiém ctia phurong trinh sin(x+%j = %sin (%) la
x=—+2km X=——tkr
N . B. >
Xx=——n2km x=—"tkr
12 12
X =———+ 2k x=——+kn
C. 712 D. 712
x =+ 2km Y
12 12

» Cau27. Tap nghiém cua phuong trinh sin® x—2sinx+1=0 1a?

A.x=—377r+2k7r,keZ. B.x=%+2k7r,keZ.

D. x=—377r+k7r,keZ.

C. x

%+2k7r,keZ.

» Cau 28. Cho phuong trinh sinx = % S6 nghiém ctia phuwong trinh trén doan {—g ;w} 1a?

A 2. B. 3. C. 4. D. 1.
» Cau29. Phuong trinh 3cos® x+7cosx—10=0 c6 nghiém 14?
A.x=k77r,keZ. B. x=n+2km,keZ. C. x=kr,keZ.  D.x=2kmkeZ.
» Cau 30. Phuong trinh cos(2x+30°)+sinx =0 c6 nghiém la
| x =60°+k180° x =60° + k360°
A. (kez). B. (kez).
| x=40°+k120° x =—40°+ k120
r k27
x =30°+k360° T R
C. (kez). D.| " 73" 3 (kez).
x =15°+ k180°
L x=k2mw

» Cau31. Choham s6 y=sinx c6 do6 thi nhu hinh vé.

» TOAN TU TAM - 0901.837.432
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» Cau 32.

» Cau 33.

» Cau 34.

» Cau 35.

» Cau 36.

» TOAN TU TAM - 0901.837.432

Hay tim tap tat ca cac gia tri cia m d€ phuong trinh ‘sin x‘ =m c6 nghiém?

A. -1<m<1. B. -1<m<0. C. -1<m<Q0. D. 0<m<1.
Tim tat ca cac nghiém cua phuong trinh
. LT LT T . T
sin x.sin—+cos 2x.sin— = CoS X.COS — +Sin 2x.cos—.
3 4 3 4
Xx=—tk2r x:—7—7r+k27r
A 12 (kez). B. 12 (kez)
T 27 s 27
Kammmmeh K —— x=—+k—
L 36 3 36 3
x=5—7T+k27r x:7—7r+k7r
c| 12 (kez) pD.| 1 (kez)
T 2T T
Y=—— kD x=——+k27
L 6 3 36
Phwong trinh sin5x—sinx =0 c6 bao nhiéu nghiém thudc doan [—20187r; 20187r] ?
A. 20179. B. 20181. C. 16144. D. 16145.
Nghiém ctia phuong trinh sin8x —cos6x = J3 (sin 6x + cos 8x) la
x="+kr x="tkn
N (keZ). B. (keZ).
T s T v
x=—+k— x=—+k—
12 7 6 2
x="rtkn x="rtkn
C. (keZ). D. (keZ).
s T s T
x=—+k— x=—+k—
L 7 2 9 3

SO gio ¢ anh sang mat troi cia mot thanh phé A ¢ vi do 40° béc trong ngay thtt t cia mot
nam khong nhuan dwoc cho béi ham sd d(t) = 3sin{ﬁ(t —80)} +12 véi teZ va

0<t<365. Vao ngay nao trong nam thi thanh phd A c¢6 nhiéu gio c6 anh sang mat troi
nhat?

A. 170. B.171. C.172. D. 173.

Mot chiéc gudng nude c¢6 dang hinh tron ban kinh 2,5m; truc cua né dat cach mat nuwéce
2m (hinh v&). Khi guéng quay déu, khoang cach i (mét) tir mot chiéc gau gan tai diém A
cua guong dén mat nudc duwoc tinh theo cong thic h= ‘y‘ trong do

y=2+ 2,551n{27{x—%ﬂ v6i x 1a thoi gian quay cua gudng (x> 0), tinh bang phut (quy
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wdc y >0 khi gau ¢ bén trén mdt nude va y <0 khi gau & dudi nudc). Chiéc gau cach mat

nudc 2m lan dau tién khi nao?

1, : 1
A. 4 phat. B. 1 phut. C. 2 phut. D. 3 phut.
» Cau 37. Guodng nudc (hay con goi la con nudc) khong chi la cong cu phuc vu san xudt nong nghiép,
ma da tro thanh hinh anh quen thudc ctia ban lang va 1a mot nét van hoa dac trung ctia
déng bao dan toc mién nti phia Bac.

Mot chiéc gudng nwde ¢d dang hinh tron ban kinh 3,5m; truc ciia né dat cach mat nuwdce
3m . Khi gudng quay déu, khoang cach /z(m) tir mot 6ng dung nude gan tai mot diém ctia

guong dén mat nudc duoc tinh theo cong thirc h= ‘ y

, trong do y :3,55in(27rx—gJ+3,

véi x (phut) 1a thoi gian quay cua gudng (x >0) . Hay chi ra gid tri cia x nho nhat dé 6ng
dung nuwdc cach mat nudc 3m .

Ax B. 2. i D. L.
4 4 8 8
B. Cau hoi - Tra 1oi Ding/sai
» Cau 38. Cho phuong trinh sinx =a (1).
Ménh dé Plng | Sai
(a) | Néu a>1 thi phuong trinh (1) v6 nghiém.
(b) | Néu a=1 thi phuong trinh (1) c6 nghiém « = g + kﬂ,(k € Z).
" . . , n | X=a+k2m
Neéu -1<a<1 thi phwong trinh (1) c6 nghiém (k € Z)
(c) x=m—a+k2m
voi a=sina.
@ Phuong trinh (1) c6 hai diém biéu dién nghiém trén duong tron
lwong giac.

» Cau39. Cho phurong trinh lwong gidc 2sinx—+/2 =0. Khi dé:
F Ménh dé | Dang | Sai

» TOAN TU TAM - 0901.837.432
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Phuong trinh teong duong véi phuwong trinh sinx = sin% .

(b)

Phuong trinh cé nghiém la x = % +k2m;x = 3% + k27r(k € Z).

(0

Phuong trinh ¢6 nghiém am 1én nhat la % .

(d)

SO nghiém ctia phuong trinh trong khoang (—g ,g} la hai nghiém.

» Cau 40. Cho phuong trinh lugng gidc sin2x = —% (*) . Khi do:

Ménh dé

Pang | Sai

(@)

Phuong trinh () twong duong sin2x = sin%

(b)

Trong khoang (O; 7r) phuong trinh c6 3 nghiém

(c)

Tong cac nghiém ctia phuwong trinh trong khoang (O,' 7r) bang 3%

(d)

Trong khoang (O; 7r) phuong trinh ¢6 nghiém 16n nhat bf?mg %

» Cau 41. Cho phrong trinh lwong gidc 2cosx = 3, khi do:

Ménh dé

Dang | Sai

(a)

Phwong trinh ¢6 nghiém x = i% +k2n(k e Z)

(b)

Trong doan {0; 577(} phuong trinh c6 4 nghiém

(c)

Tong cac nghiém cua phuwong trinh trong doan {O; 5%} bang 25%

(d)

Trong doan [0; 577(} phuong trinh ¢6 nghiém 16n nhat b::fmg 13%

» Cau 42. Cho phuong trinh sin(Zx = %) = sin(x + 3%} (*) , vay:

Ménh dé

Pung | Sai

(a)

x=7m+k2m
Phuong trinh c6 nghiém T on(keZ).

"6 3

(b)

Trong khoang (O; 7r) phuong trinh ¢ 2 nghiém

(c)

Trong khoang (O; 7r) phuong trinh ¢ 2 nghiém am

(d)

o A \ : s T
Tong céc nghiém cta phuong trinh trong khoang (0;7) bang %

» Cau 43. Cho phuong trinh lwong gidc 3- J3 tan(Zx —%) =0, khi d¢:

» TOAN TU TAM - 0901.837.432
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Phuong trinh c¢é nghiém x = % + k?w kelZ.

(b)

Khi % <x< 2% thi phwrong trinh c6 ba nghiém

(0

Phuong trinh cé nghiém am 1én nhat bang —%

(d)

27

Tong cac nghiém ctia phuwong trinh trong khoang [% ,?j bang

» Cau 44. Cho hai d6 thi ham s6 y = sin(x+ %j va y=sinx, khi do:

™

6

Ménh dé Dilng | Sai
Phuong trinh hoanh d¢ giao diém cta hai d6 thi ham s6:
@) | . ( w} .
sin| x+— |=sinx
4
(b) | Hoanh d¢ giao diém cta hai d6 thila x = %T +kn(keZ)
(c) | Khi xe [O; 27r] thi hai d6 thi ham s8 cat nhau tai ba diém
Khi x e |:O; 27r:| thi toa d¢ giao diém cua hai d6 thi ham s6 la:
(d|(5r . 57\ (7n . Im
—;sin— |,| —;sin— |.
8 8 8 8
» Cau45. Cho phuong trinh luong gidc ZSin(x —%J +3=0.
M¢énh dé Pung | Sai
(a) | Pheong trinh twong duong sin(x —%j = sin[g] .
s : T 4 /T
(b) | Phuong trinh c6 nghiém la: x = 2 +k2m;x = e +k2m (keZ).
(¢) | Phuong trinh c6 nghiém am 16n nhat bang —% .
(d) | S6 nghiém cua phwong trinh trong khoang (—7r;7r) la hai nghiém.
» Cau46. Cho phuong trinh (2cosx—1)(sin2x—m)=0  (1).
Ménh dé Pung | Sai

(@)

X = %r la mot nghiém cta phuwong trinh (1) .

(b)

x:z+k27r
3

Khi =2 thi phuong trinh (1) & | x=~Z +k2r (K l<Z)

x:z+127r
2

» TOAN TU TAM - 0901.837.432
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© Khi =1 thi tap nghiém cta phuong trinh (1) c6 tét ca 4 diém biéu
C x
dién trén dwong tron lugng gidc.
Chi tim dwgc mot gia tri cia m dé€ phuwong trinh (1) c6 dung hai
(d)
nghiém thudc T ; 3r .
4 4

» Cau 47. Hang ngay, muc nudc cia con kénh lén xudng theo thuy triéu. D sau h(m) caa myc nude
trong kénh tai thoi diém t(h) (0<t<24) dugc cho boi cong thirc h = 3COS(%t + %j +12.

Ménh dé bung | Sai
(a) | D9 sau ctia muc nudc trong kénh nho nhat bang 9m.

(b) | D3 sau ctia muc nudc trong kénh 16n nhat bang 15m .

(c)

Trong 1 ngay c6 diung 3 thoi diém ma d¢ sdu ctia muc nudc trong
kénh dat gia tri 16n nhat.
(d) | P06 sdu ctia myc nuwdce trong kénh tai thoi diém 12(h) bang 13m.

C. Ciu héi - Tra Loi ngin
» Cau 48. Ho nghiém phuong trinh luong giac: cos(x +30° ) +1=0 co dang x=a +k-b" (keZ), voi

1;b 1a cac sO nguyén. Tinh gid tri S=b—a

= Dién dap so:

» Cau 49. Phuong trinh luong gidc: tan[Zx—%j = ? c6 ho nghiém dang x = IJrk% (k € Z), vOi
a

a;b la cac s6 nguyén. Tinh gia tri T = 11(11 + b)

= Dién dap so:

» Cau 50. Ho nghiém phwong trinh lwong gidc: \/gtanw—zx =3 codang x=a +k-b (k € Z), voi m;n

\ /4 ~ A \ m \ A n A .2 7 .7 .
la cac s6 nguyén va — la phan s6 t6i gian. Tinh gia tri P =m"
n

= Dién dap so:

» Cau 51. Phuong trinh 2 sin[x —%] +2=0 cb bao nhiéu nghiém trén khoang (0; 27r)

= Dién dap so:

» Cau 52. Cho phuong trinh cos(2x+ %) = cos(g —%J . Tim s6 nghiém thudc khoang (% ,%j cta

phuong trinh.

= Dién dap so:
» Cau'53. Cho phuong trinh cosx =sin3x . Tinh tng cac nghiém thudc khoang (0;2r) ctia phuong
trinh (lam tron dén hang phin chuc).

= Dién dap so:
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» Cau 54. Co bao nhiéu gia tri nguyén ctia tham s6 m d€ phuong trinh cosx =m cé nghiém?

= Dién dap so:

» Cau 55. Co bao nhiéu gia tri nguyén ctia tham sd m d€ phuong trinh sinx—m=1 c6 nghiém.

= Dién dap so:
» Cau 56. CO6 bao nhiéu gia tri nguyén ctia tham s& m d€ phuong trinh 3sin’ x +sin 2x—mcos’ x =0
c6 nghiém.

= Dién dap so:
» Cau 57. Co6 bao nhiéu gid tri nguyén cua tham s6 m trong doan [—10;10] mtanx+2=m cd

nghiém.

= Dién dap so:

» Cau 58. MOt vé tinh bay quanh Trai Bat theo mot quy dao hinh Elip (nhw hinh vé):
Ve tinh

D0 cao I (tinh béng kilomet) ctia vé tinh so voi bé mat Trai Dat dwoc xac dinh boi cong
thiec h=550+450- Cos5—7;t . Trong d6 t 1a thoi gian tinh bang phtt ké tir ltc vé tinh bay

vao quy dao. Nguoi ta can thuc hién mot thi nghiém khoa hoc khi vé tinh cach mat dat
250km . Trong khoang 60 phut dau tién ké tir ltic vé tinh bay vao quy dao, hay tim thoi
diém t d€ c6 thé thuc hién thi nghiém d6? (két qud lam tron dén chir s6"thdp phan thir 1)

= Dién dap so:
» Cau59. Muia xuan ¢ Hoi Lim (tinh Bac Ninh) thuong c6 tro choi du. Khi nguedi choi du nhiin déu,
cay du sé dwa nguoi choi du dao dong qua lai vi tri can bang. Nghién cttu tro choi nay,
nguoi ta thay khoang cach I (mét) duoc tinh ttr vi tri chan nguoi choi du dén vi tri can

b@"mg duoc bidu dién boi hé thie h = ‘d‘ vOi d =3cos [%(Zt —1)} (t>0 va duoc tinh béng

gidy), trong d6 ta quy wéc d >0 khi vi tri cAn bang & vé phia sau lung nguoi choi du va
d <0 trong treong hop nguoc lai.

Vi tri cdn bang

Hoi trong 3 gidy dau tién, co tat ca bao nhiéu lan nguoi choi du ¢ cach vi tri can bang 1
mét?

» TOAN TU TAM - 0901.837.432
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» Cau 60.

» TOAN TU TAM - 0901.837.432

= Dién dap so6:
Trong mon cau 16ng, khi phat cau, nguoi choi can danh cau qua khoi lwéi sang phia san
d6i phwong va khong duwgc dé€ cho cau roi ngoai bién.

Trong mit phang toa d6 Oxy, chon diém c6 toa do (05 v, ) 1a diém xuat phét thi phuong

trinh quy dao cua cau 16ng khi roi khoi mat vot la:
2

— -x
y= g 2

" cosa +x-tan(a)+y,
Trong do:
» g 1a gia tc trong truedng (thwong duoc chon 1a 9,8m /% );
» o la goc phat cau (so vdi phuong ngang ctia mat dat);
» v, la van tdc ban dau cta cau;
» y, la khoang cach ti vi tri phat cau dén mat dat.
DPay la mot ham s6 bac hai nén quy dao chuyén dong cua cau 16ng la mot parabol. Mot
nguoi choi cau 1ong dang ding khoang cach tir vi tri nguoi nay dén vi tri cau roi cham
dat (tam bay xa) la 6,68 . Quan sat hinh bén duwdi, hoi nguoi choi da phat cau goc
khoang bao nhiéu d6 so véi mat dat? Biét cau roi mat vot & do cao 0,7m so voi mat dat;
van t6c xuadt phat ctia cau 1a 8m /s ; nguoi choi khong phat cau qué 50° va bo qua stic
can ctia gié va xem quy dao ctia cau luén ndm trong mat phang phang dung).

Vo4

0,7 m 1 ) —gx’
y= %——,—Han(a)_\w;vu
2v,.c08" a

diém cham dét

»> X

= Dién dap so6:

Hét

Trang 98
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Ly thuyét

1. budng tron dinh hudng va cung lugng gidc

- ’
tj‘;’ Dusng tron dinh hudng:

~“=="e Puong tron dinh hwdéng 1a mot duwong tron trén dé da chon mot

/

chiéu chuyén dong goi la chiéu dwong, chiéu nguoc lai la chiéu

A
am. R
* Qui wdc chon chiéu nguoc véi chiéu quay cua kim dong ho lam
chiéu duong.

5

—="e  Trén duong tron dinh huéng cho 2 diém A, B. Mot diém M di dong trén duong
tron ludn theo mot chiéu tit A dén B tao nén mot cung luong gidc c6 diém dau A
va diém cudi B.

- ,
{3‘ Cung lugng gidc:

e V6i2diém A, B da cho trén duong tron dinh hudéng ta ¢4 v6 sé cung lugng gidc co
diém dau A, diém cudi B.

a5
e Kihiéu AB.

‘‘‘‘‘‘

Trén mét duong tron dinh hudng, 18y 2 diém A, B thi:
(1) Ki hiéu AB chi mot cung hinh hoc (16n hodc bé) hoan toan xac dinh.

~
(2) Ki hiéu AB chi mot cung lwong giac diém dau A, diém cudi B.

» TOAN TU TAM
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2. G4c lugng gidc.

=
=" G6c lugng gidc:
—="e Mot di€fm M chuyén dong trén duong tron tit C dén
~
D tao nén cung luong giac CD.

Khi d6 tia OM quay xung quanh goc O twr vi tri OC
dén OD. Ta noi tia OM tao nén goc luong gidc, o tia
diau OC wva tia cudi OD.

*  Kihiéu: (OC,0D).

e Ta quy wdc: chiéu quay
+ nguwoc voi chiéu quay kim dong ho la chiéu duong
+ ciing v6i chiéu quay kim dong ho la chiéu am.

* Khi tia OM quay goc o thi ta ndi goc lugng giac ma tia d6 quét nén cdé sé do a .

* S8 do cua goc luong gidc voi tia dau OC, tia cudi OD duoc ki hiéu la
sd(OC,0D)=a.

g ot | |
S6 do cua cac goc lwgng giac c6 cung tia dau OC va tia cu6i OD sai khac nhau mot boi

nguyeén ctia 360° nén c6 cong thirc tong quat la: sd(OC,OD) =a’+k.360° (k € Z)
Thudng viétla (OC,0D)=a°+k.360°

\
(-]

:gHé thuc Chasles:
Véi 3 tia Oa, Ob, Oc bat ki ta co:
(Oa,0b)+(0b,0c)=(0a,0c)+k.360° (keZ)

3. bon vi Radian.

L=
|
| Vi)
§ via,

—2=Pon vi Radian:
»  Trén duong tron tiy ¥, cung c6 do dai bang ban kinh dwoc goi 1a cung c6 s8 do 1
rad.
Quan hé gitta do & radian:
180°

™

»  1°=—"_rad va lrad =
180

w )

Khi viét s6 do ciia mot géc (cung) theo don vi radian, ta khong viét chi rad sau s6 do.

180°=7r—>60°=§ . 180°=7r—>45°=%

» TOAN TU TAM
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4. budng tron lugng gidc

~=1” Puding tron lugng gidc:

275 Trong mat phang Oxy, vé duong tron dinh huéng tam Y i)
O, bankinh R=1. <N
»  Duong tron nay cat hai truc toa d9 tai bon diém A (l; 0),
A'(-1,0), B(0;1), B'(0;-1). A'(=1:0) AL0)
O X

» Taldy A(I;O) lam diém goc ctia dwong tron.

»  DPuong tron xac dinh nhw trén dwoc goi la duong tron
lugng gidc (g6c A). B'(0;-1)

5. b6 dai cung tron.

&
e
| el

| I Ay

I&J »  Cung c6 s6 do « rad cua duong tron ban kinh R ¢6 d6 dai [ =Ra.

» TOAN TU TAM
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GZCGC dang bai tap
—

R~ Dang 1. MGi lién hé gitra dé va radian

—3 \l 7
ﬁ_Phtm’ng phap )

Dung mdi quan hé gitta d¢ va radian: 180° = rad
180°
T

» Doi cung a c6 sO do tir radian sang do a.

A2 7 \ A o s
» Doi cung x° ¢6 s6 do tir 40 ra radian x°. T

Viduy 1.1.

(1) D6i 58 do ctia cac goc sau ra radian: 72°,600°,—37°45'30" .

(2) D6i s6 do ctia cac gbc sau ra do: %,3%,—4.
= Loi giai
(1) D6i 58 do ctia cac goc sau ra radian: 72°,600°,-37°45'30" .
Vi 1 =" rad nén 72° =727 = 2% 600° = 600.-~— = 10T
180 180 5 180 3

0 0 0

60 60.60 120 ) 120 180

(2) D6i 58 do ctia cac goc sau ra do: 720,6[]00,-37045'30".

0 0 0
Vi 150 e 3732 180)' g 3x_(3m 180] g5,

T 18 18 « 5 T
0 0
4 _(4.@j _ _(E] ~ 226048’ .
s ™
Viduy1.2.

= Loi gidi
32
Truwdc tién ta d6i 45°32' = [45 +5J )
(45 + ';,?)j T
Ap dung cong thitc, ta dugc a = BT ~ 0,795

» TOAN TU TAM
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4 Viduy13.

Déi s6 do radian sang sd do do

(1) w(rad) (2) %(md) (3) %(md)
@) 227 (rad) (5) -2 (rad) 6) =127 (rad)
3 9 5
= Loi giai
s
- ~.180
(1) m(rad) =(” 180) = 180° 2) Z(rad) = = 60°
_ 180 - 227 180
(3) = (rad) =| 10 =18° (4) === (rad) = =1320°
10 ™ 3
s _5T 180 o _12T 150
(5) -2 (rad)=| —2—— | =-100° 6) —~“"(rad)=| —>— | =-432°
9 ™ 5 ™
4 Vidy 1.4,
Dai s6 do do sang s6 do radian:
(1) 170° (2) 1000° (3) 3100°
(4) —90° (5) —240° (6) —125°
= Loi giai
(1) 170° = W'IZ)O rad = 117—87T(md) (2) 1000° =" 1000 rad = SOTW(md)
-90
(3) 3100° = m3100 4= %(md) (4) —90° = W(ISO ) rad = —%(rud)
~240 -125
(5) —240° = Mrad = —4—7T(rad) (6) —125°= Mra = —25—7r(md)
180 3 180 36

» TOAN TU TAM m
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R~ Dang 2. DS ddi cung lugng gidc

— i‘A 7
“.‘,Phuo’ng phap )

Cung tron bin kinh R c6s6'do o (0<a <27), c6s6'do dj a°(0° <a<360°) vi c6 df dai | thi:

I=Ra="% R dods & =2
180 7w 180
0
» Ddc biét: 1 rad = L0 , 1°=" rad
T 180

4 vidy 2..

Mot duong tron c6 ban kinh 36 m. B¢ dai ctia cung trén dwong tron d6 ¢6 s6 do la
I @ s1° 3) <
4 3

= Loi giai

Theo cong thixc tinh d6 dai cung tron ta cé [ =Ra = % R nén

Ta cod l:Ra:36-3T7T:277rz84,8m.
(2) 51°
Tacé I = 17;%-12: ;Tg(}-%: 5? ~32,04m .
1
3) 3

Ta cod l:Roz=36%=12m.

Vidy 2.2.

0
Mot hai li la d6 dai cung tron xich dao c6 s6 do (%] =1. Biét d6 dai xich dao la
40.000km, hoi mot hai li dai bao nhiéu km?
= Loi gidi

Mot hai I dai 22900 1 1 gsokm
360 60

» TOAN TU TAM
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Viduy 2.3.
Cho hinh vudng A,A A,A, noi tiép duong tron tam O (cac dinh duoc sap xép theo

chiéu nguoc chiéu quay ctia kim dong ho). Tinh sd do ctia cac cung lwgng giac
N
AA,AA(, = 0123i%]

= Loi giai
—— ~ A
Taco AJOA,=0 nénsd A A, =k27, ke Z !
T . ~ T
AOA =—nénsd A A =—+k2n,keZ
2 2
AOA, =7 nénsd A A, =n+k2m,keZ Az 5 0
~
AOA, =% nénsd A A, = 27r—§+ k2 =37”+k27r,k eZ
A AT .
Nhu vay sd A A, :?+k27r,1=0,1,2,3,keZ A,

~ ~ N -
Theo hé thttc salo ta c6 sd AZ.Aj =sd AoA; -sd A A, +k27r=(j—i)5+ k2w, keZ

» TOAN TU TAM



Chuong 01
HS & PHUONG TRINH LUQGNG GIAC

R~ Dang 3. Biéu dién géc lugng gidc trén dudng tron lugng gidc

— f;'é Phuwong phap ) N

Dé&biéu dién gdc lwong gidc c6 s8 do a trén duong tron lwonggidc ta can thyc hién cac
budc sau:
» Budc1: Vé duong tron luong giac. Chon géc A(l;O) lam diém dau.
» Bwéc 2:  Chon diém cudi M trén dudng tron luong gidc sao cho (OA,OM ) =ar.
Diém cudi M chinh la diém biéu dién cta géc luong gidc cd s6 do a.
#% Kién thitc can lwu y:
v' Puong tron leong gidc la duong tron c6 tam tai gdc toa d6, ban kinh bang 1,
duwoc dinh huedng véi:
» Chiéu quay duong (nguoc chiéu quay ctia kim dong ho),
» Chiéu quay 4m (cung chiéu quay cua kim déng ho).
» Lay diém A(1;0) lam diém g6c cua dudng tron.
y

B
M
_{._
\<\" \
A 10} A X
Bl

Cac diém B(O;l),A(l;O),B’(O;—l) nam trén duong tron luwgng giac.
v Néu |a| > 27 (hoac |a‘ > 360°) ta phan tich « = §+ k27 hoac a = 3+ k360° voi

-7 < <7 .Khidd, diém biéu dien cua goc luong giac cd s6 do « sé trung véi
diém biéu dien cua goc luwgng giac c6 s6 dola 3.

V' a>0 thi goc a quay theo chiéu duong, a<0 thi goc a quay theo chiéu am.

4 vidy3a.

Xéc dinh diém M trén duong tron lugng gidc biéu dién goc lwong giac ¢ s6 do bang

o o7
(1) 45 2) s

= Loi giai

Ta c6 (OA,OM)=45° 1a g6c luong gidc c6 tia dau 1a tia OA, tia cudila tia OM va quay
theo chiéu duong (nguoc chiéu quay cua kim dong ho) mot goc 45°.

Diém M trén duong tron luong gidc bidu dién géc luong gidc co s6 do bang 45° duoc
xac dinh nhw hinh dudi day:

» TOAN TU TAM



Chuong 01
HS & PHUONG TRINH LUQGNG GIAC

M

B’

Vay diém M la diém chinh gitra cia cung nho AB
'W(OAIXQ:—%?:—§+GDQwAknéy&&nNfﬁmgwﬁdﬁmb@hd@ndmg&
luong gidc 6 s8 do bang —%.

Khi d6, goc (OA,ON) la gbc luwong giac co tia dau la tia OA, tia cudi la tia ON va quay
theo chiéu am (cung chiéu quay ctia kim déng h6) mot goc %

A2 A 2 \ .7 N X J .7 7~ M 9
biém N trén duong tron lugng giac bieu dién goc lwong giac cd s6 do bang —Tﬂ duoc

biéu dién nhu hinh duéi day:

/N

Vay diém N la diém chinh gitra ciia cung nho B'A.

Vidy 3.2.

Biéu dién cung luong giac trén duong tron lwong gidc cd s6 do:

(1) %ﬁ (2) -765° (3) x=kr (keZ)
= Loi giai
! :

14 y

Ta co 9—7T=z+2.27r. N

4 4
, , - or , , A A
Do d6 diém biéu dién cung lwong giac " trung vdi diém biéu 0 z
dién cung luong gidc —
g Iong glac - =

» TOAN TU TAM
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TN

Vay diém cudi cua cung %T la diém chinh gitta M ctia cung nhé AB.

(2) 1=kt (keZ)

Y

Ta c6 -765" = —45" -2.360". r
Do d6 diém biéu dién cung lwong gidc ~765° trling véi diém
biéu dién cung lugng giac —45°. p

~ B’
Khi d6 diém M biéu dién goc b s6 do -765".

(3) x=kn (keZ) 5

.o, 45 1 0
Laico —=—.
360 8
Ta chia dwong tron thanh 8 phan bing nhau. M
y

Tacd x=knm = szW . Vay c6 2 diém biéu dién cung luong giac /
A A

c6 sO do k. 5
Vi k=0;x =0, duoc biéu dién bdi diém A.
Vi k=1x=m, dwoc biéu dién bdi diém A'.
Bl
Vidu 3.3.

'~ Cho cung lwong gidc ¢ s6 do x = % +km voi k 1a s6 nguyén tuy y. Cé bao nhiéu gia

tri k thbaman x e [27r;57r] ?
= Loi gidi
T tkn>2n k> 7
Giai hé bat phuong trinh { 4 N .
0 19
—+km <57 k<—
4 4
AY 14 A7 \ 7 19 \ \ ~ A A 4 L4 . 2 \
T do de xe [27?; 57‘(’] thi 2 <k< R Vi k la sO nguyén nén co 3 gia tri cua k la 2,3,4
thoa man yéu cau bai toan.
#
Viduy 3.4.

Cho cung luong giac c6 sd do x = —§+ I%T véi k la s6 nguyén tuy y. C6 bao nhiéu gia

. , . 3
tri cia k thoa man xe(—%%w} ?

= Loi gidi
T k3T _le
Giai hé bat phuong trinh { 3 k4 > 5215
TR <4 k<—
304 3

» TOAN TU TAM
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Twr @6, dé x e (—%;4%} thi —% <k< 53—2 Vi kla sd nguyén nén c6 19 gid tri ctia

k(-1,0,1,...,16,17) thoa man ycbt.

» TOAN TU TAM



Chuong 01
HS & PHUONG TRINH LUQGNG GIAC

GOC LUONG GIAC

Luyén tap

A. Cadu héi - Trd 10i tric nghiém

’ ’ A ™ A?e A M
»Caul. Goccdso do 4 doi sang do bang

A. 7°. B. 7°30'. C. 8°. D. 8°30'.
= Loi giai
Chon B
Ta cé: -~ = 180 =7°30'
24 24

» Cau 2. Mot duong tron c6 duong kinh 1a 50(cm). Do dai ctia cung tron trén dwong tron cé s6
\ 7-(- Q/ \ \ n \ .
dola 1 bang (lam tron dén hang don vi):

A. 40(cm). B. 39(cm). C. 19(cm). D. zo(cm).
= Loi giai
Chon D

Do dai ctia cung tron [=a.R = %.25 :27457r ~ 20(cm) .

» Cau3. SO do theo don vi radian cua goc 315° la

A.7—7T. B.7—7r. C.2—7T. D.4—7T.
2 4 7 7
= Loi gidi
Chon B

Ta co 315°= ﬁw _Im (radian).
180 4

\ 4 ~ \ 57-(- ~ ~ Pay 2. \ ’ /4 \
» Cau 4. Cung tron c6 so do la i Hay chon s do dd ctia cung tron dé trong cac cung tron sau

day.
A. 5°. B. 15°. C. 172°. D. 225°.
= Loi gidi
Chon D
Sm
Ta c6: a°="".180°=-4-.180° = 225°.
T 7r
» Cau5. Cung tron c6 sd dola 7. Hay chon sd do d6 ctia cung tron d6 trong cac cung tron sau day.
A. 30°. B. 45°. C. 90°. D. 180°.
= Loi giai

» TOAN TU TAM
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Chon D

Ta c6: 2°=2.180° =180°.
T

o noa 2T e A 13
» Cau6. GoOc cd so do 3 doi sang do la:

A. 135" B. 72°. C. 270". D. 240".
= Loi giai
Chon B
(1]
Ta cé: 27 _ 2'1580 =72°
»Cau7. Gobccos6 do 108" doi ra radian la:
AT L= c. 2. D. -
5 10 2 4
= Loi giai
Chon A
0
Ta cé: 108° = 108 7 _3
180 5
» Cau 8. Mot banh xe c6 72 rang. S6 do gdc ma banh xe da quay dwoc khi di chuyén 10 rang la:
A. 60°. B. 30°. C. 40°. D. 50°.
= Loi giai
Chon D

0

+ 1 banh rang twong tng vai 362 =5" =10 banh réng 1a 50°.

» Cau9. Trén duong tron véi diém gocla A.Diém M thudc duong tron sao cho cung lwong giac
AM ¢6s6 do 60°. Goi N la diém d6i xiing v6i diém M qua truc Oy, s6 do cung AN 1a

A. —120° hodac 240°. B. 120°+k360°,k € Z.
C. 120°. D. —-240°.

= Loi giai
Chon C

/<
KJA x
Ta cé: AON =60°, MON =60° nén AOM =120°. Khi d6 s8 do cung AN bang 120°.
» Cau 10. Trén dudng tron ban kinh r =15, d6 dai ctia cung ¢ s6 do 50 1a:
Ar=1580 B. 1= c.1=15%50.  D.1=750.
T 180 T
= Loi giai

Chon C

» TOAN TU TAM
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B rr.n’ B 715.50
180° 180

A \ \ /4 4 A N\ . ? 7-‘- \
» Cau 11. Trén duong tron ban kinh r =5, d¢ dai ctia cung do — la:

A 1=Z. B. =" c.1=". D. 1=,
8 8 8 3

= Loi giai
Chon C
D6 dai cung AB c6 s8 do cung AB bang n d6: [=r.n= 5% :
» Cau12. S8 do ctia cung tron ¢ do dai 75(cm) trén duong tron ¢ dwong kinh 30(cm) (lay

7~ 3,14 va lam tron dén phut) c6 dang aob’(a,b € Z) . Gia tri ctia biéu thirc P=2a-0b

bang:
A. 533. B. 535. C. 267. D. 266.
= Loi giai
Chon B
Do dai ctia cung tron [ = 2 sR=a= L180 _ 75.180 286°37'.
180 m.R  3,14.15

Vay P=2a-b=2.286-37=535.
» Cau 13. Trén hinh vé hai diém M, N biéu dién cic cung cd s6 do la:
Y

B m
e
A 3 \4
O X
N B
A.x=1+2k7r. B.x=—£+k7r. C.x=1+k7r. D.x:Z+k1..
3 3 3 3 2
= Loi giai

Chon C

» Cau 14. Trén duong tron luong giac goc A, cho diém M xac dinh boi sd AM = % Goi M, la diém

%

doi xting cua M qua truc Ox . Tim s0 do cta cung luong gidac AM, .

A.sd AM, =i3”+kz7r,kez B.sd AM, = +k2r keZ

C.sd AM, :?+k2w,keZ D.sd AM, =?+k7r,keZ
= Loi giai

Chon C

» TOAN TU TAM
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™

Vi M, 1a diém d6i xing cia M qua truc Ox nén c6 1 goc luwong giac (OA,OM1 ) =3

::sdAA@=;§+kmnkeZ.

» Cau 15. Diém M trong hinh vé sau 1a diém biéu dién cuia goc «.
Y

(@]
1
M 37
SO do cua « la
A.a=—§+k%nkeZ. B.az—%§+hnkez.
C. a=§+k27r,keZ. D. a=—5?7r+k27r,keZ.
= Loi giai

Chon D
~ , . St
SO docua « la a=—?+k27r,keZ.

» Cau 16. Khi bi€u dién cung lwong giac trén duong tron lugng gidc, khang dinh nao dudi day

sai?

A. Diém biéu dién cung a va cung 7 -« d6i xtirng nhau qua truc tung.

B. Diém biéu dién cung a va cung —a d6i xitng nhau qua géc toa dd.

C. Mdi cung luong gidc duoc bidu dién béi mot diém duy nhat.

D. Cung a va cung a+ k27r(k € Z) c6 cling diém biéu dién.

= Loi giai

Chon B

Khang dinh B sai vi diém biéu dién cung o va cung —a ddi xting nhau qua truc hoanh.
» Cau 17. Mot dong ho treo twong, kim gio dai 10,57c¢m va kim phut dai 13,34cm . Trong 30 phat

mii kim gio vach 1én cung tron c6 do dai la

A. 2,78cm. B. 2,77cm. C. 2,76cm. D. 2,8cm.

» TOAN TU TAM
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» Cau 18.

» Cau 19.

» Cau 20.

» Cau 21.

» TOAN TU TAM

= Loi giai
Chon B
6 gio thi kim gio vach 1én 1 cung c6 s6 do T nén 30 phut kim gio vach 1én 1 cung c6 s6 do

3,14 ~2.77
2

1
la Ew, suy ra do dai cung tron ma nd vach 1énla [ = Ra =10,57 x

Trong 20 gidy banh xe ctia xe gan may quay duwoc 60 vong.Tinh d6 dai quang duong xe
gan may da di duoc trong vong 3 phut,biét rang ban kinh banh xe gan may bang 6,5cm
(18y 7=3,1416)

A. 22043cm . B. 22055cm . C. 22042cm . D. 22054cm .
= Loi giai

Chon D

3 phut xe di duoc & Xgo x 60 =540 vong.

Do dai 1 vong bang chu vi banh xe 1a 27R = 2x3,1416x 6,5 = 40,8408.

Vay quang duong xe di duoc la 540x 40,8408 =22054,032cm

Mot banh xe dap quay duoc 25 vong trong 10 gidy. Tinh d6 dai quang dwong ma nguoi
di xe thuec hién dwoc trong 2,35 phtt, biét rang ban kinh banh xe bang 340mm . (Tinh
theo don vi mét, két qua dugc lam tron dén hang phan tram).

A. 314,5(m). B. 753,04(m). C. 514,8(m). D. 437,8(m).
= Loi giai

Chon B

Sau 2,35 phut (= 141 gidy), s0 vong ma banh xe thiec hién dwoc la:

141.25

T =352,5 vong. Ban kinh banh xe: R=340mm =0,34m.

Quang duong ma nguoi di xe dap thuc hién duwoc sau 2,35 phut la:
352,5-2rR=352,5-27-0,34 = %w ~753,04(m).
Tt mét vi tri ban dau trong khong gian, vé tinh X chuyén dong theo quy dao la mot
duong tron quanh Trai DAt va ludn cach tam Trai Dat mot khoang bang 9200k . Sau 2
gio thi vé tinh X hoan thanh hét mét vong di chuyén. Quang duwong vé tinh X chuyén
dong duocsau 1 gio la
A. 28902, 65(km). B. 29802,65(km).  C. 32102,65(km).  D. 28905(km).

= Loi giai
Chon A
Mot vong di chuyén cua X chinh la chu vi duwong tron:
C =27R = 27.9200 = 184007 (km).
Sau 1 gio, vé tinh di chuyén ntra duong tron véi quang duong la:

%C =92007 =~ 28902, 65(km).

Mot chiéc du quay c6 ban kinh 75m, tam ctia vong quay ¢ d6 cao 90m, thoi gian thuc
hién mdi vong quay cua du quay 1a 30 phat. Néu mot ngudi vao cabin tai vi tri thdp nhat
ctia vong quay, thi sau 20 phut quay, ngwoi do6 ¢ d6 cao bao nhiéu mét?
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A. 127,5(m). B. 154,3(m). C. 87,7(m). D. 157,5.
= Loi giai
Chon A
¥
B
1 |
.!3«"|I O H IA X
\ //
™

Do tinh d6i xting, du du quay chuyén dong theo chiéu kim d6ng ho6 hay nguoc chiéu
kim déng ho, ta déu thay rang do cao ctia ngudi d6 1a nhue nhau sau cting mot khoang
thoi gian.

O day ta xét du quay chuyén dong theo chiéu kim dong ho.

Gan du quay c6 ban kinh 75m, tAm ctia vong quay & do cao 90m vao hé truc toa do
Oxy ta dwoc hinh bén:

Sau 20 phut quay cabin di dwgc mdt goc la §—8~3600 =240 tic 1a dén vi tri diém M'.

Khi d6 goc M'OH =30" va M'H =30".OM'=37,5 (m).

Vay sau 20 phut quay, ngroi d6 ¢ d6 cao 37,5+90=127,5(m).
B. Cau hoi - Tra loi Ding/sai
» Cau 22. D0i s6 do cua cac goc sang radian. Khi do:

Ménh dé Dlng | Sai

(a) | 30" = % rad

(b) [1—5] _ %rad

T
© | 132 =17 1ag
15
d) | —495° = —BT”rad
= Loi giai

» TOAN TU TAM
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» Chon DUNG.
15) 1
b)|—=| =—rad
()(’R'J 12m

™

15

° —T
(I—SJ =T _yad :irad.

180 12

» Chon DUNG.

» Chon DUNG.

(d) 495" = —137” rad

—495°

~4957 . llm

rad = rad .

» Chon SAL
» Cau 23. D0i s6 do cua cac goc sang do. Khi do:

Ménh dé

Ding

Sai

(a)

(b)

(c)

(d)

—4rad ~ 229,18
= Loi giai

(a) 3jTWmd:BSO;

I rad = 27180 35
4 4

™

» Chon DUNG.

s °
b) ——"rad=—0,5 ;
® 360"

» Chon DUNG.

31

—rad=27";
(c) 5 ra

» TOAN TU TAM
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EILIIN ETL L) ey
2 2 0w
» Chon SAIL

(d) —4rad ~-229,18 .

—4rad = —4@ = —E z—229,180.
s ™

» Chon DUNG.
» Cau 24. Biéu dién gdc lwong gidc trén duong tron lugng giac. Khi dé:

Y

Ménh dé bung | Sai
(a) | 125'1a diém M thudc géc phan tu thie thi 1T
(b) | 405'1a di€m N thudc géc phan tu thi 111

(©) 197” I diém P thude goc phian tu tht 11

(d) —13% la diém Q thudc goéc phan tu thie IV

= Loi giai
(a) 125" la diém M thudc goc phin tw thir thie 11
Diém biéu dién ctia goc lwong gidc 6 s8 do 125" 1a diém M thudc goc phan tw thi thie 1T

ctia duong tron luwgng gidc thoa man AOM =125 (Hinh 1).
Y4

I M

il v
—1
Hinh 1

» Chon DUNG.
(b) 405 Ia diem N thudc géc phin tw thir 111
Ta cd: 405" =45 +360 . Vi vay diém biéu dién cta goc lwong gidc 405  1a diém N thudc

goc phan tu thtt I ctia duodng tron luong gidc va thoa man AON =45 (Hinh 2).

» TOAN TU TAM
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» Chon SAL
(c) lgTW la diém P thudc goc phiin tw thiv I1

Ta co: 19—7T= 187 +m :z+3.27r.
3 3 3

Vi vay diém biéu dién cua gdc lwgng gidc 19% la diém P thudc goc phan tw tht I cta

duong tron leong gidc va thod man AOP = % (Hinh 3).

1

wiA
=

Y
V
—lko‘ -
It
-1

v

Hinh 3
» Chon SAL
@ —1%” i diém Q thudc géc phitn tue thit IV
Ta co: — 137 = —lomom S
6 6 6

N A A2 A2 - X 2 7 .7 1 \ .« A A 7 A 7 2
Vi vay diém biéu dién ctia goc lwong giac —% la diém Q thudc goc phan tw tht IV cua

duong tron leong gidc va thoa man AOQ =% (Hinh 4).

Yy

» Chon DUNG.

» TOAN TU TAM
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» Cau 25. Bidu dién gbc lwong gidc trén dudng tron luong giac. Khi do:
Ménh dé bung | Sai
(@) | 36" +k360",k € Z la di€m M thudc goc phan tu thie 11

—60" +k180", k € Z 1a cac diém M,, M, thudc géc phan tw thir I va
v

(b)

(©) —%+ k2m,keZ 1a M thudc géc phan tw the 111

—% + kg, keZ 1abdn diém M,N,P,Q thudc goc phan tu thir
I,11,111,1V

(d)

= Loi giai
(a) 36" +k360 ke Z ladiém M thudc géc phiin tw thiv II
Xét goc lwong gidc k3607, du k 1a s8 chan hay sd 1é thi géc nay ciing c6 diém biéu dién la
diém A (diém goc trén duong tron luong giac).
y

I v
-1

Vi vay, géc luong giac 36" +k360° c6 diém biéu dién la diém M thudc géc phan tw thie

cua duong tron luwgng gidc va AOM =36".
» Chon SAL
(b) —60" + k180", k € Z la cic diém M,, M, thudc géc phin tw thir II va IV

Xét goc lwong gidc k180" .

Néu k chan thi goc nay c6 diém biéu dién 1a A(1;0),

Néu k 1é thi gbc nay c6 diém biéu dién la diém B (—l ; O) :

Vi vay, —60" +k180" c6 cac diém biéu dién 1a M, vd M, nhu hinh vé bén.

v

I M

i M

» Chon DUNG.
(c) ‘% +k2m,keZ 1a M thudc géc phin tw thie TII

» TOAN TU TAM
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Ta biét géc lwgng gidc k27 ludn c6 diém bidu dién la A(l ; 0) , Vi vay goc luwgng giac

—§+ k27 o6 diém biéu dién1a M thudc géc phan tu thi IV va thod man AOM = %.
Yy
1
I I
A
-1 (o] _T 1 =
4
-1

» Chon PUNG.
(d) —% + k%, keZ 1abon diem M,N,P,Q thudc géc phitn tw thie 1,11,111,1V

Xét goc Inong giac k%.
Khi k=0 thi k% =0, goc nay c6 diém biéu dién 1a diém A(1;0).
Khi k=1 thi k—-=7, géc nay cd diém biéu dién la diém C(0;1).
Khi k=2 thi k% =7, g6c nay 6 diém bidu dién l1a diém B(-1;0).

. .,.m 3T / s e < SR 1N gea
Khi k=3 thi kE = goc nay c6 diém biéu dién la diém D(O,'—l).

Néu k=4,5,6,... thi ta thdy rf?mg cac diém biéu dién c6 duoc van 1a sw lap lai cta
A,B,C,D.

Vi vay diém biéu dién cua —% + k% labon diém M, N, P,Q trén duong tron lugng gidc

(xem hinh vé€ trén).

Y
clt
I N 1
P 5
6 T
B 3 A
1 4m0, _r 1 =z
3 6
M
Q v
o -1|D

» Chon DUNG.
» Cau 26. Trong hinh vé bén, ta xem hinh anh duong tron trén mot banh 1ai tau thuy twong ting
voi mot dwong tron lugng giac.

» TOAN TU TAM
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Pung | Sai

Cong thiic tdng quét biéu dién goc lugng giac (OA,OB) theo don vi

(@) ) T
radian: (OA,OB) = 1 +k2n(k € Z);

Cong thirc tong quat chi ra goc lwong gidc twong tng voi bon diém

(b biéu diénla A,C,E,G theo don vi radian la k%(k eZ)

Cong thitc tong quat chi ra goc lwong giac twong ting véi hai diém
biéu dién 1a A, E theo don vi d6 1a: k180°(k € Z)
Cong thirc tong quat biéu dién goc luong giac (OA,OC )+(OC,0H)

(c)

(d)

theo don vi radian: %+ k2m(k e Z)
= Loi giai
(a) Cong thirc tong qudt biéu dién goc luong gidc (OA,OB) theo don vi radian:

(04,0B)= % +k2n(k e Z);

Tacé: (0A,08)=" +k2n(kZ);

» Chon DUNG.
(b) Cong thirc tong qudt chi ra goc lwong gidc twong g vdi bon diém biéu dién la A,C,E,G theo don vi

radian la kg(k )
Ta thdy A,C,E,G lan luot biéu dién cho cac goc luong giac Orad,%md, wrad,%radﬂm’ad
, %rad, . Tt cé céc goc nay theo thit tu chénh lich nhau - rad.

Vi vay cong thitc duy nhat biéu dién cho cac goc lwong gidc Ay la k%(k eZ).

» TOAN TU TAM
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» Chon SAL
(c) Cong thirc tong qudt chi ra géc liong gidc twong 1ng vdi hai diém biéu dién la A, E theo don vi dj la:
k180" (k € Z)
Ta thay hai diém A, E Tan luot biéu dién cho cac goc luong gidc 0°,180°,360°,540,...
T4t ca cac goc nay theo thit tw chénh léch nhau 180"
Vi vay cong thitc duy nhat biéu dién cho cac gdc lwong gidc Ay 1a k180" (k e Z).
» Chon DUNG.
(d) Cong thikc tong quit biéu dién géc lugng gidc (OA,0C)+(OC,OH) theo don vi radian:

%+ k2r(k e Z)
Theo hé thirc Sa-lo, ta co:
(OA,0B)+(0B,0C)=(0A,0C) =%+ k2m(k € Z)

(04,0C)+(0C,0H) =(0A,0H) =~ +k2n(k € Z)
» Chon DUNG.
» Cau 27. Duong kinh ctia mot banh xe may la 60 (cm) . Trong mdi y & mbi cau, hdy chon dung
hay sai
M¢énh dé Pung | Sai
Do dai cung 40° ctia mot banh xe gan bang 20,94 (cm), két qud lam

()
tron dén chir s6"thdp phan thir 2.

Mbi banh xe phai lan mot vong thi nguoi di xe di duoc quang duong

®)| 04,2 (cm), két qud Lam tron déh chir 56 thap phan thi 1.

© Dé nguoi di xe di duwoc quang dwong 2(km) thi mdi banh xe phai
c
lan 1000 vong

Néu xe chay véi van t8c 50(km/h) thi trong 5 gidy banh xe quay

(d) . .
duwoc gan 36,9 vong.
= Loi giai
(a) DG dai cung 40° ciia mot banh xe gin bang 20,9(cm), két qud lam tron dén chir s6'thdp phan thir 2.
Do dai cung tron ¢é sd do a(rad) lal=a.R= W'—40.R = W’—40.30 ~ 20,94 (cm)
180 180

» Chon DUNG.
(b) Mi banh xe phdi lin mot vong thi nguoi di xe di dwoc quang duwong 94,2(cm), két qua lam tron dén
chir s0"thdp phan thir 1.

Mbi banh xe phai 1an mot vong thi ngudi di xe di dwoc quang duong 94,2(Cm)

Tacdé R=30

Chu vi banh xe la: Il =a.R=27R =60.7 = 188,5(cm) .

» Chon SAL
(c) Bé'nguoi di xe di dwoc quing dwong 2(km) thi moi banh xe phdi lin 1000 vong

Dé nguoi di xe di duwoc quang duong 2(km) thi mdi banh xe phai lan 1000 vong

» TOAN TU TAM
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Daéi: 2(1<m) = 200000(cm).

. 200000

S8 vong banh xe can lan d€ di duoc quang duong dai 200000(cm ) la 885 1061

(vong).
» Chon SAL
(d) Néu xe chay véi vin toc 50(km/h) thi trong 5 gidy banh xe quay dwoc gin 36,9 vong.
Néu xe chay v6i van tdc 50(km / h) thi trong 5 gidy banh xe quay duoc gan 36,9 vong.

B

:(O,6.7T)}.5 ~36,9.

» Chon DUNG.
» Cau 28. Trén duong tron lugng giac tam O va hé truc toa d6 Oxy cho diém M sao cho
AOM ="
5
Ménh dé Pung | Sai
SG do ctia goc luong gidc c6 tia dau la OA tia cudila OM bang
@ T s kn(kez).

5

Nop Mmoo P SR
®) Goc lwong giac cd s6 do ?ﬁ c6 cung tia dau va tia cudi voi goc
luong gidc (OA,OM).

Trén duong tron lugng giac biéu dién goc lwong giac c6 s6 do

(©) %+k§,keZ ta duwoc 6 diém.

Khi biéu dién géca = §+k77r, keZ lén duong tron lwong gidc ta

(d) duoc tap hop diém la mot da giac déu thi dién tich cua da giac déu

d6 bang 4.

= Loi giai
(a) S6'do ctia g6c lwong gidc c6 tia ddu la OA tia cudila OM bing §+ kn(keZ).
SS do ctia goc luong giac co tia dau la OA tia cudila OM béang %+ k27r(k 2 Z).
» Chon SAL
(b) Goc lirgng gidc c6 s6 do % c6 cung tia dau va tia cudi voi goc lwgng gidc (OA,OM )

 r 7w , SRRV § € o BAL A e A g
Ta c6 — =—+2m = Goc luong giac cd s6 do = cd cung tia dau va tia cudi voi goc

lwong gidc c6 sd (OA,OM) = %4‘ k2w, keZ.
» Chon DUNG.

(c) Trén dwong tron lugng gidc biéu dién géc lugng gidc cd so'do %+k?7r,k €Z ta dwoc 6 diém.

» TOAN TU TAM
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2 Y - X A \ \ e
Ta co %+k?7r = % + kTW,k € Z nén khi biéu dién trén duwong tron lwong gidc ta dugc 6

diém.
» Chon DUNG.

(d) Khi biéu dién géc o = %+k77r,k €Z Ién dwong tron luong gidc ta dwoc tdp hop diém la mot da gidc déu

thi dién tich ciia da gidc déu do bang 4.
Ta c6 tap hop diém biéu dién ctia a la hinh vudng c6 dudong chéo bang 2.
Y

Dién tich ctia da gidc biéu diénla S = %.22 =2 (dvdt).

» Chon SAL
» Cau 29. Tt mot vi tri ban dau trong khong gian, vé tinh X chuyén dong theo quy dao la mot
duong tron quanh Trai DAt va ludn cach tam Trai Dat mot khoang bang 9200k . Sau 2
gio thi vé tinh X hoan thanh hét mot vong di chuyén.
Ménh dé bung | Sai
Quang duong vé tinh X chuyén dong dwoc sau 1 gio la:
~ 28902, 65 (km) , két qua lam tron dén chiv s6'thdp phan thir 2.

(a)

Quang duong vé tinh X chuyén dong dwgc sau 1,5 gio la:
~ 43353,98(km), két qua lam tron dén chir s6 thidp phin thir 2.
(c) | Sau khoang 5,3 gio thi X di chuyén dwoc quang duong 240000 (km)

(b)

Gia str vé tinh di chuyén theo chiéu duwong ctia dwong tron, sau 4,5

(d)

s A o A 9T
gio thi vé tinh vé nén mot goc > rad?

= Loi giai

(a) Quang dwong vé tinh X chuyén dong dwoc sau 1 gio la: ~ 28902,65(km), két qua lam tron dén chit s’
thdp phan thir 2.

Mot vong di chuyén ctia X chinh 1a chu vi duong tron:

C =27R =27.9200 = 184007 (km).

Sau 1 gio, vé tinh di chuyén ntta duwong tron véi quang duong la:

%C =92007 ~ 28902, 65(km).

» Chon DUNG.
(b) Quang dwong vé tinh X chuyén djng dwegc sau 1,5 gio la: =~ 43353,98(km), két qua lam tron dén chi
s0 thdp phan thir 2.

» TOAN TU TAM
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Sau 1,5 gio, vé tinh di chuyén duoc % dwong tron (hay % duwong tron), quang dueong

la: %c =%-184007r = 138007 ~ 43353,98(km).

» Chon DUNG.
(c) Sau khodng 5,3 gio thi X di chuyén dwoc quang dwong 240000 (km)

SO gio dé vé tinh X thuc hién quang duwong 240000km la: 240000 8,3 (gio).
m

» Chon SAL
2 ? A . . A? AN ? \ \ N\ \ A . ~ A A 7 9
(d) Gia str vé tinh di chuyén theo chiéu dwong cua dwong tron, sau 4,5 gio thi vé tinh vé nén mot goc =l
rad?

4 \ \ \ ~ . . A? \ 4/ \
Sau 4,5 gio thi sO vong tron ma vé tinh X di chuyén duoc la: 25 =% (vong).

S6 do goc luong giac thu duoc la: %ZW = 9%T(mcl) .
» Chon DUNG.

C. Cau héi - Tra Loi ngin

» Cau 30. Tt hinh vé duong tron lwong giac, cong thic sd do tdng quat cua goc lugng giac
(OA,0M); (OA,ON) c6 dang Tan luot1a n” +k360 (ke Z); m" +k360" (ke Z) voi n;m la
cac s6 nguyén. Tinh gia tri S = %mz -n

Yy

N A =

—-60°

N

= Loi giai
v Tra 1oi: 675
Ta co: (OA,OM) =225 +k360" (ke Z) = n=225;

(OA,ON)=-60"+k360" (k€ Z) = m=—60.
1 2
Vay S=—(-60) —225=675
y §=—(-60)
» Cau 31. Tt hinh vé dwong tron lwong giac, cong thic sd do tong quat cua goc lugng giac
(OA,0M); (OA,ON) c6 dang lan luotla —7 +k2r (ke Z); ~Lr+k2r (keZ) véi
m

q
m;n;p;q 1a cdc s6 nguyén va %;B 1a phan s6 t6i gian. Tinh gid trj T =(m+p)—(n+q)

» TOAN TU TAM
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/_ 1 A =
o/
3T
Y
N

= Loi giai

v Tra loi: 6
, 291 Sm+24m 5w n=>5

Ta co: =

o 5
=E+27r, vl vay (OA,OM):£+k27r (keZ):{

12 m=12"

=3
(04,0N)=="Z+kar (kez)=1" "
4 g=4
Vay T=(m+p)-(n+q)=(12+3)-(5+4)=6
» Cau 32. MOt banh xe c6 dwong kinh ké ca 16p xe la 55¢cm . Néu xe chay véi tdc do 50km / h thi
trong mot giay banh xe quay dwoc bao nhiéu vong? (Két qua dwoc lam tron dén hang phin

tram).
= Loi gidi
v’ Tra loi: 8,04
Toc dd xe la: 50km /[ h :wcm/s _ 12500 cm/s.

M>i vong banh ¥ e c6 chieu dai: 27R = 27 % _ 55m(cm).

12500

Vay mdi gidy thi banh xe 1an dwoc s8 vong 1a :(55m) = 8,04 (vong).

» Cau 33. Mot banh xe dap quay dwoc 25 vong trong 10 giay. Tinh d¢ dai quang dwong ma ngwoi
di xe thuc hién duoc trong 2,35 phtt, biét rang ban kinh banh xe bang 340mm . (Tinh
theo don vi mét, két qua duoc lam tron dén hang don vi).
= Loi giai
v Tra loi: 753
141.25

Sau 2,35 phut (141 gidy), s6 vong ma banh xe thiec hién duoc la: =352,5 vong.

Ban kinh banh xe: R =340mm =0,34m.

Quang duong ma nguoi di xe dap thuc hién dugc sau 2,35 phut la:
2

352,5.27R =352,5.27.0,34 = —f37 = 753(m).

» Cau 34. Mot cai dong ho treo tuong c6 dwong kinh bang 60cm, ta xem vanh ngoai chiéc dong ho
la mot dwong tron véi cac diém A, B,C lan luot twong ting véi vi tri cac sd 2,9,4. Tinh
tong do dai cadc cung nho AB va AC (két qua tinh theo don vi centimét va lam tron dén hang
phan tram).

» TOAN TU TAM
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» Cau 35.

» TOAN TU TAM

v Tra loi: 109,96
Ban kinh dwong tronla R = 6—20 =30cm.

1507

Ta cé: AOB=150" ="~ rad = 5?ﬁmd; suy ra do dai cung nho AB la

| =R-AOB=30. 5%—257r

Ta cé: AOC = 60" = ?g—gmd = gmd ; suy ra do dai cung nho AC la

__ =R-AOC=30-T=10r

AC 3

Khiddé - +1 - =257+10m =357 109,96
AB AC

Goi M, N, P la cac diém trén duong tron luwgng giac sao cho sd do cac goc lugng giac

lan Iuot bing %%—% va MN = NP =2. Tinh dién tich

(OA,0M),(OA,ON), (OA,0P)

tam gidc MNP . Két qud lam tron dén chir s6'thdp phin thir 2.
= Loi giai

v Tra 1oi: 3,46

Y
M

Theo hé thtrc Sa-lo, ta co:

(0A,0M)+(OM,0ON)=(0A,0N) < ~+(OM, ON)z—@(OM ON)= .
2 6

Ta c6 MON =120" = MPN = 60" (1) (s6'do gc ndi tiép bang niea s’do géc é tim chin cing

mot cung).

Ta c6: (OA,OP)= —%+27r = 1?

Trang 18
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Theo hé thirc Sa-lo:

(0A,0N)+(ON,0P) =(04,0P) &= +(0N,0P) =1~ & (ON,0P) = 2Z.
6 6 3
Ta c6 NOP =120" = NMP = 60" (2) (s6'do goc ndi tiép bing niea so’do goc 6 tim chin cing

mot cung).
T (1) va (2) = AMNP la tam giac déu.

V&Y Sy = MN.NP.sin MNP =2.2.sin (60°) = 23 ~ 3,46

MNP

» TOAN TU TAM
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Chuong 01

Y

Ly thuyét

1. Gid tri lugng gidc cua mét géc lugng gidc
+=, Dinh nghia:

| 7 el

(& Trén duodng tron luong giac, goi M(x,;y,,) 1a diém biéu Y -
dién goc lwong gidc 6 s6 do o . Khi do: sinah - WM (:9)
*  Qui wdc chon chiéu nguoc véi chiéu quay ctia kim dong ho p A ,
l1am chiéu duong. o wsa] %
e y, diém M goilasincta «. Ky hiéula sina=y,, j
e x, diém M goila cosin ctia . Ky hi¢u la cosa =x,, 7
e Néu cosa=x, #0, I _SID goi la tang cua «. Ky hiéu tana —Ju _SM&
X, cosa X, —cosa
X, _ cosa X, _cosa

goi la cotang cua « . Ky hiéu cotar=-4

e Néusina=y, #0, - —.
Yy sina Yy, sina

(1) Céc gid tri:
1. sina, cosa xac dinh Va e R.

2. tana xac dinh Va # %+ km (k e Z). 3. cota xac dinh Vo # kr (k € Z).
(2) Véi moi goc lwgng giac «, ta cd

1. sin(a + k27r) =sina, Vk e Z; 3. tan(a +k7r) =tana,« ¢g+k7r,Vk eZ;

2. cos(a +k27r) =cosa, VkeZ; 4. cot(a + k7r) =cota, a #km,Vk e Z.

(3) Dau ctia céc gia tri lwong giac cta goc a:

Y Gé6c phin tu

goc I f B goe T
b M I II | III| IV
: COS + - - +
A’ o) g4 o™
& =~ .
O fif r = %0 & SN« + + - -
:S E by
G = % | tana + -+ | -
goc 111 +

iEd goe IV Cot (0% - + -
- /

» TOAN TU TAM
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(1) sin*a+cos*a =1 (2) tanc.cota =1, on&k?ﬁ, keZ

(3) 1+cot’ o = a2l tkn, keZ

——, azkr, keZ (&) 1+tan’a=—;
sin® o cos’ a

3. Mdi quan hé gilra cdc gid tri lugng gidc cOa hai géc ddi nhau

. . y
SlI‘l(—Oé)——Sll’lOé 5
COS|—&x ) =COS«x Ao
(~a) Cos — d6i /‘ :
tan(—a)=—tana Gl
A/ o) —a! A X
cot(—a)=—-cota K |
e ~ .~ ’ s . s 2 . ’ N Mf
4. MGi quan hé giUa cdc gid tri lugng gidc cua hai géc bu y
nhau B

_________

5. M&i quan hé gilra cdc gid tri lugng gidc cOa hai géc phu nhau
. e
SIN| —— & |=COS«
5
5oo)
CcOos E—OZ =S
Phu - chéo
tan(z—ajzcota
2
Cot(z—aj:tana
2

6. M&i quan hé gilfa cdc gid tri lugng gidc cOa hai géc hon kém

. ™
SIH[E+QJ = COS«

sm(7r+a)=—sina .
cos(7r+a)=—cosa COS(—JFOCJ = —sina
tan(7+a)=tana tan(£+ocj:—cota
cot(m +ar) = cotar 2

Cot[§+o¢j = —tan«

» TOAN TU TAM
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T T T T
o 0 — — - -
6 4 3 2
sina 0 l Q ﬁ 1
2 2 2
COSs 1 ﬁ Q 1 0
2 2 2
t 0 1 1 | 3 | Khong xac dinh
ano —- ong xac din
\/5 8 1
1
cota Khéng xac dinh J3 1 0
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GZCGC dang bai tap
—

R~ Dang 1. Tinh gid tri lugng gidc cba 1 géc lugng gidc

B ;
5 Phuwong phap )
» Ap dung hé thiic co ban:

(1) sin*a+cos*a =1

4) 1+tan*a = ;
cos’ o

sin «

(5) tana = )
cosa

, a¢z+k7r, keZ

(2) tana.cota =1, aik?ﬂ, kez

(3) 1+cot’* a = , azkm, kel

sin’ v

COS

(6) cotar =——.
sin

> Dong thoi tir dit kién a<a <b (a<b) thi xéc dinh cy thé ddu cua sina va/hodc cosa .

» Tu d6 tinh dugc chinh xac cac gia tri lvong gidc con lai.

2
Vidy 1.1.

2 4 L4 . ? 7 .7 . . 7/ \ .
Cho cosx = T (—% <x< Oj . Tinh gia tri cua cac gia tri lugng giac con lai.
5

= Loi giai

\ 7T .
Vi —5<x<0:>s1nx<0

2
. . 2 1 . . 1
Ta 6 sin*x+cos’x=1=sin*x=1-cos’ x :1—(—j =— sl s oiny=——.
V5) s NG

1 2
tanx=81nx=_\/§=__, Cotxzc.osxziz_z
cosx 2 2 sinx 1
5 5
Vidu1.2.

M 3 Ié L4 . 2 14 L4 . ./ \ .
Cho sinx = = [g <x< 7'('] . Tinh gia tri cua cac gia tri lugng giac con lai.

= Loi giai
. T
Vi E<x<7r:cosx<0
2
7 2 2 2 e 2 3 16 cosx<0 4
Tacod sin"x+cos"x=1=cos"x=1-sin"x=1- g :2—5—> COSX=—g.

» TOAN TU TAM
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Vidy 1.3.

3 4 .7 . ? 14 L4 . L4 \ .
Cho tanx = 7 (—w <x< —%J . Tinh gia tri ctia cac gia tri legng giac con lai.

= Loi giai
Vi —7r<x<—§:>cosx<0
1 1
tanx.cotx=1= cotx = = =_
tanx 3 3
4
2
Ta co 12 =l+tan2x:1+ i ZEZCOSZXIE cosx<0 )Cosx:—i.
Ccos” x 4 16 25 5

sinx ) 3 4 3
tanx = =sinx=tanx.cosx=—.| —— |=—=
cos X 4 5 5

{ Vidy1.4.

Cho cotx =% (7‘(’ <x< %j . Tinh gia tri ctia cac gia tri lwong giac con lai.

= Loi giai
V‘17T<x<377r:>sinx<0
1 1
tanx.cotx=1=tanx = =—=—
cotx 3 3
4
1 3\ 25 16
Tacé —5—=I+cot’ x=1+| = | =—==sin’x=—
sin” x 4 16

Vay sinx = —%.

Ccosx
cotx =—;
sinx

. 3( 4} 3
= cosx:cotx.smx:Z. — ===

» TOAN TU TAM
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R~ Dang 2. Tinh gid tri lugng gidc lién quan goc ddc biét

— r;“.? Phuwong phap )

» Ap dung cic hé thiic co ban.
» Ap dung méi quan hé gitra cac gia tri luong giac.

(1) Cos — doi: (2) Sin - b:
sin(—a):—sina sin(w—a):sina
cos(—a):cosa cos(w—a):—cosa
tan(—a):—tana tan(ﬂ—a):—tana
cot(—a):—cota cot(w—a):—cota

(4) Phu - chéo (3) Hon kém g

CcoSs ——aj:sina cos[—+a]:—sina
tan E—cu =cotw tan z+04 = —coto
2 2
cot z—Oz =tan«o cot E+0z =—tan«
2 2
51n(7r+a):—sina
, cos(7r + a) = —COS(y
(5) Hon kém =
tan(7r+a)=tana
cot(7r+a):cota

4 Vidy 2.1.
Tinh gia tri cta bi€u thirc:
(1) S=3-sin"90°+2cos” 60°—3tan” 45°
(2) K =sin’10° +sin*20° +sin” 30" +...+sin’ 70° + sin” 80°

(3) M =cos*10° +cos?® 20° + cos® 30° +... + cos* 170° + cos* 180°

w Loi gidi
(1) S=3-sin?90°+2 cos® 60°—3 tan” 45°
2
Tacd S=3-sin’90" +2cos’ 60" —3tan’*45 =3-1° +2.(%) -3.1’= —%.

(2) K=sin’10° +sin?20° +sin?30° +...+sin* 70° + sin* 80°
K =sin?10° +sin” 20° +sin’ 30° +...+ sin* 70° + sin” 80°
=sin”*10" +sin” 20" +sin” 30° +...cos” 30 + cos” 20° + cos* 10°

» TOAN TU TAM
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=sin’10" + cos?10° + sin’ 20° + cos® 20° + sin” 30° + cos” 30 + sin” 40° + cos? 40
—4

(3) M =cos?*10° + cos*20° + cos*30° +...+ cos* 170° + cos* 180°
Ap dung cong thitc cosa = cos(1800 —a) , cos’ a+sin’ a =1 ta cé:

M =cos®10° + cos® 20° + cos® 30° +...+ cos® 170" + cos” 180°
=c0s’10° + cos?20° +...+ cos* 80° + cos” 90° + cos® 80" +...+ cos® 20° + cos® 10° + cos® 90°
= 2(cos2 10° + cos® 20° + cos® 30° +...+ cos® 80° + cos? 900)

= 2(sir12 80" +...+sin*50° + cos* 50° +... + cos* 80° + cos’ 900) =8

Viduy 2.2.
~ Chttng minh

D :sin[sl—aj+cos(137r+a)—3sin(a—57r) =3sina
2
= Loi giai

Taco D= sin[s—w—aj+cos(137r+a)—3sin(a—57r)
2

:sin(%—aj+cos(w+a)+3sin(7r—a) =cosa—cosa+3sina =3sina . (DPCM)

Viduy 2.3.

A \ \ .7 4 . N - A2 <X 4 .7 J4 A Sﬂ-
Trén duong tron luong giac, xac dinh diém M biéu dién goc luong giac co6 s6 do —.

Cho biét, khi quét géc luong gide tir (~10127;10127) 6 bao nhiéu cdp goc d6i co gia
tri ‘sin| bang sin%r?
= Loi giai
1 1
Ta co: ‘sina‘ = sins—7T =—=sina=*+—
6 2 2

sin

Stt dung vong tron lugng giac dé€ giai quyét bai toan nay.

1
Xét thay, sin(a)=sin(7r—a):>‘sin(a)‘=‘sin(7r—oz)‘=%. /m\
)
-0,5

Do &6, véi moi mot doan [—7r; w] thi c6 hai cap s6 d6i nhau nhw

cos

1
trén vong tron lugng giac.

Ta mo& rong I:—T(‘; 7T:| thanh [—w—w;w+7r] thi s€ c6 2x2 =4 cdp. \
Tuong tw nhu vay, trong (-10127;10127) ¢6 1012x2 = 2024 c3p.

» TOAN TU TAM
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R~ Dang 3. RUt gon biéu thuc lugng gidc

S ;
= Phuwong phap )
» Ap dung hé thiic co ban:

(1) sin®a+cos’*a =1

4) 1+tan* =

cos’ «
sin «

(5) tana = .
COS

, a;éz+k71', keZ

(2) tana.cota =1, a#k%, keZ

(3) 1+cot’ a = , azkm, kel

sin’® «

cos
(6) cotar=— e
sina

» Ap dung cac hé thiec co ban.

> Ap dung m&i quan hé: Cos — d6i; Sin — bu; Phu — chéo; Hon kém g/ .

4
4 vidy3a.
Rat gon biéu thic
1) A= (1 —sin’ x) .cot’ x + (1 — cot’ x)

(2) M = (sinx+cosx) +(sinx—cosx)’
= Loi giai
(1) A=(1-sin’ x).cot’ x+(1-cot’ x|
A=(1-sin’ x).cot’ x+(1-cot’ x) = cot’ x—cos’ x+1-cot’ x =sin’ x.
(2) M =(sinx+cosx) +(sinx—cosx)’

M :(sinx+cosx)2 +(sinx—cosx)2 =1+2sinxcosx+1—-2sinxcosx=2.
2
Viduy 3.2.

- Rat gon biéu thikc
2
(1) C= 2(Cos4 x+sin®* x + cos” x sin? x) - (Cos8 x +sin® x)
. 2
(smx—cosx) -1

(2) E= : (3) F=sin® a+cos® a+3sin” avcos’ o
tan x —sinx.cos x

= Loi giai
2
(1) Cc= 2(cos4 x +sin® x + cos? x sin’ x) —(cos8 x+sin® x)
Tacod:
8 .3 2 .2\ 2 .2 .o
Ccos” x +sin x=(cos X+ sin x) —2cos“ xsin“x=1-2cos” xsin” x
2
= (cos“x+sm4 x) —2cos’ xsin*x = 1-4cos® xsin* x+ 2 cos® xsin* x

_ 2 .2\ 4 .4 . 2 .2 4 . 4
=(1-2cos” xsin“x) —2cos" xsin"x = 1—-4cos”xsin“x+2cos” xsin" x.

» TOAN TU TAM
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2
Suy ra:C :2(1—Cos2 xsin® x) —(1—4cos2 xsin® x+2cos* xsin’ x)
C =2(1—2cos2xsi112x+cos4xsin4 x)—(l—4coszxsimzx+2cos4xsin4 x) =1.

X 2
(smx—cos x) -1

(2) E= .
tanx —sinx.cosx
. 2
. (SIHX—COSX) -1 —2cosx.sinx —2cosx.sinxcosx _ —2cos’ x 2
Taco:E=t - =— = ; =—— =-2cot" x
anx-—sinx.cosx sinx . i - sin” x
SIMX o x.COS X smx(l cos x)

Ccosx
(3) F=sin® a+cos® a+3sin’ acos’ a

2
Ta co: sin® a+cos® a = (sm2 a + cos? a) —3sin’ acos? a(31n2 a + cos? a) =1-3sin*acos’ .

Suy ra: F =1-3sin’ acos’ a +3sin’ acos’ a =1.

Vi du 3.3.

Gm0<a<gﬂﬁm

\/1+sina +\/l—sirwz
1-sina 1+sinao

= Loi giai
DétA=\/l+S?na+\/l_sTna
l-sina l+sina
2
Khi dé A% = \/l+s?na+\/1—s%noz _ 42
l-sin« l+sinao COS” «
\ ﬂ- A 14 2
ViO<a<— nén cosa>0 dodd A=
2 cosQ

» TOAN TU TAM
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R~ Dang 4. Gid tri I6n nhat - gid tri nhé nhat

— .1; 1
= Phuwong phap )
» Ap dung hé thikc co ban:

(1) sin* a+cos’a=1 (2) tana.cota =1, a;tk—ﬂ, keZ
4) 1+ tan* = T a¢z+k7r, keZ (3) 1+cot’ o =— —, azkr, kel
Ccos” «v 2 sin” «

(5) tana = 2% (6) cota =<2°¢
cosa sina

» Ap dung cac hé thiic co ban.
> Ap dung mdoi quan hé: Cos — d6i; Sin — bu; Phu — chéo; Hon kém %/ .

» Vi moi géc lugng gidc o, ta co: —1<sina <1 va -1<cosa <1

1. sin(a+k27r)=sina, VkeZ; 2. cos(a+k27r)=cosa, VkelZ;

Viduy 4.1.
- Tim gia tri 16n nhat — nhé nhat cua:
(1) A=cos(2x)+3 (2) D=1-sin2x
= Loi giai

1) A= cos(2x)+3

Ta céd: —1<c0s2x <1< 2<cos2x+3<3

GTLN cua A la 3, GTNN cua A la 2.
(2) D=1-sin2x

Tacod: —1<-sin2x<1<0<1-sin2x<2
GTLN cua V la 2, GTNN cua V la 1.

Viduy 4.2.
~ Tim gia tri 16n nhat — nhé nhat cua:
(1) Z=\2cosx+3-4 (2) V =2+ cos2x
= Loi giai
(1) Z=+2cosx+3 -4

AN o« A 7 . _3
¢ Diéu kién xac dinh: 2cosx+3>0&< cosx>7<:> xeR.

¢ Tacd: —1<cosx<1

< -2<2c08x<L2<=1<2cosx+3<5<1<+/2cosx+3 S\/§<:>—3S\/2cosx+3—4ﬁx/§—4

*GTLN ctaZla J5-4 ,GTNN cia Z 1a -3.

(2) V =2+ cos2x

» TOAN TU TAM
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*Tachd: —1<c0s2x<1<=1<24c0s2x <3< 1<2+cos2x S\E
*GTLN ciaV1a v/3, GTNN caa Va1 .

2

Viduy 4.3.

Tim gia tri 16n nhat — nhé nhat cua:
(1) M =7cos® x—2sin* x (2) Q =sin® x+cos® x

= Loi giai

(1) M =7cos’ x—2sin” x
M:7(1—sin2 x)—2sin2x:7—9sin2x.
Tacd: 0<sin*x<1],VxeR<0>-9sin*x>-9,Vxe R<7>7-2sin*x>-2,VxeR.
Nén gia tri I6n nhatla 7 va gia tri nho nhatla 2.

(2) Q=sin® x+cos’ x

Ta ¢ Q:sin6Jc—i-cos%c:l—ésin2 2x .
. . 2 3 3., 1 3.,
Vi 0 <sin 2x£1<:>—ZS—Zsm 2x<0«< —<1-—sin"2x<1.

A s 1s N TN 1 on i d s e 11y
Nén gid tri lon nhat 1a 1 va gia tri nho nhatla —.

Viduy 4.4,
r Tim gi4 tri nhé nhat ctia biéu thitc P = cot* a+cot*b+2tan’ a.tan’ b+2 I
= Loi giai
2
P= (cot2 a— cot? b) +2cot’a.cot’ b+2tan*a.tan*b+2
2
= (Cot2 a— cot? b) + 2(cot2 a.cot’ b+tan’a.tan’ b —2) +6
2 271\ 2 2 2 2
= (Cot a—cot b) +2(cot a.cot”b+tan” a.tan b—2c0ta.cotb.tana.tanb)+6
2 A% 2
=(C0t a—cot b) +2(cota.cotb—tana.tanb) +6>6

o1 b . . |cot*a=cot*b cot’a=1
Dau bang xay ra khi = ,
cota.cotb =tana.tanb cot"b=1

T km

sSa=b=—+—,(keZ).
4 2

» TOAN TU TAM
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Y,

Luyén tap

A. Cadu héi - Trd 10i tric nghiém

» Cau 1. Ch)%<a<w.K&xmédﬁngb

A. sina>0, cosa>0. B. sina<0, cosa<0.

C. sina>0, cosa<0. D. sina<0, cosa>0.
= Loi giai

Chon C

\ 7T .
Vi E<a<7r:>s1na>0, cosa<0.

»Cau2. Trong cac dang thiic sau, dang thiic ndo ding?

A. sin(180°—a)=—cosa. B. sin(l80°—a)=—sina.

C. sin(lSOO—a)=sina. D. sin(1800—a):cosa.
= Loi giai

Chon C

Theo cong thtic.

» Cau3. Chon déng thiic sai trong cac dang thikc sau
A. sin E—x =COSX. B. sin Z+x =COoSX.
2 2

C. tan(%—x):cotx. D. tan(%+xj=cotx.
= Loi giai

Chon D

o n 1 .,
» Caud. Cho biét tana = 5 Tinh cota

1 1
A. cota=2. B. cotoz:Z. C. cota:E. D. cota:\/E.
= Loi giai
Chon A
, 1 1
Ta co: tana.cota=1= cota = =—=2.
tana 1
2

» Cau5. Cho % <a<7.Khang dinh nao sau day ding ?

A. sina<0. B. tana>0. C. cota>0. D. cosa<0.

» TOAN TU TAM
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» Cau 6.

» Cau 7.

» Cau 8.

» Cau 9.

» TOAN TU TAM

= Loi giai
Chon D

Biét tana =2 va 7r<a<377r. Tinh sina.

3
.
ol

Chon A
Vi tana=2=sina=2cosa.

Ta c6 sin2a+c052a:1:>5coszoz:l<:>cosa:i%.
5
37 1 . 2
Do n<a<—=cosa<0=>cosa=——=sina=——.
2 7 7
o, , T
Biét tana =-3. Tinh tan a—T )

A. —l. B. l C.3. D. 3.
3 3
= Loi giai

Chon B

tan a—7—7T =tan| a———3r |=tan| a—— |=—tan| ~—a |=—cota =— ! =l.
2 2 2 2 tanae 3

Trong cac cong thitc sau, cong thitc nao sai?

A. sinfa+cos’a=1. B. l+tan’ a=—— [a¢£+k7r,keZJ.
Ccos” o 2
C. l+cot’a= - (a;tkw,keZ). D. tana+cota:1(oz;tk—7r,keZ).
sin” « 2
= Loi giai
Chon D
. s km
D sai vi: tana.cota =1 a;t?,keZ .
. 3 .7 cr e \
Cho sina :g va 5<a < 7. Gia tri ctia cosa la:
AL B. 2. c. 2 p. 1.
5 5 5 25
= Loi gidi
Chon B
9 16 cosa =—
Ta cé: sin*a+cos’a =1 = cos’ a=l-sin‘a=l-—=— <
25 25 4
cosa:—g

T 4
Vi E<a<7r:>cosa=—§.
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» Cau 10.

» Cau 11.

» Cau 12.

» Cau 13.

» Cau 14.

» TOAN TU TAM

Cho cosa:% vOi 0<a<%. Tinh sina.

A. Sil’loz=l. B. sinoz:—l. C. sinoz=§. D. Sinoz=i§.
5 5 5 5

= Loi giai
Chon C

. 4
Ta co: smzazl—coszazl_(_

2
zi:>SiIlQ=i§.
5 25 5

Do O<a<5 nén sina > 0. Suy ra, sma—%

Rat gon biéu thic P = sm[a +—J sm( %)
3 1 1

A. —=cos2a. B. —cos2a. C. ——cos2a D. ——cos2a.
2 2 3 2

= Loi giai
Chon D

Tacd P=sin a+z sin a—z :l cosz—cos2a =_—1cos2a.
4 4 ) 2 2 2

I Lo T T L o9 T Ty
Gi4 tri biéu thiec P =sin’ o sin® —+sin’ 2t sin’ —, Htan cot— bang

A. 2. B. 4. C. 3. D. 1.
= Loi gidi

Chon C

, .omo 1 ,m 1 T \/g . s 2 ,m 1
Tacd sin—=—=sin’—=—, sin—=—=sin’—=—, sin—=—=sin* —=—

6 2 6 4 3 2 4 4 2

sin9—7T:sin T ior|=sinZ= —2:>s 29—7T:—, tan—cot— =1

4 4 4 2 4 6

Suy ra P:l+§+l+l+1:3.
4 4 2 2

. 3 .7 e .
Cho sina« :g va E< o < 7. Gia tri cia cosa la:

AL B. -2 c +2 p. 1%
5 5 5 25
= Loi gidi
Chon B
9 16 cosa =—
Ta cé: sin® a+cos’*a=1= cos’ a=1-sina=1-—=— <
25 25 4
cosa=—<

NI
Vi 5<a<7r:>cosoz:——

Cho cosa:% vOi O<a<%. Tinh sina.
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» Cau 15.

» Cau 16.

» Cau 17.

» TOAN TU TAM

A. sina=é. B. sina=—é. C. sina=§. D. sina:ig.

= Loi gidi
Chon C

2
Tacé: sin*a=l-cos’a=1-| 2| =2 = sina=+>.
5 25 5
T .. . 3
Do O<a<5 nén sina > 0. Suy ra, smazg.

Cho tana =—%V(’)i 37%<a <27 . Khi d6:

. 4 ) 4 5

A. sina=———, cosa=———. B. sina =——, cosa=——.

V41 V41 41 41

4 4

C.sina=——— cosa:i. D. sina =——, cosa:—i.

V41 V41 41 41

= Loi giai
Chon C
) 16 1 1 41 25 5

l+tan“ o = > =1+— — = = — =>cosfa=—=cosa=t——

Ccos” « 25 cos’a cos’a 25 41 41
sin’ a =1-cos a—l—ézﬁ—mma +—

41 41 Ja1

cosa >0—cosa=
37
—<a<2Tr=>
2 ) .
sina<0—>sina=-

(9]
£ ﬁ\
o

A ?. \ \ . /4 . 2 \ 4
Trén ntra dwong tron don vi cho goc « sao cho sina = 3 va cosa <0.Tinh tana.

=R g 205 c 2. D1
5 5 5
= Loi giai

Chon A
Co6 cos’a=1-sin’ o, ma sina ==

5, V5
Suy ra COSZOé=§, cd cosa <0 < cosa=———.

3
sm o _ 2\/§
COS o 5

Co tan

. 1 \ . 7 7 L4 . \
Cho smazg va %<a<7r. Khi d6 cosa co gia tri la.

242 8 22

A. Cosa:—g. B. cosa=——. C. Cosa:§. D. cosa——T.

= Loi giai
Chon D
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» Cau 18.

» Cau 19.

» Cau 20.

» TOAN TU TAM

\ 7T A
Vi 5<a<7r nén cosa <0.

Ta cé sin2a+cosza:1:>cosza:1—sin2a:§ =

3sinx—cosx

Cho P=—————véi tanx=2.Gia tri cta P bgmg
sinx+2cosx
NS B 22 c V8 D5
9 3 9 4
= Loi giai
Chon D
, 3sinx—cosx 3tanx-1 32-1 5
Taco P=— = = S
sinx+2cosx tanx+2 2+2 4
. 1 \ A .7 N ./ . ” «A? ’ i - M
Cho sinx =— va cosx nhan gia tri am, gia tri cta biéu thiec A :—s?nx cosx ban
2 sin x + CoSs x
A —2-4/3. B. 2+43. C. 2+4/3. D. 2-43.
= Loi giai

Chon A

1 3

Vi cosx nhéan gié tri &m nén ta ¢d cosx=—/l-sinx =—,[1-— =———

4 2
1.3
27 2 :1+\/§:_2_\/§
INERRENE
2

2

Suyra: A=

Biéu thitc P=——

_2tan*x trén | 0,2 | dat gid tri 16n nhat tai
Ccos” x 3

A. x=0. E.xzz. C.x=£. D x=—.

3 6 12
= Loi giai

Chon B

2
Tacc')y:3(1+tan2x) —2tan‘x =tan'x+6tan’ x+3
Pittan® x = u; ue[O;fE] Vixe{o;z}
3

Xét ham s8: y =u’ +6u+3 trén [ 0;3].
Ta c6 bang bién thién

.!r| 0 3
¥ 30

I

rgg]xf(u)zwvé rfrloa(y=30<:>x:§.
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» Cau 21. Mot vat dao dong diéu hoa theo phuong trinh x =1,25 cos(27rt —%j (cm) ( t dobang

giay). Tinh quang duong vat di dwgc sau thoi gian t =2,5s ké tir ltc bat dau dao dong.
A. 4,21(cm). B. 3,21(cm). C. 1,21(cm). D. 2,21(cm).

= Loi giai
Chon C

Ta co: x=1,25 cos(Zmﬁ —%) (cm)

1,25.cos| 5m———
12

Vay quang duong vat di dwoc gan bang 1,21(cm).

Voi t=2,5s=> x| = ~1,21(cm).

» Cau 22. Hang ngay, murc nuwde ctia mdt con kénh 1én xudng theo thuy triéu. Do sau h(m) ctia con
kénh tinh theo thoi gian ¢ (gi0) trong mot ngay duwoc cho boi cong thirc:

1 e gl oy s \ Lo A
h= 508 (%t +%j +3, 0< t <24.Hdi tai thoi nao trong ngay thi myec nedc cta con kénh

cao nhat?

A. 10(h). B. 12(h). C. 14(h). D. 15(h).
= Loi giai

Chon C

Ta co h:lcos 7r_t+z +3, 0< t<24.
2 8 4

Ta thiy h dat gié tri 1on nhat khi cos (%H %j -1

cos 7T—t+z :1<:>7T—t+£—2k7r<:>t——2+l6k
8 4 8 4

Dot>0va0< t<24 nén t=14
Vay luc 14h thi muc nudce ctia con kénh cao nhat.
B. Cau hoi - Tra loi Ding/sai
» Cau23. Cho 0 <a <90 . Xét dwoc ddu cua cac biéu thire sau. Khi do:

Ménh dé bung | Sai
(a) | A=sin(a+90")>0
(b) B—cos(a 45 )>O
() | C=tan(270"~a)<0
(d| D= cos(2a+90 )
= Loi giai

(a) A:sin(a+9o°)>o,-
Tacd: 00 <a<90 =90 <a+90 <180
:>sin(a+90°)>0.

» Chon DUNG.

» TOAN TU TAM



Chuong 01
HS & PHUONG TRINH LUQGNG GIAC
(b) B zcos(a—450)>0;
Tacd: 0 <a<90 =45 <a—45 <45
= cos(a—45°) > 0.
» Chon DUNG.
(c) C= tan(270° —a) <0;
Tacd: 0 <a<90 = -90" <—-a <0
= 270" +(-90") < 270" +(—ar) < 270" +0°
=180 <270 —a <270" = tan(27o° —a) >0
» Chon SAL
(d) chos(2a+90°)>O.
Tacd: 0 <a<90 =90 <2a+90° <270
= Cos(2a + 2700) <0

» Chon SAL
S5cotx+4tanx

_ 2sinx+cosx

» Cau 24. Cho tanx =-2. Tinh duoc cac biéu thirc A, = ,
Scotx—4tanx

' cosx—3sinx

, khi do:

Ménh dé Dlng | Sai
1
cotx=——
(a) 5
(b) | Vi tanx=-2 nén cosx =0
21
A =—=
@ A==
3
d| A==
( 2 =7
= Loi giai
1
a) cotx =——
(a) >

/4 1
Ta co: tanx:—2:>C0tx:—5

» Chon DUNG.
(b) Vi tanx =-2 nén cosx=0
Vi tanx=-2 nén cosx #0.

» Chon SAL
21
c) A =——
(0 A -
5
-~ +4-(-2)
21
:>A1: g’ ——ﬁ.
—=_4.(=2
>-4(=2)
» Chon DUNG.
3
d) A ==
(d) A, -

» TOAN TU TAM
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Chia ttr va mau ctia biéu thitc A, cho cosx, ta duoc:

2sinx+cosx
A —_COSX Cosx_Ztanx+l_2(—2)+1:_§
2

Cosx_3sinx _1—3tanx_1—3(—2) 7
COSX COSX

» Chon SAIL
R , Ly , 2sinx+3cosx 2 )
» Cau 25. Cho cotx =2. Tinh dwoc cac biéu thiec B, =—; /B, =— : , khi
3sinx—2cosx COS” x —sinxcosx
do:
Ménh dé bung | Sai
(@) | Vi cotx=2 nén sinx#0.
(b) | B,=-8
(c) | B,=-5

(d) | B+B,=-13
= Loi gidi
(a) Vi cotx=2 nén sinx #0.
Vi cotx=2 nén sinx #0.
» Chon PUNG.
(b) B, =-8
Chia ca tr vd mau ctia biéu thtrc B, cho sinx, ta dwoc:

sin x cos x

5 *sinx siny _2+3cotx _2+3-2 L
! 3sinx _,C08x 3—2cotx 3-2-2
sinx sinx
» Chon DUNG.
(c) B,=-5
Chia ca tr va mau ctia biéu thitc B, cho sin’ x, ta dwoc:
2
) 2(1+Cot2x) 2(1+22)
: coszx_sinxcosx cot?’x—cotx  2°-2
sin® x sin® x
» Chon SAIL
(d) B,+B,=-13
B +B,=-8+5=-3
» Chon SAL

» Cau 26. Tt mot vi tri ban dau trong khong gian, vé tinh X chuyén dong theo quy dao la mot
duong tron quanh Trai DAt va luon cach tam Trai Dat mot khoang bang 9200k . Sau 2
gio thi vé tinh X hoan thanh hét mét vong di chuyén.

Ménh dé bung | Sai

Quang duong vé tinh X chuyén dong dugc sau 1 gio la:

~ 28902, 65(kim).

Quang duong vé tinh X chuyén dong dugc sau 1,5 gio la:

~ 43353,98(km)

(@)

(b)

» TOAN TU TAM
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(c) | Sau khoang 5,3 gio thi X di chuyén duoc quang duong 240000 km ‘ ‘
Gia st vé tinh di chuyén theo chiéu duong ctia dwong tron, sau 4,5

(d) gio thi vé tinh vé nén mot géc 9% rad
= Loi gidi
(a) Quang dweong vé tinh X chuyén dong dwoc sau 1 gio la: ~ 28902, 65(km).
Mot vong di chuyén cua X chinh la chu vi duwong tron:
C =27R = 27.9200 = 184007 (km).
Sau 1 gio, vé tinh di chuyén ntra duong tron véi quang duong la:

%C =92007 = 28902, 65(km).

» Chon DUNG.
(b) Quang dwong vé tinh X chuyén dong dwoc sau 1,5 gio la: ~ 43353,98(km)

Sau 1,5 gio, vé tinh di chuyén duoc % duwong tron (hay % duwong tron), quang dwong

la: %C = %18400# =138007 =~ 43353,98(km) .

» Chon DUNG.
(c) Sau khodng 5,3 gio thi X di chuyén dwoc quang dwong 240000 km

SO gio dé vé tinh X thyc hién quang duwong 240000 km la: 29‘;%%00 ~8,3 (gio).
s

» Chon SAL

.2 ? A . . A? AA ? \ \ N\ \ A . ~ A A 7 9
(d) Gia swr vé tinh di chuyén theo chiéu dwong cua dwong tron, sau 4,5 gio thi vé tinh vé nén mot goc %

rad
TR . CA . . 459
Sau 4,5 gio thi s6 vong tron ma vé tinh X di chuyén duoc la: ) (vong).
n . y .9 O

SO do goc lwong giac thu dugc la: 7 2r = T(rad) .

» Chon DUNG.
»Cau27. Cho 0<a <~ . Xét dugc dfu cua cic biéu thirc sau. Khi do:

M¢énh dé Pung | Sai

ZCOS(OC+7T)<

@ | A
(b) | B
C

0
tan(a—w)>0
T <0

(c) =sin a+2—
1 5

(d) D=cos(a—%)<0

= Loi gidi
(a) A:cos(a+7r)<0;

Vi O<a<%:>7r<a+7r<377T:>cos(a+7r)<0.

» TOAN TU TAM
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» Chon DUNG.
(b) B=tan(a—7r) >0;

Vi O<a<%:>—7r<a—7r<—%:>tan(a—7r)>O.
» Chon DUNG.
(c) C:sin(a+2?7rj<0;

Vid<a<— :>2—7r<a+2—7r<9—7rz>sm a+2— >0.
2 5 5 10 5

» Chon SAL
(d) D= cos(a—%j< 0.

Vid<a<— :>—3—7T< —3—7T<£:>cos a—3—7T >0.
2 8 8 8 8

» Chon SAIL

7 7 ./ . . 7/ \ . ? 7 .- A/ 1 &l 7T . 7
» Cau 28. Tinh dugc cac gia tri lwong giac con lai cua goc x, biét: tanx = 3 vOi 3 <x<m,khido:

M¢énh dé Pung | Sai

(a) | cosx<0
(b) | cosx = —@

10
(0) | sinx= —@

10
(d) | sinx+cosx = —%

= Loi giai
(a) cosx <0

\ 7-‘- A
Vi E<x<7r nén cosx<0.

» Chon DUNG.

J10

b =——
(b) cosx 0

310

1 1
Ta cé: :1+tan2x=1+—:—0:>cos x—2:>cosx———
9 9 10

cos® x

» Chon SAIL

J10

c) sinx=———
© 10

sinx =cosxtanx =—

Wi 1_ Vo
10 3 10
» Chon DUNG.

J1o

(d) sinx+cosx = e

» TOAN TU TAM
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2x/_

COSX =———

» Chon SAL

» Cau 29. Tinh duoc cac gia tri luong gidc ctia goc «, biét: sina = R <a<0.Khidé:

Ménh dé

Ding

Sai

(@)

) 9
Ccos” o =—
1

(b)

CoOSax =—

(4]

(d)

9
a) cos’a=—
(a) T

3
cota=——
J7
1637

tana+cota = ——3

= Loi gidi

™

) 7
sina=—,—-—<a<0.
4 2

sin2a+cos2a=1:>cosza=g

» Chon DUNG.

3
b = ——
(b) cosa 2

Vi —%<a<0:>cosa>0:>cosoz:%

» Chon SAL

3

(c) cota = _ﬁ

tana =

sina ﬁ 3

=———cota=——=
cosa 3 J7

» Chon DUNG.

16v7

(d) tana+cotay=———

23

16\f

tana+cotaa=——

» Chon SAL

4 /4 .7 . .7 ? /4 - A/, 7-‘- . 4
» Cau 30. Tinh dwoc cac gia tri lwong giac cua goc o, biét: tana=2,0<a < 3 Khi do

| Ménh dé

‘ Dung ‘ Sai

(@)

» TOAN TU TAM

1
cota=—
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1
(b) cosza=§
(0 COSO[=—§
(d) sina:¥
s Loi gidi
1
(a) cota:E

tana =2 (O<a<§j

1
tana 2
» Chon DUNG.

Ta co: cota = =

1
b 2 = —
(b) cos” « <

2 2 1
l+tan“ o = = cos  a=—,
Ccos” o 5
» Chon DUNG.
(c) cosa = —g

Vi O<a<% nén cosazg.

» Chon SAIL

25

d) sina=—-—
(d) sina .

«Q } 2\/§
= sinae=——-.
COS & 5

» Chon DUNG.

tana =

, g i s 27
» Cau 31. Tinh dugc cac gia tri lwong giac ctia goc «, biét: sina = 37

Ménh dé

<a<m.Khidé:

Dung

Sai

(@) | cosa<0

(b) | cosa=—

(c) | tana=-

(d) | cotav=—

S A

= Loi gidi
(a) cosa<0

T
—<a<m=cosa<(

» TOAN TU TAM
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» Chon DUNG.
5
(b) cosav=——
3
cosa=—J1-sin*a = ‘/l—g = —g,
» Chon SAL

(c) tana = —%

2
sina 3 2
tana = =——=——
Ccos JE JE
3
» Chon DUNG.
(d) cota=—£
2
1 1 J5
cota = = =——

tana 2 2

J5

» Chon DUNG.

» Cau 32. Tinh dwgc cac gia tri lugng gidc cua goc «, biét: cosa = —%,—37” <a<—m.Khido:
M¢énh dé Pung | Sai

(@) | sina<0

(b) | sina = —ﬁ

(© | tanav=——

(d) | cota=——F4.

J7
= Loi giai

(a) sina<0

37 )
—7<a<—7r:>sma>0

» Chon SAL

(b) sina = —g

sina=+1-cos’a = l—i=ﬂ;

16 4
» Chon SAL

N

c) tana=——-
(c) 3

» TOAN TU TAM
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J7

sine 4 7

tana = =
cosa 3 3
4
» Chon DUNG.
(d) cota=-——.
J7
cota = ! = L = —i
tana —\7 7
3
» Chon DPUNG.

2410

, s o 0 3 gy
» Cau 33. Tinh dugc cac gia tri lwong gidc ctia goc «, biét: tana = e <a< 5 Khi dé:

Ménh dé bung | Sai
9
a) | cota=———
@ 210
9
b) | cosa=——
(b) T
cosa <0
(c) )
sina <0
@ | sina=_210
11
= Loi giai

(a) cota =

9
210

9

cota=——
2410

» Chon DUNG.

9
b -2
(b) cosa 0

\/ 1 ] 9
cosq=—|———=— |—=——

- =
tan” a+1 0., 1
81
» Chon DUNG.
cosa <0
(c) { :
sina <0
37 cosa <0
T<a<—=
2 sina <0
» Chon DUNG.

(d) sina=—

2410
11

» TOAN TU TAM
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sina=—1-cos’a =— 1—ﬂ =@

121 11
» Chon SAL

» Cau 34. Tinh duoc cac gia tri luong giac ctia goc «, biét: cota = J2+1,0<a< % . Khi do:

Ménh dé Dlng | Sai
cosa >0
(a) )
sina >0
(b) | tana =2 +1
(c) | sina= —'2;\/5
) | cosa = —Vzgﬁ
= Loi gidi
cosa >0
(a) { .
sina >0
T cosa >0
O<a<—=1 . ;
2 sina >0
» Chon DUNG.

(b) tana =2 +1

V2-1;

tana =

1
V241
» Chon SAL

2-42

2

(c) sina =

. 1 1 2-\2
SInNo = 3 = 3 = 2
cot" a+1 (\/§+1) +1
» Chon DUNG.

(d) cosaz—‘z-;\/5
cosa = l—[ 2_\5J = '2+\/§

2 2

» Chon DUNG.
C. Cdu héi - Trd 10i ngin

1 7 .7 . o A2 ’ .
» Cau 35. Cho cosx = 5 Tinh gi4 tri bi€u thitc P =3sin’ x+4cos’ x.

= Loi giai
v Tra loi: 3,25

» TOAN TU TAM
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1 1
Ta co: cosx:—:>sinzle—coszle——zi.
2 4 4
Khi dé: P=3sin2x+4coszx:3-§+4-l:E.
44 4

» Cau 36. Biéu thirc sau: T:251n(%—xj+3cos(l97r—x):kcosx. Khi d6 k=7

= Loi giai
v Tra loi: -1
Ta co: T:2sin(47r+%—x]+3cos(187r+7r—x)

:2sin(§—x]+3cos(7r—x):2cosx—3cosx:—cosx
sin[lSW—xJ—2cos(x—7r)
2

)
Ccos| ———Xx
2

sin(77r+72T—xJ—2cos(7r—x)

cos(27r+7r—xj
2

) T (T
51n[7r+2—x]+2cosx —sm[z—xj+2cosx

» Cau 37. Biéu thitc sau: S = =kcotx.Khido k="

= Loi gidi
v Tra loi: 1

Ta cd: S=

_ —COSX+2C0SX COSX

= = - - - cotx
T sinx sinx sin x
cos(—x}
sin’ B cos’ B - . A
. C s e , B Y A+C ~
» Cau 38. Cho tam gidc ABC, khi do6 biéu thitc S — 2A —COS(' )tanB
A+C| . [A+C sin B
cos sin
2 2
bang?
= Loi gidi
v Tra loi: 2
Vi A+B+C =180 nén A+C =180 —B.
. B B o
sin” — cos” — cos(180 —B) .
VT = + 2 ___ -tan B

[mdﬁ] . F&fﬁ] sin B
COS ? Sin T

» TOAN TU TAM
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~ ~

~

B -
2 cos .tanB=sin25+c052?+cotB-tanB=1+1=2=VP
B

sin B

» Cau 39. Biéu thttc A= tan(”TW—xJ+2cot(57r+x) =kcotx, khi d6: k=7

= Loi giai
v Tra loi: 3
A:tan(87r+%—x]+2cotx:tan(g—x)+2cotx:Cotx+2cotx:3cotx

2sin(x —4m) + cos[x - SWJ

. (377 j
sin| ——x
2

2sinx+cos£x—g—27rj 2sinx+cos£x—72rj 2sinx+cos(7zr—xj

. ™ - . ™ - —COSX
sm| T™+-——X =sSm| ——X

_ 2sinx+sinx

=ktanx, khi do: k=?

» Cau 40. Biéu thitc B =

= Loi giai
v Tra loi: -3

B=

=-3tanx.
—COSX

3sina+4cosa

1 Vé .7 . ?. - A7 7
» Cau4l. Cho cota =—. Tinh gia tri cta biéu thitc A =— .
3 2sina—5cosa

= Loi giai
v Tra loi: 13

\ 1 A . . 2 2 \ X B « A2 7 . Ja
Vi cota = 3 nén sina # 0. Chia ca tir va mau cta biéu thitc A cho sina, ta co:

1
_3+4c0t04_3+4'§_13

2-5cota , o1

3
. 3 . e e 1 tana+3cota ., . S as e ara
» Cau 42. Cho cosa =—. Tinh gia tri ctia biéu thitc B=—————— Két qua lam tron dén chir so thdp

4 tana +cota
phan thir 2.
= Loi giai

v Tra loi: 2,13
— = 16 —tan’a=_.
cos’a 9 9

, 3
Ta cé: cosa:Z:>1+tan2a:

» TOAN TU TAM
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3
tana+— 2 —+3
Khi d6: B= tang _fanard_o © 173,
tano + tan"a+1 z+1 8
tan« 9

sino — cos

» Cau43. Cho tana =+/2. Tinh gié tri cta biéu thire C = . Két qué lam tron

sin’ a+3cos’ a+2sino
deén chir s6'thdp phan thir 2.
= Loi giai
v Tra loi: 0,09
Vi tana = \/E nén cosa # 0. Chia ca t&r va mau cua biéu thitc C cho cos’ «, ta duoc:

sinae 1 1

B tana(l +tan® a)—(l +tan® a)

C—_ cosa cos’a cos’a  _
sina 1 tan3a+3+2tana(1+tan2a)
cosa cos’ a

_(1+tan2oz)(tanoz—1)_ (1+2)(\/§—1) _3(\/5_1)
© 3tan’a+2tana+3  3.242+242+3 8243

» Cau 44. Biét sina+cosa=+/2. Tinh gi4 tri ctia sin®a+cos* a.

tan*a+3+2-

= Loi giai
v Tra loi: 0,5
Ta co:

sina+cosa:\/§
. 2 . 2 . 2 . . 1
:>2:(sma+cosa) =sin” a+2sinacosa+ cos a=1+2smacosa:>smacosa=§
> 1Y 1
Khi d6: sin4a+cos4a=(sin2a+cosza) —2sin2acosza:1—2(5j =5
» Cau45. Pon gian cac biéu thtc sau (gia st moi biéu thic sau ludn cé nghia):

cos’ x—sin’ y

C=—————-cot’xcot’y.
sin® xsin’ y
= Loi giai
v Tra loi: -1
: 2 2 .2
c - cos’ x —sin’ y —cos’ xcos’y _ COS x(l—cos y)—sm y
sin® xsin’ y sin® xsin’ y
. . 1 2 2 .
_cos’xsin’ y—sin’y SN y(cos x—l) _ —sin’x .
sin’ xsin’ y sin® xsin’ y sin® x
A+B

» Cau 46. Trong tam gidc ABC ta cd: cos A + COS(E + E) +tan

:kcot%.Khi doé: k=?

= Loi giai

v Tra loi: 1
~ -~ .~~~ _A+B 180-C
Vi A+B+C=180nén B+C =180 - A va 2> _ 802 C

» TOAN TU TAM Trang 18
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» Cau 47.

» Cau 48.

» Cau 49.

» Cau 50.

» TOAN TU TAM

Do do:

~ o~ —~

-~ =~ = B -~ o 180" - C
cos A +cos(B + C)+tan :cosA+cos(180 —A)+tan—

—cos A —cos A +tan£90° —%J = cot%

Cho biéu thtic f(x)=3(sin4x+cos4x)—2(sin6x+c056x) tinh £(1)
= Loi gidi
v Tra loi: 1
Lo 4 4. 2 2 .6 6 .. 2 2
Ta co: sin” x+cos” x=1-2sin” xcos” x,sin” x +cos’ x =1-3sin” xcos” x.

Suy ra: f(x)=3(1—251r12 x cos’ x)—2(1—3sin2xcoszx)=1.

Vay biéu thitc f(x) khong phu thudc vao x nén f(1)=1

2 2 :
Cho biéu thiic g(x)= 20l ¥=CO8 X SINXCOSX iy o0, v x 7. Tinh g| St
cot” x cotx 2 2023
= Loi gidi
v Tra loi: -2
2 . 2
g(x) =-2- cos2 X, SINXeosy 5 C082 ¥ fsin’x=-2-sin’x+sin’x = 2.
cot” x COosXx COs X
sinx sin® x
Vay biéu thic g(x) khong phu thudc vao x nén g( 2;5;;) -

Cho hai goc nhon a va b. Biét Cosa:% va cosb:%. Tinh gid tri cuaa:

pP= (cosa -COS b)2 - (sina -sin b)2 . Keét qua lam tron dén chiv s6"thdp phan thi 2.
= Loi giai

v’ Tra loi: -0,83

Ta co:

2
== (cosacosb)2 —(sinasinb)2 = (c:osacosb)2 —(l—cos2 a)(l—c052 b) = [Lj - 3 12 —%

sin’ x —cos x

2

: . Két qua lam tron
sinx —cos” x

4 , i o 1 .
Cho tanx=-— va %< x < 7. Tinh gia tri cta biéu thite M =

dén chir s6'thap phan thir 2.

= Loi giai
v Tra loi: 2,82
, 4 1
Ta co: tanx:——:>coszx:—2=i:>cosx=i§.
3 l+tan“x 25 5

. 3. 4 sin*x—cosx 31
Vi —<x<m=cosx=-—=sinx=tanx-cosx=—>M=———=—.
2 5 5 sinx—cos x 11
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» Cau51. Cho 3cosa—sina=1,0"<a <90 . Tinh gi4 tri ctia tana. Két qud lam tron dén chir s6’ thip

phin thir 2.
= Loi giai
v Tra loi: 1,33
Ta cd 3cosa—sina=1<>3cosa=sina+1->9cos’ a =(sina+1)°

< 9cos’ o :sin2a+2sina+1<:>9(1—sin2a):sin2a+2sina+1

sina =-1

< 10sin’ a+2sina-8=0<| 4 .
smazg

- sina=-1: khong thdaman vi 0 <a<90".

sina 4

) 4 3
- SIna=—=Ccosax=——>tana = =
5 5 cosa 3

2
, (1-tan’ x) 1 20247 \
» Cau 52. Cho biéu thirc A= T —— — khi x= thi A bang bao nhiéu?
4tan"x  4sin” xcos” x 3

= Loi giai
v Tra loi: -1
Ta co:
2
- sin® x ,
A C082 X 1 (C052 X — sin2 .X') 1
"~ 4tan’x 4sin’xcos’x  4sinxcos’x  4sin?xcos’x
4 (cos2 x—sin’ x + 1)(cos2 x—sin’ x —1) 2 cos? x-(—2 sin? x)
= = = _1.
4sin® x cos® x 4sin® x cos® x
2 2
. . , LT ) 31 .
» Cau 53. Cho biéu thitc B= {sm (5 - xj + sm(107r + x)} + {cos (7 - xj +Cos (87r - x)} khi x =

thi B bang bao nhiéu?
= Loi giai

Ta co:

2 2
Thay vao B= {Sin[g—xj+sin(107r+x)} +{cos(3§—x]+cos(87—x)}
Ta co: B= (cosx+sir1x)2 +(—sinx+cosx)2 =2.

» Cau54. Tinh S=sin’5 +sin’*10" +sin’*15 +...+sin”*80 +sin’ 85" .

» TOAN TU TAM
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= Loi giai
v’ Tra loi: 8,5
Ta co
sin’ 5 +sin’*85 =cos’85 +sin’85 =1.

sin?10” +sin’ 80" = cos” 80 +sin* 80" =1.

sin® 40" +sin’ 45" = cos® 45 +sin® 45 =1.

Tong s c6 8 cdp dura sin’ 45 nén s—g+i-17
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Chuong 01

Ly thuyét

1. Céng thuc céng

5

(1) cos(a—b):cosacosb+sinasinb (2) cos(a+b)=cosacosb—sinasinb
(3) sin(a—b):sinacosb—cosasinb 4) sin(a+b):sinacosb+cosasinb
tana—tanb tana+tanb

(5) tan(a - b)

(6) tan(a i b)

l+tanatanb l-tanatanb

2. Cong thuc nhan déi

Cho a=0b trong cac cong thitc cong, ta duoc:

o
Cong thiic nhan doi:
(1) sin2a=2sinacosa

(2) cos2a=cos’a—sin*a=2cos’a—1=1-2sin’a

(3) tan2a= 2 tan;z
l1-tan“a
Cong thiic ha bdc:
(4) cos*a= 1+cos2a (5) sina = 1-cos2a (6) tan?a = 1—-cos2a
2 1+ cos2a

3. Cong thuc bién déi tich thanh téng

5

1) cosa.cosb:%[Cos(a—b)+cos(a+b)]
(2) sina.sinb=%[cos(a—b)—cos(a+b)]

(3) sina.cosb = %[sin(a —b) + sin(a + b)]

» TOAN TU TAM m
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4. Cong thuc bién déi téng thanh tich

Tt cong thirc bién d6i tich thanh tong, dat u=a—-b, v=a+b taco

&

(1) cosa+cosb = 2COSa;—b.COS% (2) cosa—cosb = —ZSin%b.sin%

(3) sina+sinb = 25in%b.cos% (4) sina—sinb = 2cos¥.sin&2b

» TOAN TU TAM
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egCéc dang bai tap
—

R~ Dang 1. Cong thuc cdng

o 1
‘;‘_Phuo’ngphap )

(1) cos(a—b):cosacosb+sinasinb (2) cos(a+b):cosacosb—sinasinb
(3) sin(a—b)zsinacosb—cosasinb 4) sin(a+b):sinacosb+cosasinb
tana—tanb tana+tanb

(5) tan(a —b)

(6) tan(a + b)

1+ tanatanb l-tanatanb

Vidy1.1.
Rat gon cac biéu thiec:

\/5 cosa—2 cos(%ﬂz]

(1) A= ) (2) B:(tan a— tan b)cot(a—b)—tan atan b

—\/5 sina+2 sin(%ﬂz}

= Loi giai
T
\/5 cosa—2 cos(4+aj

(1) A= .
—\/5 sina+2 sin(Zﬂzj

T LT
\/Ecosa—Z COS— COS a— sin— sin a )
, 4 4 \/Esma
Taco A= = = tana.

\/ECOSLI

—/2 sina+2 sinE Ccos a-+ cosE sin a
4 4
(2) B=(tana— tan b)cot(a—b)—tan atan b

Tacod B= tan(a—b)(1+ tan a tan b) cot(a—b)— tana tanb=1.

4 vidy12.

Tinh gid tri ctia cac biéu thirc sau:

1) A:cos[x+§j biét sinx:L va 0<x<%

B

(2) B=Cos(a+b).cos(a—b) biét cosa:% va cosb:%

= Loi gidi

1
(1) A=cos x+ 2 | biét A=cos| 1+ | va sinx=—
3 3 NE]

» TOAN TU TAM
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Ta co sinx+cos’x=1=cosx=+——.

2
Ma 0<x<Z nén cosx =—.
2 NE)

[\

1 3 J6-3

1
Do d6: A =cos x+Z :cosx.cosz—sinx.sinz =£.———.———
3 3 3 32 32 6
(2) B:cos(a+b).cos(a—b) biét cosa:l va cosb:l
Ta co:
B=(cosa.cosb—sina.sinb).(cosa.cosb+sina.sinb)

=cos’ a.cos’ b—sin’ a.sin’b
:c052a.cos2b—(l—cosza).(l—coszb):l.i— 1—l ) 1—L =—£.
9 16 16 144

| Viduy 1.3.
Véi

l1+tanb
=tana

(1) a-b= %, chtrng minh rang py—

(2) a+b= %, chting minh réng (1+tana)(1+tanb)=2

= Loi giai
(1) ﬂ—b=z, chttng minh r?mg 1+tanb = tana
4 1+ tana
Ta co: ﬂ—b=%<:>a:£+b
T
tan—+tanb
1
Do dé: tana=tan| ~+b |= 4 _ +tanb
1-tanb

l—tanﬁtanb
4

(2) a+b= %, chting minh rang (1+tana)(1+tanb)=2

Ta co: (1 +tan a)(l + tanb)

=(1+tanu)[l+tan(%—a}j :(1+tana)(1+ l_tanaj =(1+tana).

1+ tana

=2

l+tana
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O)

R~ Dang 2. Cong thuc nhén doéi

— A 9
& Phuwong phap )
Cong thiic nhin doi:

(1) sin2a=2sinacosa

(2) cos2a=cos’a—sin*a=2cos’a—1=1-2sin’a

(3) tan2a = Ln;z
l1-tan”a
Cong thiic ha bdc:
2 1+ cos2a
2
Viduy 2.1.
Rat gon cac biéu thie sau
(1) A =sin10°cos?20°cos40° (2) B=cos’xsinx—sin® xcosx
= Loi gidi

(1) A =sin10°cos20°cos40°
A =sin10°cos 20°cos 40°
= Acos10° =sin10°cos10°cos 20°cos 40°

= %Sil’l 20°c0s20°cos40° = % sin40°cos40° = ésin 80° = écos 10°.

1
Vay A=—.
Yy 3

(2) B=cos’xsinx—sin’ xcosx

) . ) ) 1 . 1 .
B =cos’xsinx—sin’ xcosx = cosxsmx(coszx —sin? x) = Esm 2xC0S2x = Zsm4x.

Vidy 2.2.
Tinh cac gia tri luong gidc cua cac goc 2a biét

(1) cosa:i,0<a<z (2) sina:l,0<a<z
13 2 4 2

= Loi giai

(1) cosa—i 0<a<z
13

Ta co sina=+1-cos a—‘f 13 1{14312 —d O<u<2:>sma>0

12 12
sin2a=2sina.cosa =2 i— 0

13713 169°
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cos2a=2cos’a—1=2 i —1:—2.
13 72
sin2a 120 119 120
tan2a = = : =— .
cos2a 169 [ 169j 119

(2) sma—i O<a<z

Ta cd cosa=+/1-sin*a=,[1— (i} %=%d O<a<2:>sma>0

117

sin2a=2sina.cosa = —_—=

o0 )
o ‘ j‘

4' 4
\/— 2
cos2a=2cos’a—1=2 V17 —1==.
4 8
sin2a 17 (9) 17
tan2a = = = |=—.
cos2a 8 8 9
Viduy 2.3.

Cho sina=§, voi ae(%;wj. Tinh gid tri cia E =sin2a+tan2a.

= Loi giai

.. ) 16
Ta ¢6 sin” a+cos’a=1= cos’a =1-sin*a =—

4
Do ae(g;wj nén cosa <0 :>cosa:—g.

sin2a:2sinacoso¢:2,§,£:%
55 25
sina 3 2tana 24
tana = =—:>tan2a=—2=__
cosa 4 I-tan"a 7
Vay E=Sin2a+tan2a=%+l4 4
725
2
Vidy 2.4.

1—cos2x+sin2x

Chttng minh biéu thitc P = .cotx khong phu thudc gia tri cua x

1+ cos2x+sin2x
= Loi gidi

po 2sin’ x+2sinxcosx cosx 2sinx(sinx+cosx) cosx

. . =1.
2cos’ x+2sinxcosx sinx 2cosx(sinx+cosx) sin x

Vay gia tri ctia biéu thizc P khong phu thudc vao gia tri ctia bién x.
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R~ Dang 3. Cong thuc bién ddi tich thanh téng

B 7
’;‘,‘Phuo’ng phap )

(1) cosa.cosb =%[cos(a—b)+cos(a+b)]
(2) sina.sinb:%[cos(a—b)—cos(twb)]

(3) sina.cosb = %[sin(a —b) + sin(a + b)]

Viduy 3.1.

Bién mai biéu thitc sau thanh dang tong

(1) A =sin10°cos20°cos40° (2) B=sinxsin2xsin3x
(3) C=8cosxsin2xsin3x 4) D= cosxcos(x— 60°)cos(x+ 600)
= Loi giai

1) A= 2sin(a+b)sin(a—b)
A= 2sin(a+ b)sin(a—b) = c0s2b —cos2a
(2) B=sinxsin2xsin3x

B=sinxsin2xsin3x = %sin 3x (Cos xX— Cos3x) = %sin 3xcosx —%sin 3xcos3x
1, . ) 1 . 1 . 1 . 1 .
=—(s1n4x+sm2x)——sm6x=—s1n4x+—sm2x——sm6x
4 4 4 4 4

(3) C =8cosxsin2xsin3x
C :8cosxsin2xsin3x:4cosx(cosx—c085x) =4cos’ x —4cosxcos5x

:4.1+c052x

—2c0sbx—2cosd4x=2+2cos2x—2cosb6x—2cosdx
4) D= cosxcos(x—60°)cos(x+60°)

D= cosxcos(x—60°)cos(x+60°) =%cosx(c052x+cosl20“)

1 1 1 1 1 1
=—COSXCOS2X——COSX =—COSX+—C0S3Xx——COSXx =—Co0S3x.
2 4 4 4

4 vidy3.2.

Chitng minh rang 4cosxcos[§—x]cos[§+ xj =cos3x,voi xeR.

= Loi gidi
Tacd 4cosx cos(% — xjcos (% + xj
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:4cosx-l cos(—2x)+cosz—7r
2 3
=2cosxc052x—cosx=cos3x+cos(—x)—cosx:cos3x,VxeR.
A ™ ™ ..
Vay 4cosxcos(§—xjcos(§+xj:cos3x,V01 xeR.

&
Viduy 3.3.

Chting minh S = cos” x + cos’ (2% + x] +cos’ [2?”— xj khéng phu thudc gia tri cua x

= Loi gidi

Ta cd S=cos’ x+cos? (2?7T+x)+cos2 (Zg—xj

1+ cos 4—7T+2x 1+ cos 41—2x
_1+cos2x+ 3 3

2 2 2
:§+lcos2x+l Ccos 4—7T+2x +cos 4—7T—2x
2 2 2 3 3 |

:§+lc052x+l-2cos4—ﬁcos2x:§+lcos2x+l-2- —l costzg.
2 2 2 3 2 2 2 2 2

Vay S :% véi moi x € R (khong phu thude vao bién sd x).
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R~ Dang 4. Cong thuc bién ddi téng thanh tich
— ’:,‘..‘ Phuwong phap )
(1) cosa+cosb = 2COS¥.COS% (2) cosa—cosb = —2sir1¥.sinﬂ
(3) sina+sinb= Zsinib.cosa;b 4) sina—sinb = ZCOSib.sinﬂ
2 2 2 2
2
Vidu 4.1.
Bién d6i mdi bidu thitc dudi day thanh mot tich:
(1) sinx+sin2x+sin3x (2) sinx+sin3x +sin5x+sin7x
(3) cosx +cos2x+cos3x +cosdx 4) cosx+cosy
COSX—COSY
= Loi gidi

(1) sinx +sin2x +sin3x

sinx +sin2x+sin3x = (sin 3x +sin x)+ sin2x
=2sin2x.cosx+sin2x = sin2x(2 cos x + 1)

(2) sin x +sin3x +sin 5x +sin 7x
sinx +sin3x+sinS5x+sin7x = (sin 7x+sinx)+(sin5x+sin3x)

=2sin4x.cos3x +2sin4xcosx =2sin 4x.(cos 3x +cos x)
=4sin4x.cos2x.cosx
(3) cosx+cos2x+cos3x +cosdx

COS X +CcoS2x +cos3x +cosdx = (Cos3x +cos x) + (Cos 4x + cos 2x)

=2c0s2x.cosx+2cos3x.cosx =2 cosx(cos 2x + cos 3x)

5x X
=4Ccosx.cOS—.COS—.
2 2

(g) SOSXTCOSY
COS X —COSY
xX+y xX—-y
cosx+cosy:2C0S y %, = cotXY ot XY
COSX—COSY 5 XFY o XY 2
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f Vidy 4.2.
Chttng minh

(1) cos5xcos3x +sin7xsinx = cos 2x cos 4x

(2) sin5x—2sin x(cos 2x +cos 4x) =sinx

(3) cos5xcosx +sin3xsin x = cos 2x cos 4x

(4) 2(sinacos2a—sin2acos3a)+sin 5a =sin3a

= Loi giai

(1) cos5xcos3x+sin 7xsinx = cos2x cos4x
Ta co: cos5xcos3x+sin7xsinx

=l(cos 2x + cos8x)+l(cos6x—cos8x) =l(cos 6x+cos2x) =cos4xcos2x.
2 2 2

(2) sin5x—-2 sinx(cos 2x +cos 4x) =sinx

Ta co: sin5x—2sinx (cos 2x +cos 4x)
=sin5x—2sinxcos2x—2sinxcos4x
=sinSx— [sin(—x) +sin 3x] - [sin(—3x) +sin Sx} =sinx.

(3) cos5xcosx+sin3xsinx = cos2x cos4x
Ta co: cos5xcosx+sin3xsinx
1
= l[Cos 4x + cos 6x] + l[cos 2Xx —COoSs 4x] = —[cos 6x + cos 2x] =cos2xcos4x.
2 2 2
4 2 (sin aCos2a—sin2acos 3a) +sinS5a=sin3a

Ta co: 2 (sina cos2a—sin2acos 3a) +sin5a

=2sinacos2a—2sin2acos3a+sinsa = sin(—a) +sin3a— [sin(—a) +sin5a]+sin5a =sin3a.
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Luyén tap
A
A. Cadu héi - Trd 10i tric nghiém
» Caul. Rat gon biéu thitc M = cos2x.cosx +sin2x.sinx ta duoc két qua la:
A. M =cosx. B. M =cos3x. C. M =sinx. D. M =sin3x.
= Loi giai
Chon A
Ta c6: M =cos2x.cosx +sin2x.sinx = cos(2x - x) =COSX

» Cau 2. Rut gon biéu thuc Cos(120° - x) + cos(120° + x) —cosx ta dugc két qua la

A.0. B. —cosx C. -2cosx D. sinx—cosx.

= Loi giai
Chon C
cos(120°— x)+cos(120°+ x)—cosx
=c0s120°cos x +sin120°.sin x + cos120° cos x —sin120°.sin x — cos x
=c0s120°cos x + cos120°cos x — cos x

=2c0s120°cosx —cosx = 2.(—%)cosx—cosx =-2Ccosx

» Cau3. Biét sina= %, cosb = %, (% <a<m 0<b< %] . Két qua ctia biéu thirc sin(a+b) b::?mg:

A0 B. & c. 0 D. =3
65 65 65
= Loi giai
Chon D
T
—<a<m
+ Ta cé: = Ccosa=——
sing=—
O0<b<—
=sinb=
3
cosb==
5

Khi do sin(a+b):sina.cosb+cosa.sinb:i.§+ —E i:ﬁ
135 13)5 65

» Cau4. Trong cdc cong thirc sau, cong thirc nao sai ?
A. cos6a=cos*3a—sin’3a. B. cos6a=1-2sin’3a.
C. cos6a=1-6sina. D. cos6a=2cos*3a—1.
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= Loi giai

Chon C

Ta c6 cos6a =cos(2.3a) = cos” 3a—sin’ 3a =2 cos” 3a—1=1-2sin’ 32 nén dap an C sai.

» Cau5. Déng thitc ndo khong dang véi moi x?

Ao C052 3x=—1+C;S6x B. C082x=1_2sin2x.

C. sin2x =2sinxcosx. D. sin’2x = 1+ cos4x
= Loi gidi

Chon D

, . 1—-cos4x
Tacod sin2x=——",

~ . 1 \ . :I
»Cau6. Neéu sinx+cosx = 5 thi sin2x bang

NES S e 2, .23
4 8 2 4
= Loi giai
Chon D

Do sinx+cosx = l =—= (sinx+ cos x)2 =(sir1x)2 +(cos x)2 + 2 sin x.cosx
2 4

:>l=1+sin2x:>sin2x:—.
4 4

: 1 N 2.tanx COS(llx)

» Cau7. Biétrang — — = '
cos“x—-sin“x l—-tan“x b—sm(ax)

(a,b S R) . Tinh gi4 tri ctia biéu thic

P=a+b.

A. P=4. B. P=1. C.P=2. D. P=3.
= Loi gidi

Chon D

Ta co: ! + Ztanx _ 1 +tan2x

cos’x—sin’x 1-tan’x cos2x

1 sin2x l+sin2x (1+sin2x)c052x (l+sin2x)cos2x
= + = = =

cos2Xx Cos2Xx  Cos2x cos® 2x l1-sin’2x
cos2x

=—————.Vaya=2,b=1.Suyra P=a+b=3.
I —sin2x

» Cau 8. Biét sin(a+3§j+cos(a+3§j:\/§.ﬁnh sin(a+7r)—2cos(a—7r).

3 3 1 1
A —. B. ——. C.—. D. —.
V2 2 V2 V2
= Loi giai
Chon B

;. 3 ) T } T (7w
Ta co sin| a+— |=sin| o« +27—— |=sin| a—— |=—-sin| ——« |=—cos .
2 2 2 2
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37 ™ ™ 7 )
cos| a+— |=cos| a+2m—— |=cos| a—— |=cos| ——a |=sin«.
2 2 2 2

Suy ra sina—cosa =~/2 = sina = cosa ++/2..
Vi sin® o+ cos® v =1=> 2cos> a+ 22 cosa+2 =1

1
& 20082 a+242 cosa+1=0< cosa=——— = sina =——.
NG 2
Do do sin(a+7r)—2cos(a—7r):—sina+2cosa:—i.

V2

LAY .7 ’ 4 4 2 ~ . . . A B C 7 .
» Cau9. Biét tam giac ABC c0 cac goc thoa man sin A+sinB+sinC = acosgcoszcosg voia, b

nguyén. Tinh a+b.

A.a+b=6. B.a+b=4. C.a+b=2. D.a+b=8.
= Loi giai
Chon A
VT:sinA+(sinB+sinC):sinA+25inBZC.COSB;C
. A A . B+C B-C

=2sin—.cos—+2sin .COS

2 2 2
=2sinB+C. cosBﬁLcjtcosB_C (vi A+B+C=m néné:Z—B+C)

2 2 2 2 2 2

:4cos§.cos§.cos% .Suyraa=4b=2.Vay a+b=4+2=6.

» Cau 10. Tim gia tri 16n nhat cia ham s6 y =+2sinx+2.
A. 1. B. 1. C. 2. D. 0.
= Loi gidi
Chon C
Taco VxeR:-1<sinx<1< 0<2sinx+2<4=0<y<2.

Vay gia tri 16n nhat caa ham sd b@“mg 2 dat dwoc khi sinx=1< x = §+ k2m.

Gia tri nho nhat bing 0 dat duoc khi x = —% +k2r .

» Cau 11. Cho tam gidc ABC . Gi4 tri cia biéu thirc P =sin’ A+sin’ B+sin® C—2cos A cos BcosC

bang

A. 1. B. 3. C.2. D. 0.
= Loi giai

Chon C

Ta co:

+) sin2A+sin2B+sin2C=1_C382A+1_C382B+1—c052C

:2—C082A;C082B—C052C :2—cos(A+B)cos(A—B)—coszC

:2—cos(7r—C)cos(A—B)—c052C =2+COSCCOS(A—B)—COSZC

» TOAN TU TAM
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» Cau 12.

+) ZCOSAcosBcosC:(cos(A+B)+cos(A—B))cosC:(—cosC+cos(A—B))cosC
=—cos’ C+cos(A—B)cosC

= A=2+cosCcos(A—B)—cos’C+cos’C—cosCcos(A—-B)=2.

Cho biéu thtic S:sinx+sin(x+a)+sin(x+2u)+sin(x+3u)+sin(x+4a). Néu O<a<m

thi S khong phu thudc vao x khi 4 nhan gia tri nao?

A.a:2—7T. E.azzl hoac a:4—7T.
5 5 5
C.a:—z—w hoac a:4—7r. D.u:4—7r.
5 5 5
= Loi giai
Chon B

A ~ ? 7 . . a
Nhan 2 vé ctia S voi smz # 0 ta duoc

sinE.S = sinﬁsinx+sinﬁsin(x+a)+sinﬁsin(x+2a)+singsin(x+3a)+sin£sin(x+4a)
2 2 2 2 2 2

Ta co:

. a . 1 a a
+ sin—sinx =—| cos| ——x |—cos| —+x
. a . 1 a 3a
+ s1n—s1n(x+a)=— cos| —+x |—cos| —+x
2 2 2 2
. a . 1 3a S5a
+ sm—sm(x+2a)=— cos| —+x |—cos| —+x
2 2 2 2
i S5a Ta ]
cos| —+x |—cos| —+x
- (2 J (2 J_
i Ta 9a ]
Ccos| —+x |—cos| —+x
. a 1 a 9a . Sa .
=sin—S=—|cos| ——x |—cos| —+x :sm—sm(x+2a)
2 2 2 2 2

sinszasin(x + 2a)

| —

+sin§sin(x+3u) =

N | —

+sin%sin(x+4a) =

=S5=
. a

sin —

2

DéSId@ngphuﬂn@cvéoxthiﬁn%;:o.

Do 0<a<m nén azz?ﬂ hoac a:%r.

B. Cau hoi - Tra loi Ding/sai

» Cau 13.

» TOAN TU TAM

s 3 4 e . :
Cho biét sina = g,cosa =3 va cac biéu thirc A = sm(z—aj+sm(7r+a);

B= cos(w—a)+cot(g—aj. Khi do
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Ménh dé bang | Sai
(a) | A=cosa—sina
(b) | B=cosa+tana
(| A+B=2]
20
2
@|Aa-B=-2
20
= Loi gidi

(a) A=cosa—sina.

Tacé: A=sin| ~—a +Sil’1(7l'+0é)=COSOL—Sil’10¢=—i—§=—Z.
2 5 5 5
» Chon DUNG.
(b) B=cosa+tana.
3
Ta c6: B = cos(m—a)+ cot T _a :—cosa+tana:—cosa+sma=i+ > :L.
2 cosa 5 4 20
5
» Chon SAL
27
(c) A+B=—.
20
Ta co A+B=—2—7.
20
» Chon SAL
29
(d A-B=-—.
20
Ta c6 A—B:—g.
20
» Chon PUNG.
» Cau 14. Cho O<a<£;£<b<7r va tana=3;tanb=-2.
Ménh dé bung | Sai

(a) | tan a+7r) =3

(
(b) | tan(a+b)=-1

(¢) | cot

(
(d) sin(a—b = —72

= Loi giai
(a) tan(a+ 7r) =-3.
tan(a+7r): tana=3.
» Chon SAL
(b) tan(a+b) =-—1.

» TOAN TU TAM
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tan(a+b): tana+tanb _ 3+(—2) :l.
l-tana.tanb 1—3.(—2) 7

» Chon SAIL

(c) Cot(a—b)=1.

1 1
C()t(a_b):’can(a—b)= tana—tanb =1
l+tana.tanb
» Chon SAL
b
(d) sm(a—b)——T.

, T
Ta co: 0<a<5; tana=3=cosa>0;

310

10 .

= cosa=——;sina=tana.cosa=——-.
2

cos  a 10 10

l+tan’a=

Ta co: z<b<7r; tanb=-2=cosb<0;

. 2
l+tan’b=— :>cosb=——5;smb=tanb.cosb:—.
cos b 5

Vay sin(a—b) =sina.cosb—cosa.sinb =
10 5

5
» Chon DUNG.

; 4 | 37
» Cau 15. Cho smx=—§ va 7<x<27r.

2

o () f6 26
10 ° -

Ménh dé Ping | Sai
(a) cos2x=—ﬁ
5

) | sinX=Y>

2 5

x 1

¢ | tan==—

( 2 2
) C:2sir12x—cos2x:—287'

tan2x +cos2x 551

s Lo gidi
(a) cos2x:——7.
5
Co Cos2x:1—25in2x=1—£:—l.
25 25
» Chon SAL
x 5
(b) sin=—=—" .
2 5
1

Cé coszle—sinzle—z—iz%Do 377T<x<27r nén cosx >0 = cosx =

» TOAN TU TAM
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- ., . . 3T 3 x . X .
Ta cling co sin 5" =— ma 7<x<27r<:>7<5<7r:>sm5>0 nén chon

» Chon DPUNG.

x 1
(c) tan—=— .
2 2

N .. . X X x sinx —2\/5
Theo trén ta c6 sinx =2sin—.cos— = cos— = = P

ZsinE
2

. X
sin—
1
Vay tangz Z__—.

X
COS—

» Chon SAL
2sin2x—cos2x 287
tan2x+cos2x 551

- _ 4sinx.cosx—(2cos*x—1) _
C(,)C:2sm2x cos2x ( )_ 287

tan2x+cos2x  2sinx.cosx )_ 551

(d) C=

. + (2 cos’ x—1
2cos”x—1
» Chon DUNG.
n n s 4 3T . s Al 4 .
» Cau 16. Biét sin2a = i <a< 0 Céc ménh dé sau day dung hay sai?

M¢énh dé Pung | Sai

(a) A=C082a=§

(b) B=(1+3sin2a)(1—4cosza)=;—z

(c) C:sin4a+cos4a:2l

(d) | D= sin(2x+z) :ﬂ
4 10

= Loi giai
(a) A=cos2a =§

Ta cé C0822a=1—Sin22a=1—E=i.
25 25

Vi §<a<%:>7r<204<377T:>c05204<0:>c052a:_—3
» Chon SAL
(b) B:(1+3sin2a)(l—4cos2a):;—z

Taco B=|1431290820 |[y_ g I*rcos2al 5 3 on |(~1-2c0s24).
2 2 2 2

» TOAN TU TAM
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» Chon DUNG.

(¢) C=sin’ a+cos* a _ 7
25

Ap dung a* +b* = (a2 +b’ )2 -2a°b*.

, ) ) 2 . 1 .
Ta cé C:sln4a+cos4a:(s1n2a+coszo¢) —2sin? a.cosZOz:l—Esm2 200 =

» Chon SAL

d) D= sin(2x+%J =

Ta co sin[2x+%j =sin 2xcos%+c052x sin% :[

-2

10

» Chon DUNG.
» Cau 17. Cho tam giac ABC.

Ménh dé

—4

N2

Dung

Sai

(a)

?1:1800—(73+E‘)

(b)

sinB+sin(A+C):O

(c)

sin A+sin B+sinC = 4cos§cos§cos%

(d)

AABC can khi sin A.sinC =cos A.cosC
= Loi giai

() 2:1800—(1§+6).

bung

vi: A+B+C=180" < A=180"—(B+C)

» Chon DUNG.
(b) sinB+sin(A+C) =0.

A+B

& B=180"~(A+C) < sinB=sin (180’ -(A+C)) =sin(A+C)

+C =180’

Suy ra: sinB—sin(A+C) =0.
» Chon SAIL

(c) sin A+sin B

+sinC = 4cosécos§cosE
2 2 2

(sinA+sinB)+sinC:2sinA;BcosA;B+2sin—cosz
0_
Do A+B _180 C:9O°—£nén sin =Ccos—
2 2 2 2 2

Twong tu: sin% = COs

A+B

Tix (1),(2) va (3)=(sin A +sin B)+sinC

» TOAN TU TAM
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C - . C
=2Cc0s—Cos +2sin—cos—

2 2
=2COS%.(COSA_ +cosAJr J:2cos—.2cos—.cos—=4cos—.cos—.cos—
» Chon DUNG.

(d) AABC can khi sin A.sinC =cos A.cosC
sin A.sinC =cos A.cosC < cos A.cosC—-sin A.sinC =0 < cos(A+C) =0

< —-cosB=0<cosB=0< B=90".
» Chon SAL

o | AT . .
» Cau 18. Biet tanx = > va 3 <x <m.Cacmeénh dé sau dung hay sai?

Ménh dé bang | Sai

(a) | cotx=-2
(b) cosxzﬁ

5
(0 sinx+cosx:—§

.2 . 2
(d) M:25m x+351?x.co.saz 4 cos x:_ﬁ

5cos” x—sin” x 19
= Loi giai
(a) cotx=-2.

Vi tanx = —% = cotx =—2 nén ménh dé DPUNG

» Chon DUNG.
2
(b) Cosxzﬁ.
5
, 1 1 4
Co tanx=——=cos’ x=——=—.
2 l+tan“x 5
sinx >0
Ma Fcxen =] :cosx:—ﬁ.Ménhd”éb)SAI.
2 cosx <0 5
» Chon SAL
(c) sinx+cosx=——5.
. 5 . 5 ~ A A i’
sinx =tanx.cosx = T = sinx+cosx = _T nén ménh dé bUNG.
» Chon DPUNG.
2sin® in x. —4cos?
() M= sin x+351121x co'sag cos xz_ﬁ
5cos” x—sin” x 19

» TOAN TU TAM
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Chia ca ttr va mau caa M cho cos’ x ta cd

2sinix +3sinx.sosx_4 2_i+3.(_;j_ .y
M=—cos'x _ cos’x  _ —~2Y nen ménh dé SAL
5_sin x 5_1 19
cos’ x 4
» Chon SAIL

Trong vat ly, phwong trinh tong quat cia mot vat giao dong diéu hoa dwgc cho boi cong
thitc x(t) = A cos(wt + ) trong d6 t 1a thoi diém (tinh bang giay), .x(t) lali 0 caa vat
tai thoi diém ¢, A la bién d6 dao dong (A >0). (Ding chobaya, b, c).

Ménh dé Ping | Sai
@ Néu mot vat giao dong theo phuwong trinh x(t) =5 cos(lOOwt +%j thi
a
li d0 cta vat o thoi diém ban dau la 52
Mot vat giao dong diéu hoa theo phwong trinh
(b) x(t) = 105in(507rt).cos(507rt) thi bién d6 ctia giao dongla 5.
Cho hai dao dong diéu hoa cuing phuong c6 phuwong trinh Ian luot la
X, = 5cos(1007rt + 7r) (cm) va x, = 5cos(1007rt —%} (cm) . Khi do
(© phuong trinh dao ddng tong hop cta hai dao dong trén la
x=52 COS(IOOwt +§](cm) .
Mot sgi cap R dwoc gén vao mot cot théng dtng ¢ vi tri cach mat
dat 14m . Mot soi cap S khac cling duoc gén vao cOt do o vi tri cach
(d) mat ddt 12m . Biét rang hai soi cap trén cuing duoc gan véi mat dat
tai mot vi tri cach chan cot 15m (Hinh vé bén dudi). Goi « la géc
gitra hai soi cap trén khi d6 tana = 113—01

= Loi giai

-

(a) Néu mot vit giao dong theo phwong trinh x(t) = 5cos(1007rt +%j thi li d§ cua vt & thoi diém ban diu

la 52,

» TOAN TU TAM
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Ta cé: x(t) =5 sin(lOOwt +%j thi li d6 ctia vat ¢ thoi diém ban dau (Gng véi £=0) la

) (WJ 5\/5
x =5sin Z =—,

2
» Chon SAL
(b) Mot vit giao dong diéu hoa theo phwong trinh x(t) = 1051n(507rt).cos(507rt) thi bién do cua giao djng
las.

Ta co: x(t) = 1051n(507rt).cos(507rt) = 5.sin(1007rt) -~ 5.cos(1007rt +377Tj

Khi d6 bién d¢ cta giao dongla 5.
» Chon DUNG.
(c) Cho hai dao dong diéu hoa cuing phwong c6 phwong trinh lin lwot la x, :5cos(1007rt+7r) (cm) va

x2:5cos(1007rt—%j (cm). Khi d6 phwong trinh dao dong téng hop cua hai dao déng trén la

x=5/2 cos(lOOwt +%j(cm).
Ta co:

x=x+x, =5cos(100mt+7)+ 5C05(1007rt —gj = 5{cos(1007rt+ )+ cos(lOOwt —%H

=52 cos[lOOwt +§j cos%r = —5\/5 cos[lOOwt +§j = 5\/5 cos(lOOwt —%Tj

» Chon SAL
(d) Mot soi cdp R duwoc gian vao mot cot thﬁng dirng o6 vi tri cdch mdt dat 14m . Mot sgi cdap S khdc ciing
dwgc gin vao cdt dé & vi tri cach mdt dat 12m . Biét rang hai spi cdp trén cung dwoc gian v6i mdt dat tai mot

” A NI (. e 10
vi tri cdch chin ct 15m (Hinh vé bén duwdi). Goi « la goc gitka hai soi cdp trén khi dé tana = IEYE

14
Tacc')tanﬁ:ﬁ— ; tan

14 BH 12
HO 157

“HO 15

e

H 15m o
tanG—-tang, 10
1+tan Gtan 3, 131°

Khi @6 tana =tan(ﬁ—ﬁl):

» Chon DUNG.
C. Cdu héi - Tra 10i ngin

» TOAN TU TAM



» Cau 20.

» Cau 21.

» Cau 22.

» Cau 23.

» TOAN TU TAM
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Cho biéu thirc P = cos5x.cos3x —cos (Sx + 90°) .COS (—3x - 90°) . Sau khi don giadn hoa, ta
duoc biéu thitc P =cos(ax). Gia tri cua a bang
= Loi gidi
v Tra loi: 8
Bién doi biéu thirc P, ta co:
P =cos5x.cos3x —cos (Sx + 90°) .COS (—3x — 90°)
=Cos5x.cos3x +sin5x.cos (3x + 90°) =cos5x.cos3x —sinSx.sin3x = cos (Sx + 3x) =CoS (Sx)

=a=8.

Cho géc o thoa man sina = % Khi d6 gid tri biéu thitc P = cos” 2x +cos’ x bang g. Tinh

.« A M A A a \ A A ATe .n
a+b. Biét rang phan so b la phan s6 toi gian.

= Loi giai
v Tra loi: 1754

- A Ao - A? 7 A o .7 . . 1 Y
Bién doi biéu thite P r6i thay gid tri sina = 3 vao P, ta duwoc:

P =cos® 2x+cos’ x

(1_2sinza)2+(1_sm2a){1—2-@]2]2{1‘@)2}%

a=1129
= =a+b=1754
b=625

cos10x —cos9x —cos8x + cos7x

Tinh gia tri biéu thtec: A=— ) - . voi x=—— (két qua lam tron dén
sin10x —sin9x —sin8x +sin7x 34
hang phin tram).
= Loi gidi
v Tra loi: 0,71

Ta cé: A (Colex+cos7x)—(cos9x+cosSx)
aco: A=

(sinle +sin 7x) - (sin 9x +sin 8x)

17x 3x X
2coslzxcos3x—2(:osl7xcos§ 2C052(C052_C05j

2 17x
= = =cot—.
. 17x 3x . 17x X . 17x 3x X 2
2sin——cos— —2sin——cos—  2sin——| cos—— —cos—
2 2 2 2 2

™

17.§ r 2

Vay gia tri ctia biéu thiecc A tai x = il béng cot = cotz = - ~0,71

Cho tana=2 vaae (O; %) .Tinh A=22 sin%sin (g+ %) (két qua lam tron dén hang phin
tram).

= Loi giai
v Tra loi: 1,45
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» Cau 24.

» Cau 25.

» Cau 26.

» TOAN TU TAM

1 1
- =tan2a+1<:>coszazz—:—cmosa:i
cos a tan“a+1 5

| 2
sina=tana.cosa=—.

N 55

Mit khac A =242 sin%sin [% + %)

Ta co

-

Ma ae(O;%} nén cosa =

\/Ea\/EaJ

<:>A:2\/§sinﬁ sinﬂcosz+sinzcosE <:>A:2\/EsinE —sin—+—Ccos—
2 2 4 4 2 20 2 2 2 2

o A=2sind] sinZ+cos? | A=2sin? 2+ 2sinZLcost e A=2 1-cosa +sina
2 2 2 2 2 2 2

1 :5+\/g
5

c>A:sina—cosa+1c>A:i +1< A

NN
2tana —cota

. 3 r s W A s .
Cho sina=> va —<a <. Gia tri gan dung cua biéu thitccE = la bao
5 2 tana +3cota

~1,45.

nhiéu (lam tron két qua dén hang tram)?
= Loi giai
v Tra loi: 0,04

Vi %<o¢<7r:>cosa<0 nén cosa = —/1-sin’ « =—‘/1—%:—§.

sina 3 4 2tana—cotar 2
tana = =——=cotag=—=>"—""——"="x0,04.
cos 4 3 tana+3cota 57

Cho biéu thirc luong giac sau (gia st cac biéu thirc déu c6 nghia):

A =cos(5m—x)—sin (%T + xj +tan (37% - xj + cot(37r - x) .Khi d6 gia tri ctia 10A bang bao

nhiéu?
= Loi giai
v Tra loi: 0
Ta co cos(57r—x) = cos(w—x+2.27r) = cos(w—x) =—COSX.

) (371’ j ) ( T j ) (71' j
sin| —+x |=sin| 7+—+Xx |=—SsIn| —+Xx |=—coOsXx.
2 2 2
tan(ﬁ—xJ:tan(erz—x):tan(z—xj:cotx.
2 2 2

cot(37r — x) = cot(—x) =—cotx.

Suy ra A:—cosx—(—cosx)+cotx+(—cotx):0:>10A:0.

., o , 1-cos .
Don gian biéu thirc P =| —— a sin’ av.
sin“a l+cosa
= Loi giai
v Tra loi: 2
, 1—cosa 1 1-cosa 1
Ta co =

sinav 1-cosa 1-cos’a 1-cosa
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1-cosao 1 B 1 1 2

(1—cosa)(1+cosa) " l-cosa  1+cosa i l-cosa  sina

1-cosw

b= (l—cosoz)(1+c0504)Jr l—cosoz]Sin “" sin’ «

sinfa=2

» Cau27. Goi S 1a tap hop céc gid tri ctia tham s6 m sao cho gia tri nho nhat ciia ham sd
y= ‘cos4 x—cos2x+ m‘ bang 3. Tinh tdng cac phan ti ctia tap S .
= Loi giai
v Tra loi: -1
Tacd y= ‘COS4 X —cos2x+ m‘ = ‘cos4 X —(Cos2 x—sin’ x)(cos2 x +sin’ x)+ m‘ = ‘sin4 X+ m‘
Dt t=sin‘x , te[0;1].
, tel0;1].
Xétham s& f(t)=t+m trén doan [0;1] .
max f(t)= f(1)=m+1, min f(t)= £(0) =m.
Truong hop 1: Xét m=>0 tacd miny =m < m=3 (TM).

te[ 0;1]

Suyra y=

Truong hop 2:Xét m<—-1.tacd miny=-m—-1=-m-1=3 < m=-4 (TM).

te[ 0;1]

Truwong hop 3: Xét —1<m <0 ta co mmy 0=0=3 (voly)

te[O ]
Vay S={—4;3} = —4+3=—1.
» Cau 28. Cho tam gidc ABC c6 do dai ba canh BC=a, AC =b, AB=c thoaman a+c=4b. Tinh gia
tri biéu thitc P = tan?.tan% .
= Loi giai
v Tra loi: 0,6
Ap dung dinh ly sin, ta c6: a+c=4b

< 2Rsin A+2RsinC =8RsinB < sin A+sinC =4sin B

. A+C A-C . B B
< 2sin CcoS =8sin—cos—
2 2 2 2

~

A-C . B . . A+C B B s
< Cos =4sin— v1 sin =cos—=#0, —e|0;,—
2 2 2 2 2 2

A-C A+C

< Cos =4cos

A. C
sin—sin —
2 2

. A.C A
<:>551n;sm5=3cos—cos—<:>—: < tan

A C . A.C A
<> C0s—COs—+sin—sin—=4 cos—cos——sm—sm
2 2 2 2 2
3 44
5 2

C
COS—COS—
2 2

Vay P=0,6.

» TOAN TU TAM
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» Cau 29. Trong Vatli, phuwong trinh tong quat cua mot vat dao ddong diéu hoa cho bdi cong thirc
x(t) =A cos(wt + gp), trong d6 t 1a thoi diém (tinh bang giay), x(t) la li do cua vat tai thoi
diém t, A 1a bién do dao dong (A>0) va ¢ e[ -m;7 | 1a pha ban dau cua dao dong. Xét

hai dao dong diéu hoa c6 phuwong trinh: x (t) =2cos (%t +%) (cm),

X, (t) =2cos (%t —%J (cm) . Tim pha ban dau cua dao dong tong hop nay. Két qud lam

tron dén chir s6"thdp phin thir 2.
= Loi gidi
v Tra loi: -0,26

Ta co x(t) =X, (t)+x2 (t) = 2cos(§t+%j+2cos(§t—§j

=2.2cos Zt—i .cosZ:Zx/Ecos zt—1 .
312 4 3

12
m

—~-0,26.
12

Vay pha ban dau bang —

» TOAN TU TAM
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02 Ly thuyét

1. Binh nghia ham sé lugng gidc

-@Dinh nghia:

*  Ham sd’sin la quy tac dit twong ting moi s6 thue x véi sd thuc sinx, ky hiéu

y=sinx.

*  Ham sd6 cos la quy tac dt twong g moi s6 thuc x véi sd thuc cos x, ky hiéu

y=cosx.
*  Ham sé tan 1a ham s6 dugc x4c dinh boi cong thire:
sinx . T LA
= voi x¢—+k7r(keZ),kyh1eu y=tanx.
CcOS X 2
*  Ham sd cotan 1a ham s8 dwgc xac dinh boi cdng thirc:

= 2% y6i x 2 kr (ke Z), ky hiéu y=cotx.

simmx

(1) Tap xé&c dinh ctia ham s& y=sinx va y=cosx la R

(2) Tap x4c dinh ctia ham s§ y=tanx 1a D = R\{g+k7r (ke Z)}

(3) Tap xéac dinh ctia ham s8 y=cotx la D=R)\ {kﬂ' (k = Z)}

\.

2. HAm s6 chan, ham sé |1&, ham sé tuan hoan
-]
\ 7. Ham s8 chan - ham sé 1é:
Ham s8 y = f(x) duoc goi la
*  Ham s6' chdnnéu VxeD tacé —xeD va f(-x)=f(x).

* Hamsé'lénéu VxeD tacé —xeD va f(-x)=—f(x).
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7/ Ham s8 tuan hoan:

Ham s6 y = f(x) duoc goi 1a ham s8 tuan hoan néu ton tai s6 T # 0 sao cho Vx e D

ta co:

(1) x+TeDvax-TeD.

@) f(x+T)=f(x).

S6 T duwong nhd nhat thdéa man cac diéu kién trén (néu c6) duoc goi la chu ki cia ham

sO tuan hoan do.

(1) Ham s8 y =sinx va y=cosx la cdc ham s& tuan hoan véi chu ki 27.

(2) Ham s8 y=tanx va y=cotx 1a cdc ham s6 tuan hoan voi chu ki 7.

3. D6 thi & tinh chdt ham sé y=sinx v& y=cosx

Ham sé y =sinx

Ham s6 y =cosx

1. Dinh nghia:

Quy tac dat twong (tng moi s6 thuc x
voéi sin ctia goc luong giac ¢ s6 do x

radian duoc goi 1a ham sd sin.
» Ki hléu y= sinx .

Quy tac dat twong tng mdi s3 thye x
véi cos ctia goc luong giac ¢d sd do x
radian dwoc goi 1a ham sd cos.

» Ki hiéu y=cosx .

2. Tap xdc dinh: D=R D=R
3. Tép gid tri: [-11] [-1:1]
4. Tinh chdt La ham sd lé. La ham s6 chén.
5. Chu ky Chu ki 2. Chu ki 27.
Ham s6 Ham so
+ Ddng bién trén mbi khoang + Ddng bién trén moi khoang
B [—z+k27r;z+ k27rj. (_W+k2m k27r). _
6. Don di¢u 2 2 i + Nghich bién trén mdi khoang
+ Nghich bién trén moi khoang (k2m; 7+ k2r).
1+k27r;3—7r+ k27 |.
2 2
: Yi
Yy = sinx
S ) SR
1 m 1 3_7T
7. Do thi / 3 ! H m : v r
2 el | SR S N :
: -1 i
e - .
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Yy = StnT

8. Gia tri ddc
biét

sinx=—1<:>x:—g+k27r .

sinx=0< x=kr.

sinx:1<:>x:§+k27r.

cosx=—-lox=nm+k2n7 .
T
cosx:0<:>x=5+k7r.

cosx=lox=k2r.

4. D6 thj & tinh chdt ham sé y=tanx va y=cotx

Ham sé’ y =tanx

Ham s6"y = cotx

1. Dinh nghia:

Ham s0 tan 1a ham s0 dwoc xac dinh boi
sinx

cong thirc y = (cos X # O)

COS X
» Kihiéu y=tanx.

Ham s0 cotan 1la ham s6 duoc xac dinh
cosx

boi cong thire v =— (sinx # O)

sinx
» Ki hiéu y =cotx.

2. Tap xdc dinh:

D:R\{§+kw,keZ}

D:R\{kw,keZ}

3. Tap giad tri:

1]

1]

4. Tinh chat

La ham so 1é.

La ham s 1é.

ham
5. Chu ky Chuki 7. Chuki 7.

Ham s6 dong bién trén mdi khoang | Ham sd nghich bién trén moi khoang
6. Pon di¢u (km;m+km) .

(1+ k7r;3—7r+k7rJ .
2 2
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7. D6 thi

AM

Ut
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G;Céc dang bai tap
—

R~ Dang 1. T@p xdc dinh

—

\‘V z
) Phuwong phap )

Tap xac dinh ham s6 luong giac co ban:
» Ham s6 y =sinx;y =cosx co tdp xac dinh 1a R.

» Ham s0 y = tanx ¢ tap xac dinh la R\{g+k7r,keZ}.

» Ham s6 y = cotx c6 tap xac dinh 1a R\ {kw,k = Z} .

Ngoai ra con c6 cac dang:

»y:f(x):ylu’uy(g(x)io.

4 vidy 1.

Tim tap xac dinh cua cdc ham s0 sau:

(1) y=sin4x (2) y=sin 332“_1
x —
(3) y=cosvx+2 (4) y=cos 2025

V3—x
= Loi gidi

(1) y=sin4x

Ham s6 xac dinh v6i moi s thuc x nén ham s6 co tap xac dinh D=R.
2) Y =sin4x

Ham s6 xac dinh khi x> -120< x #£1 .

Tap xac dinh D =R\ {il} .
(3) y = sin 3x+1

x? —1

Ham s0 xac dinh khi x+2>0<x>-2 .
Tap xac dinh D = [—2; +oo).

@ y= )

Ham s0 xac dinh khi 3—-x>0< x<3 .
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Tap xéc dinh D =(—;3).

Viduy1.2.

Tim tap xac dinh cua cdc ham s0 sau:
(1) y:tan[x+£] 2) yzcot[x—zj
4 3
w Loi gidi

1) y=tan|x+ =
1)y an( 4}

Ham s6 xac dinh khi cos(x+%)¢0©x+§¢g+k7r<:>x¢%+k7r(keZ)

Do d6 ham s6 ¢6 tap xac dinh D = R\{%+k7r(k € Z)} )
2) y:cot(x—zJ

3

}ﬁmssmkdmhkmsn{x—§}¢0¢>x—§¢kwc>x¢§+kwuez)

Do d6 ham s6 ¢6 tap xac dinh D = R\{§+k7r(k € Z)} )

Vidy 1.3.

Tim tap xac dinh cua cdc ham s0 sau:

(1) y=+3+2cosx 2) y= tan 2x +cot(3x+%)

Csinx+1
tan Sx sinx
(3) y=— @) y=—Fg—"7—
sin4x —cos 3x sin” x —cos” x

= Loi giai
(1) y=+/3+2cosx
Ham s6 xac dinh khi 3+2cosx20<:>cosx2—% (ding VxeR), vi -1<cosx<1,VxeR.

Suy ra tap xac dinhla D=R.
2) y= fan 2x +cot(3x+%j

 sinx+1
sinx # -1 x#—L ko
biéu kién: < P =
sin(3x+—)#0 T km
6 X#——+—
18 3

tan 5x

3y

sin4x —cos3x
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Ta cd: sindx —cos3x =sindx — sm(%—&cj—2cos(5+zjsn(7—x—zj

2 4

T T
cosSx#0 x¢E+k§

Diéu kién: < cos 27020 olx2ltkon
2 4 2
T k27w
sin(—72x+%]¢0 Xt

Vay TXD: D=R\| "+ X7 o T KITL
10 52 14 7

sinx

4) y=

sin® x —cos® x
sinx sin x sin x

sinx—cos’x —cos2x  cos2x

Ham s0 xac dinh <:>cos2x¢0<:>2x¢%+k7r <:>x¢§+k77r,keZ.

Tap xac dinh cia ham s6 D =R\ {£+k—ﬂ‘k € Z}
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R~ Dang 2. Tinh ch@n - 1&

— f;'é Phuwong phap ) ~

» Dinh nghia: Cho ham s8 y = f(x)xac dinh trén D
» Hamsochdnnéu VxeD tac6 -xeDva Y x € D -
» Hdmsélénéu VxeD taco -xeDva —xy € [) .

» D& xac dinh tinh chdn 1é cia ham s6 ta thue hién theo cac budc sau:

»  Buwoc 1: Tim tap xac dinh D ctia ham s, khi d¢é:
* Néu D la tap d6i xtng (ticla Vx e D= —x e D), ta thuc hién tiép buéc 2.
+ Néu D khong 1a tap ddi xting (tecla 3xe D ma —x ¢ D), ta két ludn ham s& khong chan
cting khong 1é.

» Budc 2: Xac dinh f(-x), khi do:
* Néu f(—x)= f(x) kétluan ham s6 la ham chan.
* Néu f(-x)=-f(x) kétluan ham s&1a ham lé.

+ Ngoai ra két luan ham s& khong chén ciing khong 1é.

» Chi y:

@ Vi cac ham s6 luong gidc co ban, ta co:
1. Ham s6 y =sinx la ham s6 lé. 2. Ham s8 y = cosx la ham s& chan
3.Ham s6 y =tanx la ham sO lé. 4. Ham s6 y = cotx 1a ham s6 1é.

@ Cong thirc lién quan dén viéc x li dau “ —

1. Cong thirc hai cung d6i nhau:

w  |x"  khin:2
2. [ =4 5. () -]

Vidy 2.1

Xét tinh chan 1é cta cadc ham so sau:

o 7
(1) y=3cosx+sin’ x (9) = LS 2%
1+ cos3x

= Lo gidi

(1) y=3cosx+sin’x
Ham s6 ¢6 tap xac dinh D=R.
Lady xeR tacé —x€R va y(—x)=3cos(—x)+sin’(—x)=3cosx+sin’ x = y(x).

Do d6 ham s6 1a ham chén .
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1+sin® 2x
(2) y=iroim 2X
1+ cos3x

Ham s6 xéc dinh khi Cos3x¢—1<:>3x¢7r+k27r<:>x¢§+k277r(keZ).
N m k2w
Tap xac dinh D:R\{§+T(keZ)}.

Ta thdy néu x € D= cos3x #—1 ma cos(—3x)=cos3x = cos(-3x)#—-1=>-xeD

I+sin’ (-2x) 1+sin®2x _ (x)

Khi do y(—x)= 1+cos(—3x)  1+cos3x

Do d6 ham s6 1a ham chéan .

Vidy 2.2.

Xét tinh chan 1é cta cadc ham so sau:

(1) y=2xsinx (2) y=cosx+sin2x.
(3) y=25 =3 (4) y = tan” 2x.sin 5x.
X
= Loi gidi

(1) y =2xsinx
Tap xéc dinh: D =R 1a tap d6i xéing do d6 Vxe D= -xeD (1)
Dat y = f(x) =2xsinx.
NX: VxeD, f(—x) = 2(—x)sin(—x) =2xsinx = f(x) (2)
T (1) va (2) ta két ludn ham sd da cho 1a ham s& chan.

(2) y=cosx+sin2x.
Téap xac dinh: D =R 1a tap d6i xiing do d6 Vxe D= —-xeD.
bat y = f(x) = Cos X +sin 2x.

Xét x=LeD=—-x=-LeD.
3 3

f{zj:cos§+sin2—wzl+£; f(—zj:cos[—§j+sin[—2lj:l—£.

3 3 2 2 3 3 ) 2 2

Ta thay f@j ” f(—%] nén ham s& da cho khong 1a ham s8 chin

Va - f(%j ” f(—%j nén ham s8 da cho khong 1 ham s lé.

3) y= cos2x.
x
Tap xéc dinh: D = R\{O} la tdp d6i xing do d6Vxe D= —-xeD.
Dit yzf(x)z cost'
x
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Taco VxeD: f(-x)= Cosf;zx) __ COSJ(sz) =—f(x).

Do d6 ham s6 da cho 1a ham so 1é.

(4) y =tan’ 2x.sin 5x.
Tap xac dinh: D:R\{%+k§l keZ}Ié tap d6i xting do d6 Vxe D= -xeD.
Dit y = f(x)=tan’ 2x.sin 5x.
Tacd VxeD: f(—x) =tan’ (—2x)sin(—5x) =tan’ (2x)sin(5x) = f(x)

Do d6 ham s6 da cho 1a ham s& chan.

&’ s )

Déi khi nguoi ta con phat biéu bai toan dwéi dang:

» Vi cau (1) y =2xsinx:
Chirng minh do thi ham s6" y = 2xsinx nhdn truc tung lam truc doi xing.
cos2x

» Vél cau (3) y = .t
X

cos2x

Chirng minh do thi ham s6" y = . nhdn goc toa dj lam tdm doi xieng.
» DO thi ctia ham s8 1é nhan nhéan goc toa do 1am tam doi xiing.
» D0 thi ctia ham s& chdn nhan nhan truc Oy lam tryc doi xiing.
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R~ Dang 3. Tinh tuan hodn

— 3}? Phuwong phap )

» Tinh tudn hodan ham so'lwong gidc co ban:
(1) Ham s6 y=sinx va y=cosx la cic ham sd tuan hoan véi chu ki 27.
(2) Ham s6 y=tanx va y=cotx la cdc ham sd tuan hoan véi chu ki 7.

» Cac két qua co thé ap dung:

(1) Ham s8 y=A.sin(ax+b) (A.z#0) 1a mot ham s8 tuan hoan véi chu ki T = ‘2—77—
a

(2) Ham s8 y=A.cos(ax+b) (A.a#0) 1a mot ham s6 tuén hoan véi chu ki T :’2—7T—
a

(3) Ham s y= A.tan(ax+ b) (A.a # O) la mot ham s6 tuan hoan véichu ki T = ‘E
a

(4) Hamsd y=A. Cot(ax + b) (A.a # 0) la mot ham sd tuan hoan véi chu ki T :ﬁ
a

(5) Néuhams6 y=f (x) chi chita cac ham s8 lwong giac c6 chu ki lan luotla T, T,,..., T,
thi ham s& f c6 chuki T labdi chung nhé nhatcaa T, T,,..., T, .
(6) Néuham s8 y = f(x) tuan hoan v6i chu ki T thiham s§ y = f(x)+c(cla hang sd)

cing la ham s6 tuan hoan véichu ki T.

L

SR i |
Mot s6'ddu hiéu nhin biét ham s6"y = f(x) khong phdi ld ham tuin hoan
Ham s8 y = f(x) khong phai la ham tuan hoan khi mét trong cac diéu kién sau bj vi pham:
(1) Tap xéc dinh ctia ham s 1a tap hiru han.
(2) Ton tai s6 a sao cho ham s8& khong xac dinh véi x >a hodc x<a.
(3) Phuong trinh f(x)=k c6 nghiém nhung s8 nghiém hitu han.
(4) Phurong trinh f(x)=k c6 v0 s8 nghiém sap thi tu:

<X, <X, <..DMa ‘xn —-x,,|— 0 hay oo.

4 vidy 3.

Tim chu ki (néu cd) ctia cac ham sd sau:

(1) y=1-sin5x (2) y=cos® x—1
(3) yzsin[gx}cos(%xj 4) y:cosx+cos(\/§.x)
= Loi giai

(1) y=1-sin5x
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Ham s6 y =1-sin5x tuan hoan va ¢ chu ky T, :2%.
(2) y=cos’x—1

NI cos2x—1 Sy .
Ham s6 y:coszx—I:T tuan hoanvacochuky T, =.

3) y= sin[ng.cos (z x]
5 5
5w

Ham s6 y =sin 25 |.cos| 2x |=Lsin| 22 | tuan hoan va c6 chu ky T, =—.
5 5 2 5 2
4) y=cosx+cos(\/§.x)

Ham s& y =cosx+ cos(\/g .x) khong tuan hoan

\ /4 \ ~ 4 \ \ \ ~ /4 \ 2
Vita coham s6 y=cosx c6 chuky T, =2rvaham s6 y = cos(\/g.x) co chuky T, :Tﬂ
3

nhung khong ton tai boi s6 chung nho nhdtcua T =27rva T, =

&Iy

4 vidy3.2.

Xét tinh tuan hoan va tim chu ki (néu c6) ciia ham s sau:
(1) y=cos® x-1 2) y:sin(éx].cos(éxj
.o 3x + 1
B)y = sin 509 @) y=asyx+2
= Loi giai
(1) y=cos’x-1
Ta bién d6i: y=cos’ x—1 :#—1 =%c052x—%.

Ap dung: Ham s’ y = A.cos(ax + b) (A.a # 0) la mot ham s6"tudn hoan voi chu ki T = ‘2—7‘T
a

Do d6 f 1a ham s6 tuan hoan véichu ki T = 2% =T.

2) y= sin[ng.cos (gx]
5 5
Ta bién doéi: y =sin (2 xj.cos (g x] ~Lsin (ixj .
5 5 2 5

Ap dung: Ham s6'y = A.sin(ax+ b) (A.a # O) la m@t ham s6'tudn hoan voi chu ki T = ‘2—7‘T
a

Do d6 f 1a ham s6 tuan hoan véichu ki T = 2m _sm

» TOAN TU TAM



Chuong 01
HS & PHUONG TRINH LUQGNG GIAC

(3) y=cosx+ cos(\/g.x)
Gia str ham s8 da cho tuan hoan= ¢6 s0 thuc duwong T thoa :
f(x+T): f(x) = cos(x+T)+cos\/§(x+T) = cos X +cos~/3x

cosT =1 {T =2nm

m A 14
3=—vOolj

=
\/gT =2mr n

x=0:>cosT+cos\/§T=2© =
cos«/§T=1

m \ ~ ~ 2
Do m,neZ = — la so hitu ti.
n

Vay ham s6 da cho khong tuan hoan.

» TOAN TU TAM




Chuong 01
HS & PHUONG TRINH LUQGNG GIAC

R~ Dang 4. Gid tri I6n nhat - nhoé nhat

ST 1
= Phuwong phap )

/4 A L4 . ? \ ~ b DA \ ’ \ _1 S Sinx S 1
» Ta c6 tap gia tri cia ham s6 y =sinx; y =cosx deéu la [—l;l] , tec la .
—I<cosx<lI
Ttr d6 ta co cac hé qua sau:

) {Ossinxg 2 {gssinzxsl 3) {ng/sinx <1

Os‘cosx‘sl 0<+/cosx <1

, 11 1
Luuv: Néu a<P(x)<b thi —> =,
y (x) 5 Plal 6

4 vidy 4.

Tim gia tri I6n nhat va gia tri nho nhat ctia cac ham s6 sau:

(1) y=4-3sin5x (2) y =—-2sinx|
3) y=\/isin2x+c052x+l 4) y=sinx,xe{—%;%}
= Loi giai

(1) y=4-3sin5x
Ham s6 ¢6 tap xac dinh D=R.
Tacd -1<sinx<1< -3<-3sinx<3< -3+4<4-3sinx<3+4<1<y<7.

Do do: maxy:7<:>sinx=—1<:>x:—§+k27r(keZ) .

miny:1<:>sinx:1<:>x:§+k27r(keZ)

2) y:—2‘sinx‘
Tap xac dinh: D=R.
Ta cé: 0£‘sinx‘£1c>02—2‘sinx‘2—2 <32y2>1.

Vay gia tri 16n nhat cia ham so la 3 <:>‘sinx‘:O<:>sinx:O<:>x:k7T,keZ.
L4 . 2 A, 7 \ ~ \ . 7T
Gia tri nho nhat ctia ham s6 1a 1<:>‘smx‘:1<:>cosx:0<:>x:E+k7r,keZ.

3) y:ﬁsin2x+cos2x+1

y=\/Esin2x+c052x+l=\/§{£sin2x+icos2x +1

NN
N

Dat sina =%;Cosa :—(a € (O,‘ﬂ'))

5

Ta cé y:\/g(cosasin2x+sinacos2x)+l:\/gsin(2x+a)+1

Ta co:
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~1<sin(2xv+a) <1 —3<3sin(2x+a) <43 & 3 +1<3sin(2v +a) +1<3 +1
Do d6: maxy:1+\/§ dat dwoc khi sin(2x+a):1
miny =1—\/§ dat duwoc khi sin(2x+a) =-1.

m™ T

(4) y =sinx, xe{—z;z}

Ham s6 y =sinx dong bién trén khoang (—7r,' 7r) nén

Voi xe _E;E = sin T <sinx <sin| — il <:>—£< <£
4 4 4 4
JE

Do do maxyzﬁ dat dwoc khi x:%; miny:T dat duwoc khi x:_%'

2
Vidy 4.2.
Tim gia tri I6n nhat va gia tri nho nhat ctia cac ham s6 sau:
(1) y =-2sin* x+3sinx -1 (2) y = cos®x+2sinx+2
= Loi giai

(1) y=-2sin” x+3sinx—1
bat sinx =t (‘t‘ < 1), ham s8 ¢6 dang: y=-2t>+3t-1.
Xétham so y = —2t* +3t—1 trén [—1;1] , ham s6 c6 BBT nhu sau:

t o —1

.

Nhin vao BBT ta thay:
Gia tri nhé nhat ctia ham s6 bang —6 <>t =-1 tizc la sinx =1

W

’ A, 2 \ AT Y 1 3 ’ \ .
Gia tri 16n nhat cia ham s6 bang 3 ot= 2 tiec la sinx =
(2) y=cos’x+2sinx+2
Ham s dwgc viét lai thanh y=1-sin’ x+2sinx+2 =—sin’ x +2sinx +3
bat t=sinx (‘t‘ < l), xét ham s0 y = —t* +2t+3 trén [—1;1] c6 BBT nhu sau:

L . 1

4 /
y /
Nhin vao BBT ta thay:

o Gia tri nhé nhat ctia ham s6 bang 0 <t =—1 ttc sinx =-1.
o Gid tri 16n nhat ciia ham s6 bang 4 < t=1 tcla sinx=1.

&\
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ogl-uyén tap

A
A. Cadu héi - Trd 10i tric nghiém
» Caul. Tap xac dinh cia ham s0y =tan2x la

A. D=R\{Z+xZ kez!. B. D=R\{"+kZ kez!.
4 2 4 2
C. DZR\{%+I€27T |keZ}. D. DZR\{g-FkW |keZ}.
= Loi giai
Chon B

Diéu kién x4c dinh ctia ham s6 y = tan2x 1a 2x¢§+k7r<:> x¢§+k%(keZ).

Vay tap xéc dinh ctia ham s8 D = R\{%+kg Ik e Z}.

» Cau2. Tap xdc dinh ctia ham s6 y =sinxla

A [-11]. B. (-L;1). C. (0;+00). D. R
= Loi giai
Chon D
» Cau3. Tapxacdinhcatahamsd y=——>1a
sinx
A. D=R\{0}. B. D=R\{k2m, keZ}.
C. D=R\{km, keZj. D. D=R\{0;7}.
= Loi giai
Chon C
Ham s6 y =——xac dinh khi va chi khi sinx #0 < x # k7, k € Z.
sin x
» Cau4d. Tap xac dinh ciaham s6 y=———
sm2x+1
A.D= R\{——+k7rke } B.DzR\{—§+k27r,keZ}.
C.D= ]R\{——+k7rkeZ} D.D:R\{—%+k2w,keZ}.

= Loi giai
Chon C

» TOAN TU TAM
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» Cau 5.

» Cau 6.

» Cau 7.

» Cau 8.

» TOAN TU TAM

Diéu kién xac dinh cia ham so 1a sin2x # -1 < 2x # —%+k27r S x# —%+k7r,k e’l.

Vay TXD: D:R\{—%+kw,kez}.

Ham sd y = lcots 2 khong xac dinh trong khoang nao trong cac khoang sau day?
+tanx
T 3w 3 3w
A | —+k2m,—+k27 |,keZ. B. | —+k2m;,—+ k27 |.
2 4 4 2
C. (w+k2w;3§+k2wj,kez. D. (_—;+k27r;g+k27rj,kez.
= Loi giai
Chon D
x#= Ltk
tanx # -1 4
Ham s6 x4c dinh khi va chi khi { RS T 75/
cosx#0 T
x#—+km
2
™
XE=y ™ s ™
Ta chon k=0— 4 nhung diém ) thudc khoang [_E+ k27r;5 + k27r} .
™
X#*E—

Vay ham s6 khong xac dinh trong khoang (—% + k27r;g+ k27rj .

Tap xéc dinh ciia ham s y = cot2x —tanx la:

A.R\{%+k7r,kez} B. R\{km,keZ}.
C.R\UE+ kL kez D. R\{kX keZ
4 2 2

= Loi giai
Chon D
x;tk7T
in2x#0 PY
Ham s6 xac dinh khi {sm * & 2 @xikz(keZ).
cosx =0 T 2
x#—+km
2
Chon phat biéu dung;:

A.C4dcham sd y =sinx, y=cosx, y=cotx déu la ham s& chan.
B. Cacham s6 y =sinx, y=cosx, y =cotx déu la ham s¢ 1é.
C.Cacham s§ y =sinx, y =cotx, y=tanx déu la ham sd chin
D. Cacham sd y =sinx, y=cotx, y =tanx déula ham so lé.
= Loi giai
Chon D
Ham s8 y = cosx 1a ham s& chdn, ham s8 y =sinx, y =cotx, y=tanx 1a cdc ham s& 1é.

Trong cac ham sd sau day, ham s6 nao c6 d6 thi déi xting qua truc tung?




» Cau 9.

» Cau 10.

» Cau 11.

» Cau 12.

» Cau 13.

» TOAN TU TAM
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A. y=tanx. B. y=cosx. C. y=sinx. D. y=cotx.
= Loi giai
Chon B
Ham s6 c6 do thi d&i xtng qua truc tung 1a ham s6 chén.
Vay dap an can chon la y =cosx.
Trong cac ham sd sau, ham s6 nao tuan hoan véi chu ki 27 ?
A. y=sinx. B. y=tanx. C. y=cotx. D. y=cos2x.
= Loi gidi
Chon A
Ham s6 y =sinx tuan hoan véi chu ki 27 .
Cac ham s luong giac con lai y =tanx, y=cotx, y=cos2x tuan hoan véi chuki .
Xét y =cos2x: taco y(x+7r) = cos2(x+7r) = cos(2x+ 27r) =cos2x = y(x) nén y =cos2x
tuan hoan véi chu ki .
Chu ki tuan hoan ctia ham s8 tanx +sin’ x 1a
A. k27 . B. 2. C. . D. 4x.
= Loi giai
Chon C

] 1
Ta ¢d: tanx +sin’ x = tan x +5(1 —COSZx) i

+) tanx céchukila 7.
+) cos2x cé chukila 7.
Vay ham s6 da cho c6 chu kila «.
Ham s6 nao sau day la ham s6 16?

A. y=2x+cosx. B. y=cos3x. C. y=x"sin(x+3). Q.yzcoix.
X
= Loi gidi
Chon D
fr s A~ COSX . ‘oz S g e
Xét ham s6 y = f(x) =——.Tap xac dinh D =R\{0}1a tap doi xing.
X
cos(—x)  cos(x)
—x)= =— =—f(x).
T I S L T
Do d6 ham s8 y =~ 1a ham s& 1¢.
X

Trong cac ham s6 sau, ham sd nao c6 d6 thi d6i xtiing qua goc toa d§?

i 1
A. y=cot4x. B. y:w. C. y=tan’x. D. y =|cotx|.

cos x

= Loi gidi
Chon A
Ham s6'le c¢6 do thi doi xieng qua goc toa dg.
Ta kiém tra dugc ddp an A la ham s6 1é nén c6 d6 thi d6i xting qua gdc toa do.
Dap 4n B 12 ham s8 khong chdn, khong 1é. D4p 4n C va D 1a cdc ham s& chan.

Cho hai ham s8 f(x)= % o g(x)z\sinzx\—cosgx
Sm- >x

.Ménh dé nao sau day la dung?

2+tan’ x
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» Cau 14.

» Cau 15.

» TOAN TU TAM

A. f(x) lé va g(x) chén. B. f(x) va g(x) chan.
C. f(x) chin, g(x) 1é. D. f(x) va g(x) 1é.
= Loi gidi

Chon B

(T s A _ cos2x
® Xét ham so f(x) ~Trenlar
TXD: D=R.Do d6 VxeD= -xeD.
Ta co f(—x) = COS(_ZX) __cosar f(x) —)f(x) 12 ham s& chan.

14+ sin? (—3x) " 14sin®3x

o ‘sin2x‘—cos3x
® Xét ham sO g(x) =

2+tan’ x

TXD: D:R\{%+k7r (keZ)}.Do d6 VxeD=-xeD.

‘sin(—zx)‘ —Cos (—3x) B ‘sin 2x‘ —cos3x

Ta co g(—x) = = g(x) ——)g(x) 12 ham s8 chan.

2+tan’ (—x) 2+tan” x
Vay f(x) va g(x) chén.
Trong cac ham s6 sau, ham sd nao c6 d6 thi d6i xting qua goc toa d§?

A y= 1 . B. y=sin[x+§}. C. y=\/5cos(x—§j.D. y =+/sin2x.

= Loi giai

Chon A

yy ) s 1 .
Viétlaiddp anBla vy =sin| x+— |=—(sinx+cosx).
: P Y [ 4j \/5( )

Viétlai dapanCla y = \/Ecos(x—%J =sinx+cosx.

Kiém tra dugc dap an A 1a ham s6 1é nén c6 d6 thi doi xting qua goc toa do.
Ta kiém tra dwgc dap an B va C la cdc ham s6 khong chén, khong Ié.
Xét dap an D.

® Ham s8 xdc dinh < sin2x>0 < 2xe| k2m;m+k2m | <> x e {kw;g+kw}
——D :[kw;§+ kﬂ} (kez).
® Chon x= % €D nhung —x= —% ¢ D. Vay y =+/sin2x khong chin, khong lé.
Gia tri 16n nhat va gia tri nho nhat cia ham s y = 3sin(x +3T7Tj -1 lan luwot la:
A. 4;,-2. B. 2;,-4. C. 1;,-1. D. 3;-3.

= Loi gidi

Chon B
Tap xac dinh: D=R.
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+) VxeR ta co: —lﬁsin[x+

.|>|§'f
N
IA

1<:>—3£3sin(x+?%rj£3<:>—4£3sin[x+%rj—1£2
= -4<y<2.

A i1z Ne 1o n . 3 . : 0
Vay gia tri 1on nhat ca ham so6 y=3sm(x+TJ—l la 2 khi xz—z.

Gia tri nho nhat ctia ham s6 y = 3sin(x + %TJ —11a -4 khi x= 3% .

» Cau16. Goi M,m lan luot la gid tri I6n nhat va gia tri nho nhat caa ham s6 y =6cos2x—7 trén
doan {—%,%} . Tinh M +m.

A. —14. B. 3. C. -11. D. -10.
= Loi giai
Chon C
Tach: —L<x< X <:>—2—7T£2xSZ <:>—l£cos2x£1<:>—10£6cos2x—7£—1.
3 6 3 3 2
Suyra M =-1,m=-10. Vay M +m=-11.

» Cau 17. Tim gid tri I6n nhét, gid tri nho nhét ctia ham s8 y =2sin” x+3sin2x -4 cos’ x.

A. miny:—3\/5—l; maxy:3\/5+l. B. miny:—3\/5—2; maxy=3\/5—1.

C. miny:—3\/§; maxy:3\/5—1. D. miny:—3\/§—l; maxy=3«/§—l.
w Loi gidi

Chon D

Ta c6: y=1-cos2x+3sin2x—2(1+cos2x) =3sin2x—-3cos2x -1 :3ﬁsin[2x—%j—l.

= 32-1<y<3J2-1 VxeR.
Vay miny =-3J2-1; maxy =32-1.

» Cau 18. Xét sy bién thién cua ham s6 y =tan2x trén mot chu ki tuan hoan. Trong cac két luan
sau, két luan nao dung?

A. Ham s6 da cho dong bién trén khoang (0;%) va (% ,gj )

B. Ham sd da cho dong bién trén khoang EO;%] va nghich bién trén khoang (% ,gj :
C. Ham s6 da cho ludn dong bién trén khoang [0;%) .
D. Ham s8 da cho nghich bién trén khoang (o;gj va dong bién trén khoang G g) .

= Loi giai
Chon A

Tép xac dinh ctia ham s8 da cho la D:R\{%kgmez}.

» TOAN TU TAM
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» Cau 19.

» Cau 20.

» TOAN TU TAM

Y N A Y & \ Tc Y 14 14 \ ~
Ham s6 y =tan2x tuan hoan véi chu ki E' dwa vao cac phwong an A; B; C; D thi ta sé

xét tinh don diéu cua ham s8 trén (o;g] \ {%}

Dua theo két qua khao sat si bién thién ctia ham s6 y = tanx, c6 thé suy ra véi ham s6
A . ) (n.m

y=tan2x dong bién trén khoang (O;Zj va [Z’Ej

Cho d6 thi ham s6 lwgng giacy = sinx nhw hinh vé dudi day:

F y

1 = Sillﬂ

Ham s y = ‘sin x‘ c6 bao nhiéu an dat gid tri bang 1 trong doan [_3% %T} ?

A.5 B. 1 C.3 D. 7
= Loi giai

Chon A

D6 thi ham s6 y = ‘sin x‘

4 |

-1

Nhin db thj ta thdy y =[sinx| 6 5 lan dat gié tri bang 1 trong doan {_37”57”}

Huyét ap 1a ap lwc mau can thiét tac dong 1én thanh dong mach nham dwa mau di nudi
dudng cac mo trong co thé. Nho lye co bop cua tim va stic can ctia dong mach ma huyét
ap duoc tao ra. Huyét 4p t6i da va huyét 4p t6i thiéu twong tng duoc goi la huyét ap
tam thu va huyét 4p tam truong. Chi s6 huyét 4p cua chiing ta dugc tinh bang huyét 4p
tam thu/huyét ap tam truong. Gia st huyét ap cua nguoi do thay doi theo thoi gian
dwoc cho boi cong thirc: p(t) =115 + 255in(1607rt) trong d6 p(t) la huyét ap tinh theo
don vi mmHg (milimet thily ngan) va thoi gian t tinh theo don vi phut. Khi d6, chi s6
huyét 4p bang
a8 5. 130 ¢ p 10

90 60 80 90

= Loi giai

Chon D
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Taco —1<sinx <1 Vx nén 115-25.1<p(t)=115 + 25sin(1607t)<115+25.1
©90<p(t)<140
4 ANy 7 \ 140
Vay chi s6 huyét ap la o0
» Cau 21. Mbt con 14c 10 xo sau khi dwoc kéo xudng dwdi vi tri can b:?mg 4cm va tha ra thi n6 dao

dong diéu hoa vdi phuong trinh: y =—4cos8t (cm) (tham khao hinh vé).

b))
B

Bién do Acm vachuky T cua dao dong la

™

A.A:4cm;T:%. B.A=4cm;T:% (:.Azs;cm;:r:Z D. A=4cm; T=2r

= Loi giai
Chon A
Bién d¢ ctia dao dong la: A = ‘—4‘ = 4(cm).
Chu ky ctia dao dong 13: T = %‘T -

» Cau 22. Hang ngay muc nudc ctia con kénh 1én xudng theo thuy triéu. Do sdu i (mét) ctia muc
nudc trong kénh dugc tinh tai thoi diém ¢+ (gio) trong mot ngay boi cong thic

h=3 COS( W_t + %j +12. Muc nude cia kénh cao nhat khi:

A. t=13(gid). B. t =14 (gio). C. t =15(gid). D. t =16 (gio).
= Loi giai

Chon B

Muc nudc cia kénh cao nhat khi 7 16n nhat
ocos| 4T st T T kor voi 0<t<24 va keZ.
8 4 8 4
Lan lwgt thay cac dép an, ta duwgc dap an B thoa man.
t
Vivéi t=14 thi %%:m (dtng véi k=1€7).

» Cau 23. Co bao nhiéu gia tri nguyén ctia tham s6 m thudc doan [—10;10] dé ham s6

y=+/sin’ x—2sinx+m—1 xac dinh trén R.

A. 8. B. 9. C.12. D. 13.
= Loi gidi

Chon B

Ham s6 xac dinh trén R khi chi khi: sin’ x—2sinx+m—-1>0,VxeR

» TOAN TU TAM
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» Cau 24.

<:>mZ—sin2x+2sinx+1:2—(sinx—1)2,VxeR

< m > max (—sin2x+25inx+1):2<:>m22.

(—e0i+0)
MameZ ;me[—lO;lO]:me{2;3;4;5;6;7;8;9;10}.

SO gio c6 anh sang cua mot thanh phd A trong ngay tht ¢ ctia nam 2021 dwoc cho boi

mot ham s6 y =4sin %(t —60) +10, véi teZ va 0<t<365. Vao ngay nao trong nam
thi thanh phd A cé nhiéu gio anh sang mat troi nhat ?
A. 28 thang 5. B. 29 thang 5. C. 30 thang 5. D. 31 thang 5.
= Loi giai
Chon B
Vi sin|——(t-60)|< 1=y =4sin|——(t-60) +10<14.
178 178

Ngay c6 4nh nang mét troi chiéu nhiéu nhat

o y=l4<sin %(t—m)

=1@l(t—60)=1+k2w@t=149+356k.
178 2

Ma O<t£365<:>0<149+356k£365c>—£<k£ﬁ.
356 89

VikeZ nén k=0.

Véi k=0=t=149 tic roi vao ngay 29 thang 5

Vi ta da biét thang 1 va 3 c6 31 ngay, thang 4 c6 30 ngay,

Riéng d6i véindm 2021 thi khong phai nam nhudn nén thang 2 c6 28 ngay hodc dua vao

d@ kién 0 <t <365 thi ta biét nam nay thang 2 chi c6 28 ngay).

B. Cau hoi - Tra loi Ding/sai

» Cau 25.

Cho ham s6 y=3 —sin(2x +%) , khi d¢:

Ménh deé Diing

Sai

(a) | Ham s0 c6 tap xac dinh D=R

(b) | Gia tri nhé nhat ctia ham s8 bang 2

(c) | Gia tri 16n nhat cia ham so béng 4

(d) | Tap gia tri chaham s6la T = [2,' 4]
= Loi giai

T
=3—sin| 2x+—

(a) Ham s6'co tdp xdc dinh D =R

Ta c6: ham s6 c6 tap xac dinh D=R.
—1sSin(2x+%j31@1z—sin[2x+%j2—1©4z3—sin[2x+ﬂzz@423/22

» Chon DUNG.

(b) Gid tri nhd nhét cia ham so bang 2

» TOAN TU TAM

Vay gid tri nho nhat ciia ham s8 bang 2.
» Chon PUNG.
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(c) Gid tri l6n nhait cua ham s@'bﬁng 4
Vay gid tri 1én nhat ctia ham s& bang 4.
» Chon DUNG.
(d) Tap gid tri ciia ham s6'la T =[ 2;4]
Do d6 tap gia tri caiaham s6la T = [2;4] :
» Chon DUNG.
» Cau 26. Cho ham s@ f(x) =tan2x—1. Khi dé:
Ménh dé

Dung

Sai

(a) | Gi tri ciia ham s& tai x=— bang 0

3 |oo |3

(b) | Gia tri cila ham sd tai x =

3 bang 3-1

(c) | Cobagia tri x thudc [O;w] khi ham s6 dat gia tri béng 2.

(d) | Ham sO &a cho 1a ham tuan hoan.

= Loi giai
(a) Gid tri ctia ham so'tai x =% biang 0
Ta co:
flZ|=tan|2-Z |-1=1-1=0
8 8
» Chon PUNG.

(b) Gid tri ciia ham s0'tai x =§ bing —/3 -1

f(gjztan(ZgJ—l:—\/g—l

» Chon DUNG.
(c) Co ba gid tri x thugc [ 0;m | khi ham s6' dat gid tri bing 2.
Ta co: f(x) =-2otan2x—-1=-2 < tan2x =-1

o=t kr (keZ)®x=—z+kz(keZ)
4 8 2

3n Im

Vi xe[O;w] nén xe{?,?} (khido k=Lk=2).

» Chon SAL
(d) Ham s6'dda cho la ham tuidn hoan.

Tap xéc dinh ham s8 la: D=R\{%+k% lkeZ}.
Véimoi xe D, ta co: xi%eD va

f(x+§j:tan2(x+§j—1:tan(2x+7r)—1:tan2x—1:f(x)

Vay ham s6 da cho la ham tuan hoan.

» TOAN TU TAM
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» Chon DUNG.
» Cau 27. Cho ham s& f(x) = ‘x‘ sinx . Khi do:
M¢énh dé Pung | Sai
(a) | Tap xac dinh cia ham s6: D =R\ {O} .
(b) | f(-7)=—f(n).
(c) | D6 thi ham sd da cho d6i xting qua goc toa do O(O;O) .
(A | f(-x)=-f(x).

= Loi giai
(a) Tdp xdc dinh ciia ham s6: D =R\ {0} )

Tap xac dinh cia ham s6: D=R.
» Chon SAL

b) f(-m)=—f(=).
Ta cod f(7r) =msinm; f(—7r) = ‘—7‘(“ sin(—w) =—7 sin(7r) = —f(7r)
» Chon DUNG.
(c) D6 thi ham s6"dd cho doi xirng qua goc toa do O(O;O).
Voéimoi xe D, tacd: —xe D va f(—x) = ‘—x‘sin(—x) = —‘x‘ sinx = —f(x).
Vay ham s/é' da cho la ham so 1¢é
» Chon DUNG.
@) f(-x)=—f(x).
Ta co f(—x)=—f(x).
» Chon DUNG.
» Cau28. Ham s6 y = f(x) cO d6 thi nhu sau

Ménh dé Ping | Sai
(a) | Ham s6 c6 tap xac dinh D = {—%,%} ,

(b) | Ham s6 dong bién trén khoang (—w;O).

(c) | Ham sd nghich bién trén khoéng(—ﬁ; —%J .

(d) | Tap gia tri cua ham s6 la [0;2] .
= Loi giai
3m 37w

(a) Ham s0'c6 tdp xdc dinh D = {—7,7} .

» TOAN TU TAM
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Ham s6 ¢6 dang f(x) =sinx+1= ham sd c6 tap xdc dinh D=R.
» Chon SAL
(b) Ham s¢' dong bién trén khodng (—71','0).
Dua vao do thi ta ¢ ham s6 dong bién trén (—g ,gj )
» Chon SAL
(c) Ham s6'nghich bién trén khodng(—w;—gj )

Dua vao do thi ta ¢6 ham s6 nghich bién trén khoémg(—w;—%] .
» Chon DUNG.
(d) Tép gid tri ciia ham s6'1a [ 0;2].
Tap gia tri cia ham so la [0;2].
» Chon DUNG.
» Cau 29. Cho ham sd f(x) = ‘tan x‘ + ‘x3 —3x‘ . Khi do:
Ménh dé Dlng | Sai

(a) | Tap xac dinh cia ham s6: D = R\{%+ kr, k e Z} .

(b) | Ham s6 da cho 1a ham s6 chan.
(0 | f(=m)=—f(7)
(d) | B0 thi ham sd da cho d6i xiing qua gdc toa do O(O;O)

= Loi gidi
(a) Tap xdc dinh ctia ham so: D = R\{%+ km, k e Z} )
Tap xéc dinh cia ham s6: D=R\ {g+ km, ke Z} .

» Chon DUNG.
(b) Ham s6da cho la ham so chin.

VxeD,tacd: —xeD va f(—x) = ‘tan(—x)‘+‘(—x)3 —3(—x)

=| tanxl+‘x3 —3x‘ = f(x)

Vay ham s8 da cho 1a ham s chén.
» Chon DUNG.
© f(==)=~1(x)
Do d¢ f(-m)=—f(r).
» Chon SAL
(d) D6 thi ham s6’dd cho doi xirng qua goc toa do O(O,'O)
Do ham s da cho 1a ham s& chén.
Nén ham s khong d6i xting qua goc toa do.
» Chon SAL
» Cau 30. Cho ham s& f(x) =2cosx+1 va g(x) =sinx +tanx . Khi do:

» TOAN TU TAM
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Ménh dé Ping | Sai
(a) | Tap xéc dinh ham s6 f(x): D=R.

(b) | Ham s6 f (x) 1a ham tuan hoan.

(c) | Tap x4c dinh ham s8 g(x): D= R\{§+ kr|k e Z}.

(d) | Ham s8 g(x) la ham khong tuan hoan.
= Loi giai

(a) Tap xdic dinh ham s6 f(x): D=R.

Tap xac di{wh hamso: D=R.

» Chon DUNG.
(b) Ham s6’ f(x) la ham tudn hoan.

Véimoi xe D thi x+2reD va f(x+27r): 2cos(x+27r)+1 =2cosx+1 :f(x) .

Vay ham s6 da cho la ham tuan hoan.

» Chon DUNG.
(c) Tap xdc dinh ham s@'g(x): D= ]R\{§+k7r‘k € Z}.

Téap x4c dinh ham s&: D = R\{§+kw‘k ez}.
» Chon SAL
(d) Ham s6 g(x) la ham khong tuidn hoan.
Véimoi xe D thi x+2reD va f(x+27r)=sin(x+27r)+tan(x+27r)=sinx+tanx=f(x).

Vay ham s6 da cho la ham tuéan hoan.
» Chon SAIL
sin2x

» Cau 31. Cho ham s& f(x) =tanx va g(x) = cot’ x - . Khi do:

Ménh dé bung | Sai

(a) | Tap xac dinh ham s6 f(x): D:R\{g+kﬂkeZ}.

(b) | Him s6 f(x) 1a ham khong tuan hoan.
(c) | Tap xac dinh ham s& g(x): D= R\{kw‘k eZ}.

(d) | Ham s6 g(x) la ham tuan hoan.
= Loi giai

(a) Tap xdc dinh ham s6’ f(x): D= R\{%—i—kﬂk € Z}.

Tap xac dinh ham s6: D=R\{§+kw‘kez}.

» Chon DPUNG.
(b) Ham so” f (x) la ham khong tudn hoan.

Véimoi xeD thi xtmeD va f(x+m)=tan(x+7)=tanx = f(x).

» TOAN TU TAM
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Vay ham s6 da cho la ham tuan hoan.
» Chon SAL

(c) Tdp xdc dinh ham s6' g(x): D =R\{kr|k  Z}.
Tap xéc dinh ham s8: D =R\ {kr |k € Z} .
» Chon DUNG.

(d) Ham so g(x) la ham tudn hoan.

Véimoi xeD thi xxtmeD va

sin2(x+7r) sin2x
x+m)=cot’ (x+7)-——— =cot’ x— = f(x).
Flrer)=cot?(x+7)- 2220 (2
Vay ham s6 da cho 1a ham tuan hoan.
» Chon DUNG.
» Cau 32. Cho ham s& f(x) =2+3cosx va g(x) =sinx +cosx . Khi do:
Ménh dé bung | Sai

(a) | Gia tri 16n nhat caa ham s0 f (x) bang 5

(b) | Ham s6 f(x) dat gia tri nho nhat khi x =7+ k27 (k € Z)

(c) | Gia tri 16n nhat cia ham s6 g(x) béng —\/5

(d) | Ham s6 g(x) dat gia tri nho nhat khi x = —%T+ k2m (k € Z)
= Loi giai
(a) Gid tri I6n nhat clia ham s6° f(x) bing 5

Véimoi xeR,tacd: —-1<cosx<1=>-3<3cosx<3=>-1<2+3cosx<5.
» Chon DUNG.
(b) Ham sé'f(x) dat gid tri nho nhit khi x =7+ k2n(k € Z)

Vay gid tri 16n nhat ctia ham s6 bang 5, khi d6 cosx =1 x = k27 (k € Z)
Gid tri nho nhat cua ham s6 b?ing —1,khidd cosx=-1<x=m+k2n (k € Z) )
» Chon DUNG.

(c) Gid tri I6n nhdt ciia ham s&' g(x) bing /2

4 . . 71-
Ta co: smx+cosx:\/zsm(x+zj.

» Chon SAL
(d) Ham 6" g(x) dat gid tri nho nhdt khi x = —37” +k2m (keZ).

Véimoi xeR, ta co: —1£sin(x+%}£l<:> —x/ES\/Esin(x+§jS\/§.
A .7 <17 A~ 2 \ ALY . 7 . T
Vay gia tri 1o6n nhat cua ham s6 bang V2, khi d6 sm(x+zj =1

ex+o ="tk (keZ) o x="+kam (keZ).
4 2 4

» TOAN TU TAM
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ex+—=-Zikor (keZ)<:>x=—3—7r+k27r (kez).
4 2 4
» Chon DUNG.
» Cau 33. Cho cac ham s0 sau: f(x)=\/5—3sin2x; g(x)=tanx—xcosx.Khi do:

Ménh dé bung | Sai
(a) | Tap xac dinh ham so f(x) la: D=R.

(b) | Ham s6 f(x) da cho la ham sd 1é.

(c) | Tap xac dinh ham s& g(x) la: D:R\{%+kﬂ"k€Z}.

(d) | Ham s6 g(x) da cho la ham sd 1é.
= Loi giai
(a) Tap xdc dinh ham s6’ f(x) la: D=R.
Tap xdc dinhhamséla: D=R.
» Ch()n DUNG.
(b) Ham so f(x) dd cho la ham sd'le.

Véimoi xeD thi —xe D va f(—x):\/5—3sin2(—x) =\/5-3sin’x = f(x)

Vay ham s& da cho 1a ham s8 chén.
» Chon SAIL

(c) Tép xdc dinh ham s’ g(x) la: D=TR\ {g+ kr|k e Z}.

Tép xéc dinh ham s& 1a: D = R\{g+kw‘k = Z}.
» Chon DUNG.
(d) Ham s’ g(x) da cho la ham so'lé.
Véimoi xeD thi —xe D va f(—x) = tan(—x)—(—x)cos(—x) =—tanx+xcosx = —f(x).

Vay ham s6 da cho la ham s6 1é.
» Chon DUNG.
» Cau 34. Hang ngay murc niedc ctia con kénh 1én xudng theo thuy triéu. D sau h (mét) ctia murc nude

trong kénh tinh theo thoi gian ¢ (gio) duoc cho boi cong thirc h (t) =3cos (%t + %] +14.

Ménh dé bung | Sai
(a) | Cong thirc tuan hoan véi chu ki T=27.

(b) | Chiéu sdu ctia muc nude thap nhatla 11m.

(c) | Chiéu sdu ciia myrc niedc cao nhatla 14m.

(d) | Thoi gian d€ myc nuwde cao nhatla t=9.
= Loi giai
(a) Cong thirc tudn hoan voi chu ki T =2 .

» TOAN TU TAM
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Cong thitc co dang y = cos(ax + b) tuan hoan véichu ki T =

T= 2 =12
K
6

» Chon SAL

o

(b) Chiéu sdu cua myec nwdc thap nhiat la 11m.

Ta co Vt:—1<cos 7r_t+z <1< -3<3cos 7r_t+£ <3< 11<3cos 7r_t+z +14 <17
6 4 6 4 6 4

< 11<h<17. Vay chiéu sdu ciia myc nwde thap nhdtla 11m.

» Chon DUNG.

(c) Chiéu siu cua muc nweéc cao nhdt la 14m .

Tacé vi:—1<cos| 4™ |<1 o 3<3c0s| TEe T <3 11<3c0s| 7ha ™ |114<17
6 4 6 4 6 4

< 11<h<17. Chiéu sau ctia myc nudc cao nhatla 17m.

» Chon SAL

(d) Thoi gian dé muwc nwéc cao nhatla t=9.

mt

Ta cod Vt:—1<cos| —+

6

™

4

<1 3<3c0s| T4 <3 11<3c0s| TET |14 <17
6 4 6 4

< 11<h<17. Chiéu sdu ciia muc nwdc cao nhatla 17m.

it

Max h=17 < cos| —+

6

™

4

:1©%+§:k27r St=-3+12k,keZ.

Vi thoi gian khong am va k€ Z nén ta chon t=1.
Vay thoi gian ngan nhat t =-3+12=9.

» Chon DUNG.

2T, N .
= nén chu ki can tim 1a

» Cau 35. Chiéu cao so véi muc nuwde bién trung binh tai thoi diém ¢ (gidy) cia moi con song duoc

cho boi ham s6 h(t) =75sin (%tj , trong do h(t) duoc tinh bang centimét.

(Tat ca két qua dwoc lam tron dén hang phin muoi)

M¢énh dé Ping

Sai

(a) | Chiéu cao ctia séng tai cc thoi diém 5 giay bang 69,3 (cm)

(b) | Chiéu cao ctia séng tai cac thoi diém 20 giay bang 75 (cm)

» TOAN TU TAM
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Trong 30 gidy dau tién (ké tr moc t =0 gidy), thoi diém dé song dat
chiéu cao 16n nhat 6 giay

Trong 30 gidy dau tién (ké tr moc t =0 gidy), thoi diém dé song dat ‘ ‘
chiéu cao 16n nhat 18 giay

= Loi giai
(a) Chiéu cao cia song tai cdc thoi diém 5 gidy bang 69,3 (cm)

. . . )
Khi t=5, ta co: h(S) = 75511{%) ~ 69,3 (cm)

» Chon DUNG.
(b) Chiéu cao ctia séng tai cdc thoi diéim 20 gidy bang 75 (cm)

Khi t =20, ta co: h(20)=7551n(7r'20j=75 (cm)
8

» Chon DUNG.
(c) Trong 30 gidy didu tién (ké'tiv moc t =0 gidy), thoi diém dé’song dat chiéu cao 16m nhit 6 gidy

Ta co: sin(%) <1=75 sin(%) <75 hay h(t)<75.

Gid trj 16n nhat cua k(t) 1a 75, khi d6 sin (%tj =1= %t = §+ k2n(k € Z)
=t=4+16k (keZ). Vi te[0;30]|=t<{4;20} (ttng véi k bdng 0 va1).
» Chon SAL
(d) Trong 30 gidy ddu tién (ké'tir moc t =0 gidy), thoi diém dé’song dat chiéu cao lon nhat 18 gidy
Vay tai cac thoi diém 4 gidy hodc 20 gidy (trong 30 gidy dau tién) thi con séng dat chiéu
cao cuc dai (la 75¢cm).
» Chon SAIL

C. Cau héi - Tra 1oi ngin
» Cau 36. Tap gid tri ciia ham s6: y =5+4sin2xcos2x ¢ dang [a;b] v6i a;b 1a cac s6 nguyén.
Tinh gia tri S=a’—2ab
= Loi gidi
v Tra 10i: -33
y=5+4sin2xcos2x.
Ham s ¢6 tap xac dinh D=R.
Tacod y=5+4sin2xcos2x =5+2sin4x.
Do —-1<sind4x <1< -2<2sin4x <2< 3<5+2sindx <7 <3<y <7,
A L4 . 2 \ ~ \ a = 3
Vay gia tri cia ham s0 la T=[3;7]:>{b_7 = §=-33.
» Cau 37. Tap gia tri ciia ham s&: y =sin® x+cos’ x 6 dang [% ;1} vOi a;b 1a cac s6 nguyén, % 1a

phan s& t6i gian. Tinh gid tri S=a+ab’
= Loi gidi
v Tra loi: 17

» TOAN TU TAM
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» Cau 38.

» Cau 39.

» Cau 40.

» TOAN TU TAM

y=sin® x+cos’ x
Ham s6 ¢ tap xac dinh D=RR.
Ta co:

. . 3 . . 3.
y=sin’x+cos’x = (sm2 x + cos’ x) —3sin’ x cos’ x(sm2 x +cos’ x) =1 —Zsm2 2x.

Do 0Ssin22x£1<:>02—Esin22x2—§<:>121—§sin22x21<:>12y21.
4 4 4 4 4

b=4
C6 bao nhiéu gia tri nguyén cua tham sd m trong doan [0; 10] dé ham s6

y=+vm—-2sinx xac dinh trén R.

a=1
Vay gia tri cia ham s6 1a Tz[i;l}:{ =S5=17.

= Loi giai
v Tra loi: 9
Ham s6 xac dinh & m-2sinx>0,VxeR & m>2sinx,VxeR <o m>2.
Vay m=2.

Khi d6 trong doan [0; 10] c6 9 gid tri thoa man.
S6 git ¢ anh sdng ctia thanh phd T & vi dd 40° bac trong ngay thit t ciia mdt nam

khong nhuan dwoc cho boi ham sd d(t) =3- sir{%(t —80)} +12 véi teZ va 0<t<365.

Ban An mudn di tham quan thanh phd T nhung lai khong thich 4nh sang mat troi, vay
ban An nén chon di vao ngay nao trong nam dé thanh phd T c¢¢ it gio c6 anh sang mat
troi nhat?

= Loi giai
v Tra loi: 353

Do sin| ——(t-80) |>-1=>3-sin| — (£ —80) | > -3
182 182

= 3-sin{é(t—80)}+l2 >9=d(t)>9.
Vay thanh pho T c6 it gio c6 anh sang mdt troi nhat khi va chi khi:
sin| ——(+—80) |= —1 < ——(t—80) = ——+ k27

182 182 2

<:>t—80=182[—%+2kj<:>t:364k—11,keZ.

Mat khac: OS364k—11£365<:>£SkSﬁ
364 364

< k=1(do keZ)
=t=364-11=353
Vay thanh pho T c6 it gio anh sang Mat Troi nhat 1a 9 gio khi t =353, tic la vao ngay
thit 353 trong nam.
Co6 bao nhiéu gia tri nguyén ctua tham sd m trong doan [—10;10] dé ham s6
= sinx-l co tap xac dinh R.
COS X + 1M
= Loi giai
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v Tra loi: 18
biéu kién xac dinh: cosx+m # 0 < cosx #—m
—m<—1 {m >1

Ham so xac dinh trén R < { )
m<-—1

—-m>1

Khi d6 trong doan [—10;10] c6 9+9=18 gia tri thoa man.

» Cau 41. Tinh tOng gia tri 16n nhat va gia tri nho nhat (néu cd) ctia ham s6: y = 2COS(X —gj -1.

= Loi giai
v Tra loi: -2
v
=f(x)=2cos| x—— |-1.
= 1{x)= 2005 x5 |
TXD: D=R.

Ta co: —lécos(x—gjsl,Vxe R
= —2S2cos(x—§js2,VxeR<:>—3S2cos(x—§j—l£1,VxeR
Fta (x)=1<:>Cos(x—gj:lax—gzk%r@x:§+k27r,keZ.

Frin (x) =3 Cos(x—zj:—l = x—§:7r+k27r =¥ :4?%+k27r,k eZ.
Khi d6 tdng gia tri 16n nhat va gi tri nhé nhat cia ham s8 bang 2
» Céu 42. Tinh tong gia tri 16n nhat va gia tri nho nhat (néu c6) cia ham so: y =+/1+sinx —3. Két
qud lam tron dén chir s thdp phan thi 2.
= Loi gidi
v Tra 10i: -4,59

y:f(x):\/1+sinx—3.

Do sinx >-1,Vx e R nén tap xac dinh ciahamséla D=R.
Tacod: —1<sinx<1,VxeR
©0<l4siny<2,VeeR e -3<l+siny 342 -3, VxeR & -3< f(x) <42 -3, VxeR

fMi]n (x):—3<:>sinx=—1<:> x:—g+k27r,keZ.

Frtax (x) =2-3osinx=lox :%+k27r,ke Z.
Khi d6 tdng gia tri 16n nhat va gia tri nho nhat ciia ham s8 bang
3+~/2-3=-6+~/2~-4,59

» Cau43. Ham s§ y=1-3+1-cos’ x dat gia tri nho nhat tai di€ém x = %w +km,keZ,vbi a;b 1a cac

~ A a \ A ~ AN e .2 7 .7 .
sO nguyeén, 5 12 phan s8 t6i gian. Tinh gid tri S =a+ab’

= Loi gidi
v Tra 10i: 5

» TOAN TU TAM Trang 18
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» Cau 44.

» Cau 45.

» Cau 46.

» TOAN TU TAM

Ta cd: cos’x>0=>—cos’x<0<1-cos’ x<1
=Vl-cos’x <1< -3Vl-cos’ x >-3 < 1-3Vl-cos’x > 2 <y > -2.

l+cos2x

(Dau “=" xady ra < 1-cos’x=1<cos’x=0< 0

<:>cos2x=—1<:>2x=7r+k27r,keZ<:>x=%+k7r,keZ.J

Vay tai x = % +km, keZ thi y dat gia tri nhé nhat bang 2.

Khidé a=1b=2=5=1+2°=5

7 oA .7 . A 2 A7 A7 N A m-— 1 7 . A
C6 bao nhiéu gia tri nguyén cua tham s6 m dé ham s y = \/—— 2cos4x xac dinh trén
m
R.
= Loi giai
v Tra 10i: 2

béham s6 y = \/m_—l_ 2cos4x xac dinh trén R
m

<:>m—_1—2cos4x20,VxeR@m—_12cos4x21<:>m—_121<:>—1£m30.
m 2m 2m

Cé tat ca bao nhiéu gid tri nguyén cta tham s6 m e [—2024; 2024] dé ham s6

y= Jsin® x—2sinx+1-m xac dinh trén R?

= Loi giai
v Tra loi: 2025
Ham s8 xac dinh trén R khi va chi khi sin* x—2sinx+1-m>0,VxeR.
Pjt t:sinx:te[—l;l]
Luc nay ta di tim diéu kién cua m dé f(t) =t’-2t+1-m=>0,Vte [—1; 1] (1)
Tacod (1) I[I_llllljlf(t) >0 (2)

Xét f(t)=t-2t+1-m,te[-1;1], ta cd bang bién thién

Do do () -m>20<m<0.
Vi m e[ -2024;2024 | va meZ nén m e {-2024;-2023;...;0} nén c6 2025 gia tri ctia tham
sO m.
Goi M va m lan lwot 1a gia tri 16n nhat va gia tri nho nhat ciia ham sd
y=sinx+\/§cosx+3 .Tinh M+m.

= Loi giai
v Tra 10i: 6
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Tacd y=sinx+ 3Cosx+3:2[%sinx+gcosxj+3:2sin(x+§j+3
Do Vx:—lSsin(x+§jSl<:>—2£2sin[x+§js2<:>1£251n(x+§]+3£5 <1<y <s.

Vay m=mRiny:1 khix:—%r+k27r,(keZ) va M:mngxy=5 khi x:%+k27r,(keZ) nén

M+m=6.
» Cau 47. Trong cac ham s6 y =sin2x, y:tan‘x, y=tanx+cotx, y=2sinx+3 cé bao nhiéu ham
sO 1é?
= Loi giai
v Tra loi: 2

» Xét ham sO y =sin2x

TXD: D=R. Suyra VxeD=-xeD.

Ta co: f(—x) = sin(—Zx) =—sin2x = —f(x) .
Do d6 ham s6 da cho la ham sd 1é.

» Xét ham s6 y:tan‘x‘
TXD: D=R\{i%+kw,kez}. Suyra Vxe D=-xeD.

Ta cé: f(—x) = tan‘—x‘ = tan‘x‘ = f(x) .
Do d6 ham s6 d3 cho 1a ham sd chan.
» Xét ham s8 y = tanx + cotx

TXD: DzR\{%,keZ}. Suyra Vxe D= -xeD

Ta cé: f(—x) = tan(—x)+cot(—x) =—tanx—cotx = —(tanx+ cotx) = —f(x)
Do d6 ham s6 da cho la ham s0 1é.

» Xétham s6 y =2sinx+3

TXD: D=R. Suyra Vxe D= -xeD

Ta c6: f(—%)z2sin(%j+3:1 ; f(%]zZSin(%j+3:5

Nhan thay

Do d6 ham s& khong chdn khong 1é.
» Cau48. Tim chu ki tudn hoan cia ham 6 f(x)=tan2x (két qua dwoc lam tron dén hang phan
tram).
= Loi giai
v Tra loi: 1,57

Taco: f(x+§j:f(x), VxeD.

» TOAN TU TAM
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P T ,
Gia str c6 s0 thye duwong T < 5 thoa

f(x+T) = f(x) = tan(2x+2T) =tan2x ,VxeD (**)
Cho x=0= VT(**)=tan2T #0; VP(*)=0
= (**) khong xay ra véi moi x € D. Vay ham s6 da cho tuan hoan véi chu ky

T ="x1,57.
2

» Cau49. Cho ham s8 y =ksin(tx) v6i k,te R c6 d6 thi nhu hinh v&. Ham s8 ¢6 tap gié tri la

[a,b]. Tinh T=2a+6b.

)

VB M
1 !
0 L =
3 2 x
= Loi giai

v Tra loi: 2

™ 3

Vi ham s6 di qua cac diém O(0,0), M [E,TJ, A[%,Oj nén ta tim dwoc ham s6 da cho
lay= lsin(2x) .
2

Vi Vx:—lSsin(Zx)Sl nén —lslsin(2x)£
2 2

1
5
Ao s a1y ~ 1 11
Suy ra tap gia tri cia ham s0 la {—E,E} .
R -1 1
Vay T=2.—+6.—=2.
2 2
» Cau 50. SO gio ¢ anh sang ctia mot thanh phd A trong ngay thit ¢+ ctia nam 2024 duoc cho boi
mot ham s y = 4sin[%(t - 60)} +10, vdi teZ va 0<t<365. Vao ngay nao trong thang

5 ndm 2024 thi thanh phd A ¢6 s0 gio anh sang mat troi chiéu nhiéu nhat?

= Loi giai
v Trd 10i: 28
Vi sin| ——(£-60) | <1 4sin| ——(t-60) |< 4 < 4sin| ——(t-60) |[+10<14 & y <14.
178 | 178 178

Ngay c6 4nh nang mat troi chiéu nhiéu nhat khi y =14
s

1178

& sin| —(t-60) =1

& L (t-60)="+2kr, (k€ Z) & t—60=89+356k < t =149 +356k
178 2

Ma 0<t<365 < 0<149+356k <365

» TOAN TU TAM
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-149 54

< -149<356k<216 & ——<k<—
356 89

VikeZ nén k=0.

Véi k=0 thi t=149.

Nam 2024 la ndam nhuan nén thang 1, thang 3 va thang 5 c6 31 ngay, thang 2 c6 29 ngay,
thang 4 c6 30 ngay.

Vay ngay thtt 149 trong nam 2024 roi vao ngay 28 thang 5 .

Hét

» TOAN TU TAM
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Chuong 01

PHUONG TRINH LUONG GIAC

Ly thuyét

1. Khdi niém phuong trinh tuong ducng

-@Dinh nghia:

* Hai phwong trinh duoc goi la twong duong khi chiing c6 cung tap nghiém.
* Néu phuong trinh f (x) =0 twong duong vdi phuong trinh g(x) =0 thi ta viét:

f(x)=0<:>g(x):0

& o )
» D€ giai phuong trinh, ta bién doi phuong trinh d6 thanh mot phuwong trinh twong
duwong don gian hon. Cac phép bién d6i nhu vay duoc goi 1a cac phép bién doi twong
duwong.
» Ta c6 mot s6 phép bién déi twong duwong thuong st dung sau:

(1)  Céng hodc trir hai vé& cia phurong trinh véi cing 1 s8 hodc cing 1 biéu thirc ma
khong lam thay do6i diéu kién cua phuong trinh.

(2)  Nhén hodc chia hai v& ctia phwong trinh véi cling 1 s6 khac 0 hodc cing 1 biéu
thirc ludn c6 gia tri khac 0 ma khong lam thay d6i diéu kién ctia phuong trinh.

» D€ chi sy twong duong ctia cac phuong trinh, nguoi ta dung ki hiéu " < "
& J

2. Phuong trinh sinx = a

o
Xét phuong trinh sinx =a (1)
* Néu |g|>1 thi phuong trinh (1) v6 nghiém.

x =arcsina+ k2
* Néu |g|<1 thi phuong trinh (1) 6 nghiém[ "

(kez).

x =m—arcsina+ k2w

» TOAN TU TAM
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u=v+k2mw (keZ)

» sinu=sinv <
U=r—-ov+k2=w

» Truong hop dac biét:
1) sinx=—1<:>x=—%+k27r,keZ
(2) sinx=0&<x=kr keZ
(3) sinx:1<:>x:§+k27r,keZ

= [3°+k.360°
o (kez)
x =180°—[3°+k.360°

» Phuong trinh sinx =sin3° < [
&

3. Phuong trinh cosx = a
o
Xét phuong trinh cosx =a (1)
* Néu |g|>1 thi phuong trinh (1) v6 nghiém.

»  Néu |g/<1 thi phuong trinh (1) c6 nghiém X =arccosa+k2m (kez).

X =—-arccosa+k2mw

TN

u=v+k2mw
» COSU=COSU <=

u:—v+k27r'(kEZ)

» Trueong hop ddc biét:

(1) cosx:0<:>x=%+k7r,keZ

(2) cosx=lex=k2r,keZ

(3) cosx=-lox=r+k2n,keZ

= 3°+k.360°

x=0°+ ,( eZ)
X =—[3°+k360°

» Phuong trinh cosx =cos3° < {
\-

4. Phudng trinh tanx = a & cotx = a

o

Phuong trinh tanx =a cotx=a
Diéu kién x¢%+k7r véi keZ x#km v6i keZ
Nghiém x:arctan(a)+k7r,keZ x:arccot(a)+k7r, keZ
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%=tk hayv¢z+k7r
tanu =tanv < 2 2 kel

u=v+kr

uikw(hayv;tkw)
cotu=cotv < kel

u=v+kr
Truong hop ddc biét:
(1) tanx=0<ox=km,keZ (4>cotx:0<:>x=%+k7r,keZ
(2) tanx=1<:>x=§+k7r,keZ (5)cotx=1<:>x=%+k7r,keZ
(3) tanx:—1<:>x:—%+k7r,keZ (6)cotx:—1c>x=—%+k7r,keZ

Phuong trinh tanx =tan° < x = (3°+k.180°, ke Z
Phuong trinh cotx =cot3° < x=(°+k.180°, ke Z
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G?Cdc dang bai tap
—

R~ Dang 1. Phuong trinh sinx = a

1 -
— f’iﬂ._Phtm’ngphap ) \

Xét phuong trinh sinx =a (1)
» Néu ‘a| >1 thi phuong trinh (1) vO nghiém.

x =arcsina+ k2w

» Néu ’a‘ <1 thi phuong trinh (1) co6 nghiém [x I, k27r(k € Z) .
Chu y:
» sinu=sinv < u=uvtkan (keZ)

U=m—v+k2mr

» Trueong hop ddc biét:
(1) sinx:—1<:>x:—£+k27r,keZ
(2 sinx=0ox=kmr,keZ
(3) sinx=1<:>x=%+k27r,keZ

x = 3°+k.360°

» Phuong trinh sinx =sin§° < ,(k
x=180°—(3°+k.360°

EZ)

4 vidu11,

- Giai cac phuong trinh sau

NE

(1) sinx=—7 (2) sin(x—60°)
(3) sir13x=—i 4) sin(£+zj:—£
3 2 3 2
(5) 251n(3x+1) =1 (6) sir{sin(x+§ﬂ =0
= Loi giai

(1) sinx = —ﬁ
2

) 3 ) ) T
siny=——<&sinxy =sin| —— | <&
2 3

(2) sin (x - 60°)
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sin( x —60°) = % Rt sin(x —60°) =sin30°

x —60°=30°+k360° x =90°+ k360°
= ( IS Z) = ( IS Z) .
x—60°=150°+k360° x=210°+k360°
(3) sin3x = —g

Ta co sin3x e [—1;1] =sin3x = —g vO nghiém.

@) sin| X+ T :—ﬁ
2 3 2
sin £+— :—£<:>sin £+E =sin| ——
2 3 2 2 3
T Tk E:—2—7T+k27r x——4—7r+k47r
|2 3 o2 3 ) (keZ).
x mw 4r X
—4+—=—+k27 —=7m+k2mw x =27+ kén
2 3 2
(5) 2sin(3x+1)=1
1
2sin(3x+1)=1<sin(3x+1)=—.
(33-+1)=1 > sin(35-1) -1
wrl=Tekor | 3x=Tolekor | x=r oLy K27
= g =N 56 =N ;8 31 k; (keZ).
xr1=""rkor  |3x="Z_i+k2r  |x=L 42T
6 6 18 3 3

(6) sin{sin(x +§H =0
sir{sin(ﬂzﬂ =0 sin(x+£j = kw(k € Z).
3 3

Vi sin(x+§}e[—l;l] va keZ néntaco k=0.

:>sin[x+zj=0<:>x+£=k7r(keZ)<:>x:—z+k7r(keZ).
3 3 3
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R~ Dang 2. Phuong trinh cosx = a

o .1:7 1 )
= Phuwong phap )

Xét phuwong trinh cosx=a (1)
» Néu ‘a| >1 thi phuong trinh (1) v6 nghiém.

X = a+k2

» Néu ‘a| <1 thi phuwong trinh (1) co nghiém Areees " (k € Z) 5
X =—-arccosa+ k2w

Chu y:

u=v+k2mw

,(keZ)

» COSU=COSV <
u=-v+k2mw

M

Truong hop ddc biét:

(1) cosx:0<:>x=§+k7r,keZ
(2) cosx=1ex=k2r,keZ

(3) cosx=-lox=r+k2m,keZ

x = 3°+k.360° (kez)
x=—3°+k360°

M

Phuong trinh cosx = cos 3° < [

Vidu 2.1.

Giai cac phrong trinh sau

J2 2
(1) cos 3x—1 = N2 (2) cos(x-2)==
6 2 ( ) 5
(3) cos(2x+50°)=% (4) 2cosx=-1
(5) 2024.cos(x+30°)=2025 (6) cos(cos(x+2)):1
. Loi gidi
(1) cos(3x—£j=—£
6 2
Ta cd cos 3x—z :—Qccos 3x—Z :cos3—7T
6 2 6 4
3x—z=3—ﬂ+k27r x=ﬁ Kkam
N 6 4 (keZ)@ 36 3 (keZ).
T 37 I K27
3x—L =T i kor x=_T T
6 4 36 3

(2) Cos(x - 2) =

(NN )

14 2
Ta co cos(x—Z):g @x—Z:iarccos(§j+k27r = x:iarccos[%J+2+k27r (keZ).
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(3) cos (2x + 50°) =

N | —

Ta co cos(2x+ 50°) =% = cos(2x+ 50°) = co0s 60°

<

2x +50° =60°+k.360° x=5°+k.180°
(k IS Z) = (k IS Z)
2x +50° =-60°+k.360° x=-55°+k.180°

4) 2cosx=-1
, 1 2
Ta cbd 2cosx =—1 <:>cosx:—5<:>x:i?+k27r(kez).

(5) 2024.cos(x+30°) = 2025

Ta ¢6 2024.cos(x+30°) =2025 < cos(x +30°) = igii

>1 (vO nghiém).
(6) cos(cos(x + 2)) =1
Ta co cos[cos(x+2)] =l< cos(x+2) = k27r(k 5 Z)

Vi:—lScos(x+2)Sl nén k=0.

Khi do: cos(x+2)=0& x+2="+mr < x=——2+mn, (me).
2 2
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R~ Dang 3. Phuong trinh tanx = a va cotx = a

— ;? Phuong phdp )

Xét phuong trinh cosx=a (1)
Phuong trinh tanx =a cotx=a
Piéu kién x¢§+k7r véi keZ x#kr véi keZ
Nghiém x:arctan(a)+k7r,keZ x:arccot(a)+k7r, keZ
Chi y:
u# = +kr hayv¢z+kﬂ'
» tanu=tanv < 2 2 kel
u=v+kmw
u¢k7r(hayv¢k7r)
» cotu=cotv< kel
u=v+krw
» Truong hop ddc biét:
(1) tanx=0ox=kmr, keZ 4) cotx:0<:>x=%+k7r,keZ
(2) tanx:1<:>x:%+k7r,keZ (5) cotx:1c>x:§+k7r,keZ
(3) tanx:—1<:>x=—§+k7r,keZ (6>Cotx:—1<:>x:—%+k7r,keZ
» Phuong trinh tanx =tan§° < x = (3°+k.180°, ke Z
» Phuong trinh cotx =cot(3° < x=3°+k.180° ke Z
.
Viduy 3.1.
Giai cac phuong trinh sau
1) tan2x=tan277r (2) tangzx/g
(3) tan(3x—30°):—g 4) cot(4x—%J:\/§
(5) cotX 1| cotZ+1]=0 6) tan| Z—x |+ 2tan| x+ = | =1
2 2 2 2

= Lo gidi
(1) tan2x = tan277r

Ta co tan2x=tan277r<:>2x=277r+k7r <:>x=g+k%,keZ.

(2) tan% -3
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Ta co tanfzx/g<:>tan£=tanz<:>£=E+k7r<:>x=2—7r+k27r,keZ.
2 2 3 2 3 3

N

(3) tan(3x —30°) ==

, o 3 . .
Ta cé tan(3x—30 ):—T <:>tan(3x—30 ):tan(—30 )
< 3x-30°=-30°+k180° = x=k60°, ke Z.

4) cot(4x —%] -3

Ta c6 cot| 4x— = =\/§ o cot| 4x-Z =C0tz<:>4X—Z=Z+kﬂ'<:>x=l+k£,kez.
6 6 6 6 6 12 4

(5) (cotg—lj(cotg+lj =0

Dﬁuk@msm%¢0c>§¢m«:x¢meeZ.

X X cotle
Ta co (cot——lj(cot—+1}=0<:> 2 &
2 2 X
cot—=-1
2

(6) tan(z—xJ+2tan[x+zj=l
2 2

Ta co

tan(%—x}+2tan(x+gj:1 < cotx—2cotx=1 < cotx=-1 <:>x=—%+k7r, keZ.

Vay phuong trinh da cho c6 tap nghiém S = {—% +km, ke Z} .
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R~ Dang 4. Phuong trinh cé nghiém thuéc khodng - doan

o 1 1
= Phuwong phap )

Phuwong phap tim nghiém trong khoang, doan (a;b) hoac [a;b] hoac [a,'b) hoac (a; b]:

» Budc1:  Giai phuwong trinh (dwa vé phuong trinh co ban).
» Buéc 2:  Ung v6i mbi nghiém thudc khoang doan, tim diéu kién ctia cac s nguyén k

thoa man.
x=—"1kr
Vi du: O budc 1 ta tim dwoc ho nghiém .
x=""tkr
2

Véix=—z+k7r:a<—%+k7r<b—>k=?

Vc’rix=377r+k7r:a<377r+k7r<b—>k=?

» Bedc 3:  Két luan nghiém.

Vidy 4.1.
Giai phuong trinh luong gidc cosx =0 trén khoang (O; 27r) .

= Loi giai
14 7]-
Ta co: cosx:0c>x:5+k7r.

Do xe (0; 27r) nén < ke {0;1} . Vay phuong trinh c6 tap nghiém S = {E;E}

Viduy 4.2.
~ Tim nghiém ctia phurong trinh 2 sin(x + 40°) =3 trén khoang (—180°; 1 80°).
= Loi giai
2sin(x+40°)=+/3
x+40°=60°+k360° x =20°+k360°
essin(x+40°) =2 o (keZ) o (kez)
2 x+40°=120°+k360° x=80°+k360°
Theo dé bai:
—180°<20°+k360°<180°<:>—§<k<g:>k:0.

—180°<80°+k360°<180°<:>—%<k<%:>k=0.

Vay phuong trinh c6 hai nghiém x =20° va x =80°.
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Vidy 4.3.
Giai phuong trinh luong giac tanx =—1 trén khoang {0; 37”} .
= Loi giai
Taco: tanx=—1<x=—"+kn kel

Do xe 0;3—7T nén OS—£+k7TS3—7T<:>lSkS—<:>k:1
2 4 2 4 4

~

Vay phuong trinh c6 tap nghiém S = {31} .

~

[ Vidy 4.4.
Giai phuong trinh lwong giac cot[2x —%] =3 trén khoang {% ,%T} .
= Loi giai
Ta cé: cot| 2x—= :\/5 -k x:5—7T+k£, keZ
4 4 6 24 2

Do x e z;5—7r nén z£5—7T+kz£5—7r<:>l£k£§<:>ke{l;2;3;4}
2°2 2 24 2 2 12 12

Vay phuong trinh c6 tap nghiém S = {17” 29m 4lr 537r} .

247 247 247 24

Vidy 4.5.

Tim nghiém cua phuong trinh sindx__ 0 trén doan [27r ; 47r:|
cosx+1
= Loi gidi
Diéu kién: cosx #—-1< x # 7r+l27r(l e Z)
Khi d6 % _ 0 o sin3v =0 3=k (ke Z) < x =k~ (ke Z)
cosx+1 3

x=m2m

Két hop diéu kién ta dwgc: | x = % +mn (m € Z) .

_27
e=23/ v ur

Vi xe[27r;47r] nén xe{27r;7—7r;8—7r;10—7r;ﬁ},

33 3 3

» TOAN TU TAM




Chuong 01
HS & PHUONG TRINH LUQGNG GIAC

R~ Dang 5. B&i todn thyc té€ lién quan phuong trinh lugng gidc

—%Phuo’ngphap )

» Bwdc1:  Poc va hiéu ndi dung bai toan thuyec té da cho.

» Buwdc 2:  Phén tich bai todn d€ nhan dién bai toan thudc ndi dung kién thikc lién quan
dén ham sd luong giac, phwong trinh luwong giac nao.

» Budc 3: Dung kién thirc da hoc, giai bai toan va két luan nghiém.

Vidy 5.1.

S6 gio ¢ anh sang mat troi cia mot thanh phd A trong ngay th ¢+ ctia nam 2017 dugc

cho boéi mot ham s6 y = 4sin{%(t —60)} +10 véi teZ va 0<t<365. Vao ngay nao
trong nam thi thanh phd A c6 nhiéu gio c6 anh sang mat troi nhat?
= Loi giai

Vi ~1<sin| ——(£-60) | <1——>y =4sin| —(t-60) [+10<14.
178 178
Ngay c6 4nh sdang mat troi nhiéu nhdt < y =14 < sin {%(t - 60)} =1

@i(t—60)=£+k27r o =149 +356k.
178 2

Do 0<t£365——>0<149+356k£365@—%<k£%—"i>k=0.

V6i k=0——t=149 roi vao ngay 29 thang 5 (vi ta da biét thang 1 va 3 ¢6 31 ngay,
thang 4 ¢6 30 ngay, riéng doi véi ndm 2017 thi khong phai nam nhuén nén thang 2 c6 28
ngay hodc dya vao dir kién 0 <t <365 thi ta biét nam nay thang 2 chi c¢6 28 ngay).

4 vidys2.

Chiéu cao /i(m) ctia mét cabin trén vong quay vao thoi diém ¢ gidy sau khi bat dau
chuyén dong dugc cho boi cong thie h(t) =30+20sin (%t + %j . Sau 2 phut ké ttr khi
bat dau chuyén dong, Cabin dat do cao tdi da bao nhiéu lan?
. Loi gidi
Do sin| ——t+- |<1 nén h(t)=30+20sin| ——t+ [<30+20=50(m).
25 3 25 3

Diéng thitc xay ra <> sin KU =1<:>1t+z=z+k27r<:>t=£+50k(giéy).
25 3 25 3 2 6

V6i 0<t<120, ta cd Os2—65+50k$120<:>—%£k£163—09,do keZ=ke{0;1;2}. Vay Ca

bin dat d6 cao t5i da 3 Ian trong khoang thoi gian 2 phut tit khi bat dau chuyén dong.
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Luyén tap
r & 4
A. Cadu héi - Trd 10i tric nghiém
»Caul. Choham sd y=cosx cd do thi nhw hinh vé.

Nghiém cua phwong trinh cosx = —1trong khoang (O; 271') la:

A. x=0. B. x=7. C. x=2m. D. x=

N |3

= Loi gidi
Chon B
Dua vao do thi ta dé thay phuwong trinh cos x = —1c6 mot nghiém trong khoang (0; 27r) la
X=m.
» Cau2. Chohamsd y=sinx c¢é d6 thi nhu hinh vé.

147
) ‘K' Y B Lo~
2 :
—_ ! X
__________ L _%f\
-1
Nghiém cua phuong trinh sin x =1trong khoang (0;71') la:
A. x=0. B.x=m. C.x=—". D. x=—.
2 2
= Loi gidi
Chon D
Dua vao do thi ta dé thay phuwong trinh sin x =1 c6 mot nghiém trong khoang (0,' 7r) la
m
x=—.
2

» Cau3. Choham s y=cosx cd d6 thi nhw hinh vé.

————————— o B o et
i > |
in ' T >4 Tt | in
- - * - - - - . >
On in ) T - In 2z ™ X
P _— - | o = —
o —3— e 2- —— -2 - - -

Tap nghiém ctia phuong trinh cosx =1 1a?
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» Cau 4.

» Cau 5.

» Cau 6.

» Cau 7.

» TOAN TU TAM

A. x=kr(keZ). B. x=n+k2m(keZ).

Q.x:k27r(keZ). D.x:§+k27r(keZ).
= Loi giai

Chon C

Ta thdy dudng thangy =1 cat do thi y = cosx tai cac diém c6 hoanh d§ x = k27 (ke Z)
Nén tap nghiém ctia phuong trinh cosx=11a x = k27r(k € Z) .

Phuong trinh cosx =0 c6 nghiém la:

A.x=§+k7r (kez). B. x=k2r (keZ).

C.x:§+k27r (kez). D. x=kr (keZ).
= Loi giai

Chon A

Theo cong thite nghiém dic biét thi cosx =0 x = §+ kr (keZ).

Phuong trinh 2.sinx—1=0 co tap nghiém la

A.S= z+k27r;5—7r+k27r,keZ . B. S= z+k27r,'—2—7r+k27r,keZ .
6 6 3 3
C.S=1"4rom-"Tikon ket D.s=1likonkez!.
6 6 6
= Loi giai
Chon A
| - x:z+k27r
Ta co: 2.sinx—1=0< sinx =— <> sinx =sin— < (keZ)
2 6 S
x=?+k27r

\ 7T /4 A 2 4 - \
Phwong trinh cosx = Cosg co tat ca cac nghiém la:

A. x=2—7r+k27r(keZ) B. xziz+k7r(keZ)
3 3
C. x=i£+k27r(keZ) D. x:£+k27r(keZ)
3 3
= Loi giai
Chon C

Phuong trinh cosx = cos% & x= i§+k27r(k € Z)

A, 2 7 N 2 \ . . T \
Tat ca cac nghiém ctia phuwong trinh sinx = smg la

=" Lo x=" k2o
Al 3 (kez). B. (kez).
x=—§+k27r x=2?7r+k27r
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- x=—+km
C. x="+kr (keZ). D.| 3 (kez).
3 2T
x=—+km
3
= Loi giai
Chon B
A A e o . x=a+k2m
Ap dung cOng thitc: sinx =sina < (keZ)

x=m—a+k2mw

1
» Cau 8. Nghiém cua phuong trinh cosx = 5 la

A x=+21kor. B.x=+2+k2r. C.x=+1+k2wr. D.x=+>1kor.
2 3 4 6
= Loi giai
Chon B
x:£+k27r
’ T
Ta co COSX=COS§<:> (keZ).

x=—2ikom
3

2025
» Cau9. Phuong trinh cos2mx = 004 cO bao nhiéu nghiém trong (—7?; 7r)

A. 1. B. 0. C. 2. D. 5.
= Loi giai

5
>1 nén phuong trinh cos27x = vO nghiém.

» Cau 10. Nghiém ctia phuwong trinh 2cos(x —15°) -1=01la

[ x =75°+k360° x = 60°+ k360°
A. L keZ. B. ,
_x:135°+k360° x =—-60°+k360°
[ x =45°+k360° x =75°+ k360°
C. ,kel. D. , ke
| x=-45°+ k360° x =—45°+k360°
= Loi gidi
Chon D
2cos(x—15 ) 1—0<:>cos x 15° ):l<:>cos(x 15° ) cos 60°
- x—15°=60°+k360° x =75°+k360°
x—15°=—60°+k360° x =-45°+k360°"
» Cau 11. Giai phuong trinh cosng
A.x:i£+k27r (keZ). B.x:iz+k7r (keZ).
2 6
Q.x:iz+k27r (keZ). D. x=+ 21k (keZ).
6 3
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= Loi giai
Chon C

Ta co: cosx=—3<:>cosx:cosz<:>x=iZ+k27r (keZ).
2 6 6

Nghiém ctia phuong trinh cosx = cos% la

x="ykor x="t ko
(klez). B.| 2 (klez).
117 T
Xx=—-+I127 xX=——+27
12 12
C.x=-"—+k2r (keZ). D. x=1" 1 kor (kez).
12 12
= Loi giai
. xX=—+k2m
Ta cod cosx =cos— < 2 (k,leZ).
12 s
X=——+102m
12

Phuong trinh sin(Zx - gj =0 cd nghiém la

T km

A. x=kmkeZ. B.x=—+— keZ. C.x=%+k7r,keZ. D.x:§+k7r,keZ.
= Loi giai
Ta co sin[2x—§j:0<:> 2x—§:k7r,keZ <:>x:2+k77r,keZ.

Giai phuong trinh cosx =1.

A.xzk?ﬁ,keZ. B. x=kw, keZ.

C.x:%+k27r,keZ. D. x=k2r, keZ.
= Loi giai

Chon D

Tacd cosx=1<x=k27, keZ.
Phuong trinh 2sinx - J3=0c6 tap nghiém la:

A. {i%+k27r,keZ}. B. {i§+k27r,keZ}.
T S5t T 2m
C.i—+k2m,—+k2m,keZ;. D.{—+k2n,—+k2m,keZ.
6 6 3 3
= Loi giai
Chon D
\/5 x:£+k27r
2sinx-\3=0sinx="" | 3 (kez).
2 2m
x:T+k27T
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» Cau 16.

» Cau 17.

» Cau 18.

» TOAN TU TAM

Vay tap nghiém ctia phwong trinh la: S = {% + k27r,2?7r+ k2m, k e Z}

Toéng cac nghiém cuia phuong trinh 2 sin(x + 40°) =3 tréen khoang (—180°;180°) la
A. 20°. B. 100°. C. 80°. D. 120°.
= Loi gidi

V3

Ta co: ZSin(x+40°) = \/5 = sin(x+40°) = EX

Chon B

x +40°=60°+ k360° x =20°+k360°

o (keZ) o (kez)
x+40°=120°+k360° x =80°+k360°

Theo dé bai:

—180°<20°+k360°<180°<:>—§<k<g:>k=0:>x=20°.

—180°<8O°+k360°<180°c>—%<k<%:>k=0:>x:800.

Vay tong cac nghiém ctia phueong trinh la 20°+80°=100°.

Tim tong cac nghiém ctia phuong trinh cos(Sx —%j = cos(2x —gj trén [O ; W].

A HT B. 2T, c. Xr D. =
18 18 18 18
= Loi giai
Chon A
Ta co:
Sx— L =2x—~ k2 x:—1+k2—7r
cos| 5x— 2 | =cos| 2x - = | = 6 3 kel & 18 3 keZ.
6 3 T T T k27
Sx——=-2x+—+k27 X=—+—
6 3 14 7

Vi xe[O;w] nénta co:

2 2 1 1 11
+) Véi x=—1+—k 7T:>OS—1+—k 7rS7r(:)—£k£—9,do keZ=k=1nén x=—_.
18 3 18 3 12 18
2 2 -1 1
+) Véi x=1+k—ﬁz>0£1+k—7ré7r<:>—ﬁké—3,do keZ:>ke{0;l;2;3} nén
14 7 14 7 4 4

m 57 97 13«
XE T
14 14 14 14
o e o o Um m S 9n 137 477w
Tong tat ca cac nghiém la: —+—+—+—+—=——.
18 14 14 14 14 18

SO nghiém phuong trinh sindy__ 0 thudc doan [27?; 47r] la
cosx+1
A. 7. B. 6. C. 4. D. 5.
= Loi giai
Chon B

Diéu kién: cosx+1#0< x = m+k27.
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sin3x

Ta cod :O:>sin3x:O<:>x:k?7T(keZ).

cosx+1

So v6i diéu kién nghiém ctia phuwong trinh la x = k?ﬂ voi keZ, k# 3(21 + 1)

Vi 2r<x <41 & 2wsk§s4w@ 6 <k<12 nén ta chon k<{6,7,8,10,11,12}.

» Cau 19. Vi nhitng gid tri nao ctia x thi gid tri ciia cdc ham s8 y =sin3x va y=sinx bang nhau?

x=k2m -
A. keZ). B. x=k—(keZ).
x="1kom ( ) 4( )
4
. x=km
C.x=k—(keZ). keZ).
2( ) =Ty 1( € )
4 2
= Loi giai
Chon D
Xét phuong trinh hoanh d¢ giao diém:
) i 3x=x+k27m x = ke
sin3x =sinx < = T . (keZ).
3x=m—x+k2w x:Z+k5

» Cau 20. SO nghiém cua phwong trinh sinx =0 trén doan [0;7r] la
A. 1. B. 2. C.0. D. 5.
= Loi giai
Chon B
Tacod sinx=0<x=kr, keZ.
xe[O;w]@OSkaw@OSksl ma keZ nén k=0; k=1.Suyra x=0; x=m.

Vay phuong trinh sinx =0 c6 2 nghiém trén doan [0; 7r:| .

» Cau 21. Nghiém cuia phuong trinh sin [% - xj +1=0Ia

A.x=%+k27r,keZ. B.x:%r+k7r,keZ.
ks 5w
C.x=—?+k7r,keZ. Q.x=?+k27r,keZ.
= Loi giai
Chon D

sin| - x |+1=0<sin| Z—x =—1<:>z—x:—£+k27r<:>x:5—7r—k27r, keZ.
3 3 3 2 6
Véi keZ, x :5%+k27r cling la nghiém cuia phuwong trinh.

.2 .
» Cau 22. Tap nghiém ctia phuong trinh cos3x + smT7T =0 la

A. iS—WJrkz—ﬂ,keZ . B. iz—ﬁ+k2—7r,keZ i
16 3 9 3

» TOAN TU TAM
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» Cau 23.

» Cau 24.

» Cau 25.

» TOAN TU TAM

C. is—w+k2—7r,keZ . D. is—w+k2—7r,keZ .
9 3 12 3

= Loi giai
Chon A

Phuong trinh cos3x + sinz?ﬂ = 0,(1) co tap xac dinh D=R
(1) < cos3x = —sinz?7r < cos3x = coss?7T

<:>3x=i5%+k.27r,keZ

x:is—ﬁ+k2—ﬂ,keZ.
18 3

Trong cac phuong trinh sau, phwong trinh nao c6 nghiém?

A. cosx=3. B. sin2x=-2.
C. cos 2x—E =-1. D. cos(2x—1):ﬁ.
3 2
= Loi giai
Chon C

Phuong trinh long gidc co ban dang sinu =, cosu =a c6 nghiém khi va chi khi ‘a‘ <1

Phuong trinh nao sau day cé nghiém?

A. sin2021x-2=0. B. cos(2x+2021)=3.

C.sin’x+1=0. D. cos(2x+2021)=—1.
= Loi giai

Chon D

Phuwong trinh sinx=a va cosx =a c6 nghiém khi va chi khi ‘a‘ <1.
Dai chiéu cac dap an ta thdy chi cé dap an D la phuong trinh ¢6 nghiém.
Phuong trinh 2sinx++/3 =0 ¢ tdng nghiém duong nho nhat va nghiém am 16n nhat

b@“mg
A.4—7T. B. 27. C.Z. D. 7.
3 3
= Loi giai
Chon D

*Ta coO: 2sinx+\/§=0<:> sinx=—73=sin[—z

3

x=-2ik2m
j<:> 3 keZ.

x:4—7r+k27r
3

s St A A s
*Xeét x = —§+ k2w, k € Z ta dugc nghiém dwong nho nhét la x, = ?ﬁ va nghiém am 16n

nhatla x, =—§.
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4 1 \ A A 1g
*Xét x = Tﬂ +k2m, k € Z ta dwgc nghiém duwong nhé nhat la x, = il va nghiém am l6n
nhatla x, =——.
*So sanh x, va x, ta suy ra nghiém dwong nho nhat ctia phuwong trinh da cho la x, = 4?% .

So sanh x, va x, ta suy ra nghiém am I6n nhat cua phuwong trinh da cho la x, = —g.

*Tacd x, +x,=——+—=1.
3 3
2
» Cau 26. Nghiém ctia phurong trinh sin[x+%J:§sin[%J la
x =" +2kr X=—tkn
A. 1% . B. ?
eI ok =TT s
L 12 12
x=——"42kr x=—"tkn
C. 712 . D. 712
X=-—2 4 2kr x=-"tkn
L 12 12
= Loi gidi
Chon C

Bién d6i va giai phuwong trinh nhu sau:

w5 [3)
) V242 1

sSsin| x+— |=——=—
4 2 2 2
- - x+£=—+2k7r x——1+2k7r
< sin x+z =sin—= 4 IS 712 voi keZ.
x+zz7r—£+2k7r x=—7r+2k7r
4 6 12

» Cau 27. Tap nghiém ctua phuong trinh sin® x—2sinx+1=0 1a?

A.x:—%+2k7r,keZ. E.x=%+2k7r,keZ.

C.x:%+2hnkeZ. D.x:—%?+hnkeZ.
= Loi gidi

Chon B

Ta co: sir12x—2sir1x+1:0<:>(sinx+1)2 =0 o sinx=-1 @x:—%+2k7r voi keZ.

Hay x:%r+2k7r,keZ.

» TOAN TU TAM



Chuong 01
HS & PHUONG TRINH LUQGNG GIAC

» Cau 28. Cho phuong trinh sinx = 72 S6 nghiém cua phuong trinh trén doan {—g ; w} la?
A 2. B. 3. C. 4. D. 1.
= Loi gidi

Chon A

5 - x="12kr
Ta co: sinyx=— < sinx =sin— = 4 keZ.

2 4 3

X = T +2km

Dbé tim dwgc s6 nghiém ctia phuong trinh, ta ¢ thé st dung phuong phap dai s6 hodc
phuong phap st dung vong tron lwong gidc nhu sau:
PP1: Phuong phéap dai s6. (tham s6 ke Z)

Véinghiem x="+2kr e|-Tim | =T < i dkn<re-S<k<o
4 2 274 § 8

= k=0 teong tng x :% la nghiém duy nhat thu¢c doan [—% ; w} .

Véinghiem x="+2kre| - Tir | =T < i oknsr e S <k<t
4 2 274 8%

= k=0 teong tng x = 3% la nghiém duy nhat thudc doan {—%;w} :

2
Vay phuong trinh sinx = g c6 hai nghiém thudc doan {—g ; 7Ti| .
PP2: S&t dung vong tron lwong giac.
Trén truc sin, ta xac dinh 72 . Tte vi tri 40, ké duwong théng vuong goc voi truc sin.

Khi d6, hai giao diém duoc tao thanh 1a hai nghiém co ban cua phwong trinh.

/\\

-1, 1

cos

T
o[

-1

Quan sat thdy rang, trong doan tit {—% ;77} chi ¢6 hai giao diém tuong tng véi hai

nghiém.
» Cau29. Phuong trinh 3cos’ x+7cosx—10=0 cé nghiém 1a?
A.xzkg,keZ. B. x=n+2km,keZ. C. x=km,keZ. D. x=2km,keZ.
= Loi giai
Chon D

» TOAN TU TAM
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cosx=1
Ta co: 3cos’ x+7cosx—10=0 < 10 -
COSX =——
3
V6i cosx=1=x=2km voi keZ.

10
Véi cosx = 3 — Loai vi tap gid tri ctia cosx la [—1; 1] .

» Cau 30. Phuong trinh cos(2x + 30°) +sinx =0 céd nghiém la

[ x =60°+k180° x =60°+k360°
A. (keZ). B. (ke )
_x=40°+k120° x =-40°+k120
- k2w
x =30°+k360° =TT
C. ( eZ). D.|*T37 3 (keZ).
x=15°+k180°
L x=k2rw
= Loi giai
Chon B

cos(2x +30°)+ sinx=0< cos(2x +30°) =—sinx < cos(2x +30°) = sin(—x)
x =60°+k360°

x =-40°+k120° (
» Cau 31. Cho ham s8 y =sinx c6 d6 thi nhu hinh vé.

& cos(2x +30°) = cos(x + 900) &

EZ)

i x
o 57
2

Hay tim tap tat ca cac gia tri cia m d€ phuwong trinh ‘sin x‘ =m c6 nghiém?

A. -1<m<I. B. -1<m<0. C. -1<m<0. D. 0<m<1.
= Loi giai

Chon D

Do thi ham s6 y = ‘sin x‘ dugc suy ra tir &6 thi y =sin xbang:

+ Gilt nguyén phan do6 thi bén trén truc Ox.

+ Lay d0i xttng phan bén dwdi qua trucOx .

Ta dwoc d6 thi nhw hinh vé.

| &

Dua vao d6 thi ta thay phwong trinh ‘sin x‘ =m céd nghiém khi 0<m <1.

» TOAN TU TAM
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» Cau32. Tim tat ca cac nghiém cua phuong trinh

) . T . T . T
sin x. smg +Cos2x. sz = COSX.COS— +SIin 2x. cosz .

x="ykorm x:—7—7r+k27r
Al 12 (kez). B. 20 (kez).
x:—7—7r+ 2 x:1+k2—7T
L 36 3 36 3
x=5—7r+k27r x—7—7r+k7r
C 2 (kez) p.| 2 (kez)
6 3
= Loi giai
Chon A

. . LT T T . u
¢ Phuong trinh: sinx.sin 3 +C0s2x.sin— = cos x.cos —+sin 2x.cos —

LT T T . . T
< Cos 2x.s1nz —sin 2x.cosz = COSX. cosg— sin x.sin—

L (m T

& sin| ——2x |=cos| x+—
T T

< cos| 2x+— |=cos| x+—

2x+£:x+£+k27r x:1+k27r x=1+k27r
N 4 3 N 127 N 127 , (keZ)
2x+£:—x—£+k27r 3x:——7r+k27r x=——7r+k—7T
4 3 12 36 3

T T 2T
Vay phuwong trinh cé nghiém la x=—+k27, x=——+k— (ke Z).
ay p g trinh c6 nghiém la = T Y 3 ( S )

» Cau 33. Phuong trinh sin5x —sinx =0 cé bao nhiéu nghiém thudc doan [—20187r; 20187] ?

A. 20179. B. 20181. C. 16144. D. 16145.
= Loi gidi
Chon B
km
X =—
Ta co sin5x—-sinx =0 < sin5x =sinx < 2 (keZ).
T kTt
X =— -
6 3

4

Vi xe[—zolsn;zolsn] nén

+Voi x = kTTC ta céd —20187m < k77r <2018m < —4036 <k <4036. Suy ra c6 8073 nghiém.

+ Vi x:%ﬂ%‘ ta c6 —2018ns%+%”32018n o 120 2107 g0 e co 12108

2

nghiém.
Vay ¢6 8073+12108 = 20181 nghiém thudc doan [ -2018;20187 .

» TOAN TU TAM
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» Cau 34.

» Cau 35.

» Cau 36.

» TOAN TU TAM

Nghiém ctia phrong trinh sin8x —cos6x = NE) (sin 6x +cos 8x) la

v T
x=—+km xX=—+km

Al 4 (keZ). B.| 3 (keZ).
s T s
X=—+Kk_— x=—+k—
127 6 2
x="rkn x="4kn

c| 9 (keZ). p.| 8 (keZ).
T T T T
x=—+k— X=—+k—
72 9 3

= Loi giai
Chon A

Ta co sin8x —cos6x = x/g(sin 6x + Cos Sx) = sin8x—x/§cos &x = x/gsin 6x +cos 6x

_ N\ |8x-T=6x+rakar x=Ttkm

& sin| 8x—— |=sin| 6x+— | < = (keZ).
3 6 T 57 T km
8x——=——06x+k27 X=—+—
6 12 7

S6 gio co anh sang mat troi cia mot thanh phd A ¢ vi do 40° bic trong ngay thit t ciia mot
nim khong nhuén dugc cho boi ham s§ d(t)= 3sir{%(t —80)} +12 v6i teZ va

0<t<365. Vao ngay nao trong nam thi thanh phd A cé nhiéu gio ¢é anh sang mat troi
nhat?
A. 170. B. 171. C.172. D. 173.
= Loi gidi
Chon A
Ta c6 d(t) :3sin[l(t—80)}+l2 <3.1+12=15.
180

Vay thanh phd A ¢6 nhiéu gio c6 anh sang mat troi nhat khi
s s

sin| —(t-80)|=1< —(t-80

[180 ( )} g0t ~%)

Vi 0<t<365 nén 0<170+360k£365<:>—%<k£

%+k27rc>t=170+360k(keZ).

£:>k:0:>15:170.
72

Vay vao ngay thit 170 trong nam thi thanh phd A c¢é nhiéu gio c6 anh sang mat troi nhat.
Mot chiéc gudng nude c6 dang hinh tron ban kinh 2,5m; truc cua né dat cach mat nwéce
2m (hinh v&). Khi gudng quay déu, khoang céch i (mét) tir mot chiéc gau gan tai diém A
cua guong dén mat nuwdc duwoc tinh theo cong thic h= ‘ y‘ trong do

y=2+2,5 sin{27r(x —%H véi x 1a thoi gian quay ctia gudng (x > 0), tinh bang phtt (quy

wéc y >0 khi gdu ¢ bén trén mat nuwdc va y <0 khi gau ¢ dwdi nuwdce). Chiéc gau cach mat

nudc 2m lan dau tién khi nao?
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A. 4 phut. B. % phut. C. 2 phat. D. % phut.

= Loi giai
Chon B
Tacé h=2< |y|=2 < y==+2. Thdy khi gau dudi mét nude thi khoang cach tir gau dén

mat niede 16n nhat la 0,5m.
. 1 . 1 1 1 k
=>y=2242,5sin| 21| x—— | |=2&sin| 21| x—— | |=0 27| x—— |kt &S x=—+—
4 4 4 4 2
\ 1 k 1 A \ . o« A? A /4 ~
Ma x20:>Z+§ZO<:>k2—E. Do keZ:>ke{0,1,2,...}.Vay thoi diém gau cach mat

n pa LA . |
nudc 2m lan dau tién dat dwockhi k=0=> x= thut.

» Cau 37. Guodng nudc (hay con goi la con nudc) khong chi la cong cu phuc vu san xudt ndong nghiép,
ma da tro thanh hinh anh quen thudc ctia ban lang va la mot nét van hoa dac trung cua
dong bao dan toc mién nui phia Bac.

Mot chiéc gudng nuwde c¢d dang hinh tron ban kinh 3,5m ; truc ciia né dat cach mat nuwdce
3m. Khi guoéng quay déu, khoang cach h(m) tr mot dng dung nudc gan tai mot diém

cua gudng dén mdt nudc duwoc tinh theo céng thic h=‘y

, trong do
y= 3,55in(27rx—%)+3, véi x (phut) 1a thoi gian quay cua guong (x> 0). Hay chi ra gia

tri cia x nho nhat dé dng dung nudc cach mat nuwde 3m .

AL, B.2. c.l. D. ..
4 4 8 8
= Loi gidi
Chon A

bé dng dung nudc cach mat nuwde 3m, ta c6 phuong trinh:

» TOAN TU TAM
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3,55in(27rx—§]+3:3 sin[27rx—gj:0
=3 =
. T . s
3,581n(27rx—5]+3:—3 3,551n(27rx—5j:—

3,55in(27rx—§j+3

6
3,5

<-1(VN)

<:>27rx—§=k7r©x:2k4+1;keZ

3.5.7,
/4/414/"'

A=

Vi x>0 nén mot s6 gid tri cta x la:

, PV |
Vay gia tri nho nhat ctia x theo yéu cau bai toan la "
B. Cau hoi - Tra loi Ding/sai
» Cau 38. Cho phuong trinh sinx =a (1).
Ménh dé Pung | Sai
(a) | Néu a>1 thi phuong trinh (1) v6 nghiém.

(b) | Néu a=1 thi phwong trinh (1) c6 nghiém « :%+ kw,(k € Z).

A \ \ 7 N X =« + k27r
Néu —1<a<1 thi phuong trinh (1) c6 nghiém (k € Z)
x=m—a+k2r

(c)

voi a=sina.

Phuong trinh (1) c6 hai diém biéu dién nghiém trén duong tron
lwong gidc.

(d)

= Loi giai
(a) Néu a>1 thi phwong trinh (1) vd nghiém.
» Chon DUNG.

(b) Néi a=1 thi phwong trinh (1) c6 nghiém o =%+ kr,(keZ).

Néu azl:>sina:1<:>a:%+k27r,(keZ).

» Chon SAL

x=a+k27

(c) Néu —1<a<1 thi phwong trinh (1) cé nghiém (k € Z) voi a=sino.

Xx=m—a+k2w
» Chon DUNG.

(d) Phwong trinh (1) c6 hai diém biéu dien nghiém trén duwong tron lwong gidc.
» Chon SAL

» Cau 39. Cho phuong trinh luong gidc 2sinx — V2 =0. Khi d6:

Ménh dé Ping | Sai

(a) | Phuong trinh twong duwong v6i phuwong trinh sinx = sin% .

(b) | Phreong trinh cé nghiém la x =§+ k2, x = 377r+ k27r(k € Z) .

(c) | Phuong trinh c6 nghiém am 16n nhat la %

» TOAN TU TAM
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(d) | S6 nghiém cua phwong trinh trong khoang (—% ,%) la hai nghiém. ‘
= Loi giai
(a) Phwong trinh twong dwong vdi phwong trinh sinx = sin% .
2sinx—~2 =0 < sinx :72 & sinx = sin%.
» Chon DUNG.

(b) Phueong trinh c6 nghiém li x =%+ k2m; x = %ﬂ k2n(keZ).

x—z+k27r
ZSinx—x/E:O<:>sinx:sin§<:> g (keZ)
x=%+k27r

» Chon DUNG.
(c) Phwrong trinh c6 nghiém dm Ion nhit la %
Do x la nghiém am 16n nhét nén
Truong hop 1: x=%+k27r<0<:>k<%1:>k=—1:>x:_?T7T.

Truong hop 2: x=%+k27r<0<:>k<_?3:>k:—l:x:_?77r

Trong hai nghiém _?TW va _fTW thi nghiém am 16n nhat la _?-TW

/ AY 5
Phuong trinh c6 nghiém 4m 16n nhat 1a —f.

» Chon SAL

(d) S6'nghiém ctia phwong trinh trong khodng [—% ,%j la hai nghiém.

+) x="1k2r:Taco i<1+k27r<zc>_—3<k<l.
4 2 4 2 8 8

Ma keZ nén k=0: x:%
+) x:3—7r+k27r:Ta co _—W<3—7T+k27r<z<:>_—5<k<_—l.
4 4 2 8 8
Ma k € Z nén khong co gia tri nao ctia k thoa man.
Vay s6 nghiém cua phuwong trinh trong khoang (—% ’%] la mot nghiém.
» Chon SAL

. 1
» Cau 40. Cho phuong trinh lwong gidc sin2x = 5 (*) . Khi do:

» TOAN TU TAM
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Ménh dé Ping | Sai

(a) | Phuong trinh (*) twong duong sin2x = sin%

(b) | Trong khoang (O; 7r) phuong trinh c6 3 nghiém

(c) | Tong cac nghiém cua phuwong trinh trong khoang (O; 7r) bang 3%
Ly 11
(d) | Trong khoang (O; 7r) phuong trinh c6 nghiém 16n nhat bang 1—;
= Loi giai
(a) Phurong trinh (*) twong dwong sin2x = sin%
1 x 2x=""tk2n x="Z sk
sin2x = —— < sin2x =sin— 6 kez)y=| 12 (kez)
2 6 T T
2x =—+Kk2m X=—-+km
6 12
» Chon SAIL
(b) Trong khoang (0;7r) phwong trinh cé 3 nghiém
0< L tkn<n ~1 xX= 1
O<x<m= (keZ)<= = 12
™ k=0 T
O<—+km<m X=—
12 12

» Chon SAIL
(c) Tong cdc nghiém cua phwong trinh trong khodng (0;7r) bang 3%

lir _7r_ lr 7n_18n _3x

Véi x=—;x=—= +—= =
12 12 12 12 12 2
» Chon PUNG.
Wy 11
(d) Trong khodng (0;7r) phwong trinh cé nghiém Ion nhat bang 1—;
,. 117w T . 117 . o . ,
Véi x =——;x=——=>nghiém x = —— Ia nghiém |&n nhat trong khoang (O;w)
12 12 12
» Chon PUNG.
» Cau 41. Cho phuong trinh lwong gidc 2cosx = V3, khi dé:

Ménh dé Ping | Sai

(a) | Phuong trinh c6 nghiém x = i% +k2n(k € Z)

(b) | Trong doan [0;57%} phuong trinh c6 4 nghiém

. A . sy 2
(c) | Tong cac nghiém ctia phrong trinh trong doan [O; 57%} bang %

(d) | Trong doan [O;%T} phuong trinh cé nghiém 16n nhat bang B?W

» TOAN TU TAM
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= Loi giai
(a) Phwong trinh cé nghiém x = i% +k2m(k eZ)
Ta c6: 2cosx =+/3 < cosx :73<:> X :i%+k27r(k €Z).
» Chon SAI

(b) Trong doan {0;%} phwong trinh cé 4 nghiém

Vi xe[O;%T} nén xe{%;M;B—W}.

6 6
» Chon SAIL
~ , N » N 57 S 257
(c) Tong cdc nghiém cua phwong trinh trong doan 0;7 bang e
. m 1lm 13w m 11w 137 257
Voi xeq—;—;,—r=>—+ + = .
6 6 6 6 6 6 6
» Chon DUNG.
5w . [ N s 13T
(d) Trong doan 0;7 phwong trinh ¢ nghiém lon nhat bang o
Véi xe T UT BT ohiem 6n nhat 18 x= 27
6 6 6 6
» Chon DUNG.

» Cau 42. Cho phuong trinh sin(2x —gj = sin[x +3T7TJ (*) , vay:

Ménh dé bung | Sai
x=m+k2m
(a) | Pheong trinh c6 nghiém T 21 (keZ).
x=—+k—
6 3

(b) | Trong khoang (0;7r) phuong trinh cé 2 nghiém

(c) | Trong khoang (0;7r) phuong trinh c6 2 nghiém am

(d) | Tong cac nghiém ctia phwong trinh trong khoang (0; 71') bang 7%

= Loi giai
x=mw+k2mw
(a) Phwong trinh cé nghié¢m T,y 2n(keZ).
6 3

» Chon DPUNG.

. I 2x—z=x+3—7r+k27r x=m+k2m
Ta cé: sin| 2x—— |=sin| x+— | & 4 4 = . 2rx(keZ).

4 4 T +k—

s X =—
2x——=——x+k2m
12 6 3

» TOAN TU TAM



Chuong 01
HS & PHUONG TRINH LUQGNG GIAC

(b) Trong khoang (0;7r) phwong trinh cé 2 nghiém
» Chon DUNG.

Vi O<x<7r<:>O<7T+k27r<7r<:>—7r<k27r<0<:>_71<k<0

Vi O<x<7r<:>0<z+k2—7r<7r<:>—z<k2—7r<5—7T<:>—l<k<é
6 3 3 6 4 4

Do keZ nén ke{O;l}:>xe Z;S—W
6 6

(c) Trong khodng (O;7r) phwong trinh c6 2 nghiém am.
Trong khoang (0; 7r) phuong trinh khong ton tai nghiém am.
» Chon SAIL

T

(d) Tong cdc nghiém ciia phirong trinh trong khodng (0;7r) bang s

. m 5T T ST
Véi xed—,—r=>—+—=m
{6 6 } 6 6
» Chon SAIL
» Cau 43. Cho phuong trinh lwong giac 3 NE) tan(Zx —%) =0, khi do:

Ménh dé Ping | Sai

(a) | Pheong trinh c6 nghiém x = %+ %T, keZ.

(b) | Khi _TTT <x< 2% thi phuong trinh c6 ba nghiém

(¢) | Phuong trinh ¢4 nghiém am 16n nhat bang —%

(d) | Tong cac nghiém cua phwong trinh trong khoang (_TW ,2?7] bang %
= Loi giai
(a) Phwong trinh cé nghiém x =%+k77r,k eZ.
Phuwong trinh twong duong véi: tan(2x —%} =BBeox= §+k§,k €.
» Chon SAI
. T 2T X p o
(b) Khi e <x< 3 thi phwong trinh co ba nghiém

e 2 -7 w kr 27w ~Ir kmr =« -7 2
Vi XL — << e < —<——< k<=
4 3 4 3 2 3 12 2 3 6

Do keZ nén ke{—l;O} .
» Chon SAI

(c) Phwong trinh c6 nghiém am 16m nhat bang —%

» TOAN TU TAM Trang 18
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Véi k=1 thi xz%,vc’)’i k=0 thi ng.

» Chon SAI
A? 7 A 2 N 2 —T7r 27T N T
(d) Téng cdc nghiém cua phwong trinh trong khoang [T ,?j bang s
-T T T
Vay —+—=—.
Y6 T3 6
» Chon DUNG.

» Cau 44. Cho hai d6 thi ham s6 y = sin(x +§j va y =sinx, khi do:

M¢énh dé Ping

Sai

Phuong trinh hoanh d¢ giao diém cua hai d6 thi ham s6:

() ( WJ .
Sin x+z =SImmx

(b) | Hoanh d¢ giao diém cta hai d6 thila x = 3% +kn(keZ)

(c) | Khi xe [0; 27r] thi hai d6 thi ham s6 cit nhau tai ba diém

Khi x e [0; 27r] thi toa d¢ giao diém cua hai d6 thi ham s6 la:
A | (57 . 57\ (7n . I«
~—;sin~— |,| —;sin— |[.
8 8 8 8

(a) Phwong trinh hoanh dg giao diém ciia hai do thi ham s6: sin(x + %) =sinx

= Loi giai

Phuong trinh hoanh d¢ giao diém cua hai d6 thi ham s6:
» Chon PUNG.

(b) Hoanh dg giao diém ciia hai do6 thi la x = 3% +kn(keZ)
x+l=x+k2m

sin(x+1j=sinx@ 4 (keZ)o x =T+ kn(keZ).
4 s 8
x+Z=7r—x+k27r

» Chon PUNG.
(c) Khi x [ ;2 | thi hai db thi ham s’ cidt nhau tgi ba diéin
Vi xe[0;27r]:> xXe 3—7T,M .
8 8
» Chon SAI

(d) Khi x e [0; 27r:| thi toq dj giao diém cia hai d6 thi ham s6'la: (%;sin%},(%;sin %TJ .

Voi x:%:y:sin%zo,% voi xz%:yzsin%z—o,%.

» TOAN TU TAM
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Vay toa dd giao diém cua hai d6 thi ham s6 la: (% ;sin %},(% ;sin %) .
» Chon SAI
» Cau 45. Cho phuong trinh lugng giac 2 sin(x —%j ++3=0.

Ménh dé Pung | Sai

(a) | Phuong trinh twong duong sin(x — %J =sin [gj .

(b) | Phuong trinh c6 nghiém la: x = % +komx = Z—;H k2m (keZ).

(c) | Phuong trinh c6 nghiém am 16n nhét bing —%.

(d) | SO nghiém ctia phuwong trinh trong khoang (—7r;71') la hai nghiém.

= Loi gidi
(a) Phwong trinh twong dwong sin(x —%} =sin (gj
Ta c6 2sin| x—— +\/§:0<:>sin x- :—£<:>sin - |=sin| - =
12 12 2 12 3
-2 =T ko x=—" ko
ol 1203 (keZ) 174 (keZ)
x—lzw—(—£)+k27r x=—" ko
12 3 12
» Chon SAL

(b) Phiwrong trinh co nghiém la: x :%+ k2m; x = Z—;+ k2w (keZ).

Vay phuong trinh 6 nghiém la: x = —% k2m;x = 117—2” +k2n(keZ).
» Chon SAI

(c) Phwong trinh cé nghiém am 16m nhat bang —%.

s. 7]- ’ - A A s n/ \ 7-‘-
+Voi x:—z+k27r c6 nghiém am lén nhatla x=——

+Voi x = 117—27T+ k27 ¢6 nghiém am l6n nhatla x = —Z—;T

Vay phuong trinh c6 nghiém am 16n nhat bing —%.
» Chon DUNG.
(d) S0'nghi¢m ctia phwrong trinh trong khodng (—7r;7r) la hai nghiém.

+ Vi x=—2 1k co —7r<—£+k27r<7r<:>—§<k<§:>k=0:>x=—z.
4 4 8 8 4

» TOAN TU TAM



Chuong 01

+ Véi

HS & PHUONG TRINH LUQGNG GIAC

5

S6 nghiém ctia phuwong trinh trong khoang (—7r; 7r) la hai nghiém.
» Chon DUNG.
» Cau 46. Cho phuong trinh (2 cosx —1)(sin 2x— m) =0 (1) .

Ménh dé

x=17—7r+k27r co —7r<17—7r+k27r<7r<:>—§<k<——:>k:—1:>x=—7—7r.
2 12 24 24 12

Dung

Sai

(a)

X = 7% la mot nghiém ctia phrong trinh (1) .

(b)

x:£+k27r
3

Khi m =2 thi phwong trinh (1)<:> x:—§+ k2m (k,leZ)

x:£+127r
2

(c)

Khi m =1 thi tap nghiém ctia phurong trinh (1) c6 tat ca 4 diém biéu

dién trén duong tron luong gidc.

(d)

Ta co

Chi tim dwoc mot gid tri caa m d€ phuong trinh (1) c6 dang hai

nghiém thudc —1;3—7T .
4° 4
= Loi giai
x=Z+k27r
3
cosx:l (2) s
(2cosx—1)(sin2x—m)=0<:> 2 S|l x=——4+k27
sin2x=m ) 3
sin2x=m

(a) x= 7% la mgt nghiém ciia phwong trinh (1) .

Thay x = 7% phuong trinh (1) ta thay théa man nén x = 7% la mot nghiém cta phuong

trinh

(1)-

» Chon DUNG.

x:£+k27r
3

(b) Khi m=2 thi phueong trink (1) & | x=~Z+k2r (K l<Z)

x:£+l271'
2

x:£+k2ﬂ'

Khi m =2 thi phwong trinh (1) = 3 (k € Z)

» TOAN TU TAM

x=—2ikom
3
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» Chon SAIL

(c) Khi m =1 thi tdp nghiém ctia phwong trinh (1) c6 tit cd 4 diem biéu dién trén dwong tron lwong gidc.

x:z+k27r x:§+k27r

Khi m =1 phuwong trinh (1)<:> x:—§+k27r<:> x:—§+k27r.

sin2x =1

77
X=—+Ir
4

Do d6 tap nghiém ctia phuong trinh (1) c6 tat ca 4 diém biéu dién trén dudng tron
leong gidc.
» Chon DUNG.

(d) Chi tim dwoc mgt gid tri cia m dé phwong trinh (1) co duing hai nghiém thugc [—% ,3%}

» Cau 47.

Do phuong trinh (2) c6 mot nghiém x zg thudc (—% ,%T} .

Do d6 dé phuong trinh (1) c6 dang hai nghiém thudc [—% ,3%} thi phuong trinh

T 3T

sin2x =m c6 1 nghiém thudc (_Z ,T} khac % *

Tacod xe —1;3—7T =2xe —1;3—7T hay 2xe[0;27r]
4 4 22

Tt (*) suy ra m=1 hodc m=-1
» Chon SAI

Hang ngay, murc nude ctia con kénh 1én xudng theo thuy triéu. Do sau h (m) clia myrc ndc
trong kénh tai thoi diém t(h) (0<t<24) duoc cho boi cong thitc h =3cos (%t+§j +12.

Ménh dé Ping | Sai
(a) | B9 sdu ctia muc nudce trong kénh nho nhat béng Om.

(b) | D9 sdu ctia myrc nwdc trong kénh 1én nhat bang 15m .

(c)

Trong 1 ngay c6 dung 3 thoi diém ma d6 sau ctia muec nude trong
kénh dat gia tri 16n nhat.

(d) | DO sau ctia muc nuwde trong kénh tai thoi diém 12(h) bang 13m.

= Loi giai

(a) D siu ciia myec nwde trong kénh nhé nhat bang 9m.

Do sau ctia muc nudce trong kénh nho nhat khi cos (%t+§j =-1< %t + % = (2k + 1)7r

Tht ta thay ton tai t =4, ... théa man. Khi d6 d6 sau la 9m.
» Chon DUNG.

(b) D§ sau cua muec nwedc trong kénh lon nhat bﬁng 15m.

» TOAN TU TAM

Do sau ctia muc nudce trong kénh nhéd nhat khi
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Khi d6 d¢ sau la 15m.
» Chon DUNG.
(c) Trong 1 ngay cé diing 3 thoi diém ma dj sdu cuia myc nwéc trong kénh dat gid tri Ion nhat.
Do sdu ctia myc nwdce trong kénh nhé nhat khi
t=10
cos L :1c>7r—t+£: k2r <
6 3 6 3 t=22
Vay c6 hai thoi diém thdéa man d¢ sau 16n nhat.
» Chon SAL
(d) DG sdu ciia myec nwdc trong kénh tai thoi diém 12(h) bﬁng 13m.
Thay t=12(h)=h=13,5m.
» Chon SAI
C. Cdu héi - Trd 1oi ngin
» Cau 48. Ho nghiém phuong trinh leong gidc: cos(x +30° ) +1=0 cé dang x=a +k-b" (keZ), v6i
a;b la cac sO nguyén. Tinh gid tri S=b-a
= Loi giai
v Tra loi: 210
Ta co: cos(x+30°)+1 =0 cos(x+30°) =-1
< x+30" =180+ k360" (k e Z) < x =150" + k360’ (k € Z).
a=150

Vay phuong trinh c6 nghiém la: x=150"+k360 (ke Z)= {b 0= 5210,

» Cau 49. Phuong trinh luong gidc: tan(2x —%) = ? c6 ho nghiém dang x= T4 k% (k € Z) , VOi
a
a;b la cac sd nguyén. Tinh gid tri T = a(a + b)
= Loi giai
v Tra loi: 48

Ta cé: tan 2x—z :£<:>tan 2x—I :tanz
6 3 6 6

6:>T=6(6+2)=48

a
eu-"="tkreox="1+k (keZ)=
6 6 6 2
A N iy X . . . .
» Cau 50. Ho nghiém phuong trinh luong gidc: \/Etan7=3 codang x=a +k-b (keZ), vOi m;n

\ /4 ~ A \ m \ A ~ Ao L 7 L4 .
la cdc s6 nguyén va — la phan s tdi gian. Tinh gié tri P =m"
n
= Loi giai
v Tra loi: 8

Ta co: \/Etan%x =3 tan%x: \/5 = tan%x: tang

» TOAN TU TAM
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=2
T ke x=2+2k (keZ)=|" =P=2=8
2 3 3 n=3

» Cau 51. Phuong trinh 2 sin(x —%J +2=0 co6 bao nhiéu nghiém trén khoang (O; 27r)

= Loi gidi
v Tra loi: 1

Ta co: ZSin[x—%}rZ:O @sin(x—%Jz—l <:>x:—§+k27r, keZ
A ™ 1 7
Do xe(0;27r) nén 0<——+k27 <27 < —<k<— < k=1.
3 6 6
Vay phuong trinh ¢c6 mot nghiém x =5?7T.

» Cau 52. Cho phuong trinh cos(2x+§j = Cos [%—%J . Tim s0 nghiém thudc khoang [% ,8?%) cta

phuong trinh.
= Loi giai
v Tra loi: 5
2x+§=§—§+k2w x:1+k4_ﬂ—
cos| 2x+ L | = cos r_x = kel < 15 S ,keZ.
3 22 2x+ X =—| T2 kon x——5—7T+k4—7T
3 (2 2 9 3
4 4 1 1
+ Vi x=1+k—7r,tacc'): z<1+k—7r<8—7r<:>—<k<—3, keZ<:>ke{1; 2; 3}.
15 5 3 15 5 3 3 4
13 5 37
Truong hop nay c6 3 nghiém thoa man la: x=1—57T, xz?w, x=1—57T.
5 4 7 19
+ Véi x:—§+k?ﬁ,tu’0ng tur ta co6 2 nghiém thoa man la: x=§, szW.

Vay phuong trinh da cho c6 5 nghiém phan biét théa man dé bai.
» Cau 53. Cho phuong trinh cosx =sin3x. Tinh tdng cac nghiém thudc khoang (0 ; 27r) ctia phuong

trinh (Iam tron dén hang phin chuc).

= Loi giai
v Tra loi: 15,7
- x="_3x+k2r x=L4kL
cosx:sin3x<:>cosxzcos(5—3xj<:> 2 = 8 2, (keZ).

x=—z+3x+k27r x=z+k7r
2 4

1 1
+ Vi x=£+k£,tacé: 0<£+k£<27r<:>——<k<—5,v‘1 k eZ nén ke{O; 1, 2; 3}.
8 2 8 2 4 4

Cas . . N s Sm or 137
Khi d6, cdc nghiém théamanla: x=—, x=—, x=—, x=—-.
8 8 8 8
‘. m . oA , s T Sm
+Voi x :Z+k7r, twong tu ta c6 cdc nghiém thoa man la: x=—, x =

Vay tong cac nghiém thudc khoang (0 ; 27r) ctia phuong trinh da cho la:

» TOAN TU TAM



Chuong 01

HS & PHUONG TRINH LUQGNG GIAC

» Cau 54.

» Cau 55.

» Cau 56.

» Cau 57.

» Cau 58.

» TOAN TU TAM

T BT T ST s a5
8 8 8 8 4 4

Cé bao nhiéu gid tri nguyén cua tham sd m d€ phwong trinh cosx =m ¢6 nghiém?
= Loi giai
v Tra loi: 3
cosx =m conghiém < -1<m<1.Ma meZ:me{—l;O;l}
Cé bao nhiéu gid tri nguyén cua tham sd m d€ phwong trinh sinx—m =1 ¢6 nghiém.
= Loi giai
v Tra 1oi: 3
Tacéd: sinx-m=1<sinx=m+1.
biéu kién d€ phuong trinh c¢6 nghiém la: -1<m+1<1<-2<m<0.
Vay -2<m <0 thod man dé bai. C6 3 gia trji nguyén ctia tham s6 m
C6 bao nhiéu gia tri nguyén ctia tham s6 m dé phuong trinh 3sin’ x +sin2x —mcos’ x =0
c6 nghiém.
= Loi giai
v Tra loi: 1
3sin’ x+sin2x-mcos’ x =0 < (m—1)cosx =3m+2.
Trueong hop 1: m=1,cosx =2 (loai).
3m+2

Treong hop 2: m#1,cosx = )
g hop 1

‘3m+2

<le (Bm=-2) —(m-1) SO@?SmS%. C6 1 gid tri nguyén.
m_

C6 bao nhiéu gia tri nguyén ctia tham s6 m trong doan [—10;10] mtanx+2=m co
nghiém.

= Loi giai
v Tra 10i: 20

m
mtanx+2=m < tanx =——
m

biéu kién c6 nghiém: m =0.
Khi dé trong doan [—10;10] 6 20 gia tri nguyén ctia tham so m

Mot vé tinh bay quanh Tréai Dat theo mot quy dao hinh Elip (nhw hinh vé):
Ve tinh

Do cao h (tinh béng kilomet) cta vé tinh so vdi bé mét Trai Dat dwoc xac dinh boi cong
thiec h=550+450- cos%t . Trong d6 t la thoi gian tinh bang pht ké tit ltic vé tinh bay

vao quy dao. Nguoi ta can thuc hién mot thi nghiém khoa hoc khi vé tinh cach madt dat
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250km . Trong khoang 60 phut déau tién ké tir ltic vé tinh bay vao quy dao, hdy tim thoi
diém t d€ co thé thyc hién thi nghiém d6? (két qua lam tron dén chir s6' thdp phdan thir 1)
= Loi giai

v Tra 10i: 36,6

. ; 4 U 2
Ta c6 phuong trinh: 550+450-cos—t =250 < cos—t=——

50 50 3

t=36,61+k100

T r~2,34k2m
50 - ,
Lz—36,61+k100

T tx23+k2m
50

Vay trong khoang 60 phuat dau tién ké tir lac vé tinh bay vao quy dao, tai thoi diém
t~36,6 (phut) thi ta c6 thé thyc hién thi nghiém do.

» Cau 59. Mua xuan ¢ Hoi Lim (tinh Bac Ninh) thuong cé tro choi du. Khi nguoi choi du nhin déu,
cay du sé dua nguoi choi du dao dong qua lai vi tri can bang. Nghién cttu tro choi nay,
nguoi ta thady khoang cach 1 (mét) duoc tinh tir vi tri chdn nguoi choi du dén vi tri can

bé"mg duoc bidu dién boi hé thiee h = ‘d‘ vOi d =3cos [2(21‘ —1)} (t>0 va dwoc tinh bﬁng

giay), trong d6 ta quy wéc d >0 khi vi tri can bang & vé phia sau lung ngudi choi du va
d <0 trong treong hop nguoc lai.

Vi tri cdn bing

Hoi trong 3 giay dau tién, c6 tat ca bao nhiéu Ian nguoi choi du & cach vi tri can bang 1
mét?

= Loi giai
v Tra 1oi: 4

Nguoi choi cach vi tri can bang 1 mét khi 3cos {%(Zt - 1)} ==l

<:>sin{§(2t—l)}=§<:>1—cos[2?7r(2t—1)}:%c>cos[ 2t 1} =

27T(2t 1)=a+k2r =2 1k
3 ” _ 7 4r 2 2
= 5 viik € Z v cosa = 5 = 0 1 3k
7T(zif 1)=—a+k2m po_ S 1 3k
4r 2 2
Trong 3 gidy déau tién ing v4i 0<#<3:
+)th—3—0‘+l 3 o3 L3k 5 -0,73<k<1,27=ke{0;1}.
Ar 2 2 Ar 2 2
+)V01t——3—0é+l ELS thi 0<_3_a+l %<3:>006<k<2 06:>ke{1 2}
Ar 2 2 Ar 2 2

Vay trong 3 giay dau tién, c 4 lan ngudi choi & cach vi tri cAn bang 1 mét.

» TOAN TU TAM
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» Cau 60.

» TOAN TU TAM

Trong mon cau 16ng, khi phat cau, nguoi choi can danh cau qua khoi lwéi sang phia san
doi phwong va khong dwgc dé cho cau roi ngoai bién.
Trong mat phang toa d6 Oxy, chon diém c6 toa d6 (O;y,) 1a diém xuat phét thi phuong

trinh quy dao cua cau 16ng khi roi khoi mat vot la:
2
__ &8

Yy 2

_—2-03 cos’a +x-tan(a)+y0

Trong do:

» g 1a gia tdc trong trudng (thwong duoc chon 1a 9,8m /s );

» « la gbc phét cau (so véi phwong ngang cua mat dat);

» v, 1a van toc ban dau cta cau;

» y, la khoang cach ttr vi tri phat cau dén mat dat.

Pay la mot ham s6 bac hai nén quy dao chuyén dong cuia cau 16ng 1a mét parabol. Mot
nguoi choi cau 16ng dang ding khoang cach tit vi tri nguroi nay dén vi tri cau roi cham
dat (tam bay xa) la 6,68m . Quan sat hinh bén dudi, hoi ngwoi choi da phat cau goc
khoang bao nhiéu d6 so v4i mat dat? Biét cau roi mat vot ¢ do cao 0,7m so vdi mat dat;
van tdc xuat phat ctia cau 1a 8m/s; nguwedi choi khong phét cau quéa 50° va bo qua stic
can ctia gié va xem quy dao ctia cu luén nam trong mat phang phang ding).

Voa

—

xjd‘\

0,7 / )

me€---- —-g.x"

’ _1r=%+tnn(m)_\-+yu
2508 o

> X

o diém cham ddt
= Loi giai
v Tra loi: 30
Vé6i ¢=9,8m/s’, van téc ban dau v, =8m /s, phuong trinh quy dao cta cau:
_g . xz

y=——"———+tan(a) - x+y,

2-v;-cos”
Khoang cach tt vi tri nguwoi nay dén vi tri cau roi cham dat (tam bay xa) la 6,68m ; nghia
la x=6,68m.

~9,8-(6,68)"

Tacd — +tan(a)-(6,68)+0,7=0
2
= M(Hmﬁ a)+tan(a)-(6,68)+0,7=0

128

tana ~1,378 a~54,04
=

tana ~ 0,576 a~29,97

Vay nguoi choi da phat cau mot géc gan 54° hodc gan 30" so v4i mat dat.

Hét
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