s& GIAO DUC VA PAO TAO KY THI TUYEN SINH VAO LGP 10
NGHE AN TRUONG THPT CHUYEN PHAN BOI CHAU
NAM HQC 2024 - 2025

P2 thi chinh thirc

Mon thi: TOAN ‘
Thoi gian lam bai: 150 phut, khéng ké thoi gian giao dé

Ciu 1 (6.0 diém).
a) Giai phuong trinh x* —6x* —20x—24 =0.
2 2
yV=(y+2)x+y-2=0
b) Giai hé phwong trinh
(2—x)(3y—4x+4)=2(2y +1)y2y +1.
Ciau 2 (3.0 diém).

a) Cho x, y, z 1a cac sb nguyén théa man déng thirc xy — yz— zx = 3. Ching minh
A=(x* —2xz~3)(y* —2yz—3)(~2z* - 3) 12 mét s chinh phuong.

b) Tim tit ca cic nghiém nguyén ctia phuong trinh 3x* + 73xy + 2025 = 3)°
Ciu 3 (2.0 diém). Cho a, b, ¢ 14 46 dai ba canh ciia mdt tam gidc cé chu vi bang 8 théa

1 1 1 5 : 2 . .2
méan + + =—. Tim a4 tri l6n nhat caa biéu thirc
a+b—-c a+c—b b+c—a 4 &

__(4=a) (4-0) (4-c)
" (4-b)(4-c) +(4—c)(4—a)+ (4—a)(4-b)

Céu 4 (7.0 diém). Cho tam gidc nhon ABC c6 AB < BC < CA4, ndi tiép duomg tron (O).

Céc dudng cao AD, BE va CF cua tam gidc ABC cit nhau tai H. Tia 4D cét dudng tron
(0) tai diém G, tia GE cét dudng tron (O) tai diém I (G khac 4 va I khac G). Goi J
la giao diém cia BI va EF, K 1 giao diém ciia O4 va EF.

a) Chimg minh HF.CE.BC = HC .BF .EF.

b) Chimg minh JE = JF va HJ//DK.

¢) Goi P la diém d6i ximg v6i O qua dudng thing CF, O la diém dbi ximg véi O
qua dudng thing BE va N 1a trung diém cua doan thing PQ. Chimg minh NJ L EF.
Ciu 5 (2.0 diém). Cho lyc gidc déu c6 canh bing 6cm. Hoéi co thé dit vao trong luc gidc d6
7 hinh tron c6 ban kinh bing 2cm, sao cho bét ki hai hinh trén nio trong 7 hinh trén d6

khéng c6 diém trong chung ?
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a) Giai phuong trinh z* — 622 — 202 — 24 = 0.

gy — Y+ 2zt Fy—2=0,

b) Giai hé phuong trinh { (2 — 2)(3y — 4z + 4) = 2(2y + 1)y F 1.

Lai giai.
a) Ta bién d6i phuong trinh nhu sau
gt — 62 — 200 —24 =0 (2* — 20— 6)(2* + 20 +4) =0
S -20-6=0Viz* +22+4=(x+1)*+3>3>0)
<:>x:1—\/7, z=1+V7.
VAy tAp nghiém ctia phuong trinh 1a = € {1+ /7,1 — V/7}.

b) Ta ky hiéu
vy = (y+2a2*+y—-2=0, (1)
(2—2)By—4x+4)=22y+1)V2y+1 (2).

Ta bién d6i phuong trinh (1) nhu sau
v = (y+2r° +y—2=0& (y+2)(y —1-2?)
sye{-21+2%}

\ 1
=y=1+z? <V1y>—§>-

Thay y = z + 1. Thay vao (2), ta co:

(2) & (2—2)(32* — 4o+ 7) = 2(22% + 3)V 222 + 3(3)
Ptz — 2 = a,v/22% + 3 = b (b > /3). Ta bién d6i (3) nhu sau

(B)e (2-2)(z—2)*+22°+3) =2(22° + 3)V222 + 3

S —a (a2—|—b2) = 20?

& a®+ab* +20° =0

& (a+0b)(a* — ab+2b%) =0

Sa+b=0 (ViaQ—ab—l—2b2>b2>0.)

Sr—2+V22+3=0

= (r—2)> =222 +3

St tdr—1=0

@xe{—2—\/5,\/5—2}
= (z,y) € {(—2—\/5,10+4\/5),(\f—2,10—4\/5)}.

Thtt lai cc nghi¢m trén déu thda man.
Vdy tat ca cdp (z,y) thod man 1a {(—2 — /5,10 + 4v5); (V5 —2,10 —4V5)}.

@



NGUYEN NHAT HUY — VO TRONG KHAI

a) Cho z,y,z la cdc s6 nguyén thod méin ding thic zy — yz — zz = 3. Ching minh
A= (2% — 2wz — 3) (y* — 2yz — 3) (—2% — 3) la moét sO chinh phuong.

b) Tim tit ca cac nghiém nguyén clia phuong trinh 323 + 73zy + 2025 = 3y3.
Loi giai.
a) Thep gia thiét, thay 3 = 2y — yz — zx vao biéu thiic, ta c6 bién déi nhu sau
A= (mz —2xz — 3) (y2 — 2yz — 3) (—z2 — 3)
= (mz—xz—xy—l—yz) (y2—yz—xy+zx) (—22 —xy+yz+zm)

r—2)(x—y)(y—2)(y—2)(r—-2)(z -y

=
= ((z—y)(y—2) (z —2))".

Viz,y,zlacac s6 nguyén nén (z — y) (y — z) (z — z) 12 sb nguyén.
Do do6 A la so chinh phuong. Bai toan dudc chitng minh.

b) Gia st ton tai x,y nguyen thoa man bai toan.
Dit y = = + d ta bién d6i phuong trinh nhu sau

32° + T3xy + 2025 = 3y® < 3 (3d’z + 3da” + d*) = T3x(x + d) + 2025
& 2%(9d — 73) +  (9d° — 73d) + 3d® — 2025 = 0.

Xem nhu phuong trinh bic 2 4n z, ta xét biét thitc A

— (9% — 73d)” — 4(9d — 73)(3d° — 2025).
= (9d — 73) (d*(9d — 73) — 4 (3d*> — 2025))
= (9d — 73) (—3d® — 73d® + 2025 - 4)

= (9d — 73)(9 — d) (3d*> + 100d + 900) .

3 3
Thay vao phuong trinh, ta dudc

2 .
V13d2+100d+900—3(d+50) +ﬂ>0maA Otadu0c§ d<9suyrad=09.

9
8x2+72x+162:0<:>x=—§¢z.

Vay phuong trinh vo nghiém nguyén.
\%

Y b) 1a bai s6 hoc hay, tuy nhién vi s6 qua 16n ning tinh tinh toan cling nhu khi xét dong
du sé phai chia qua nhiéu truong hop nén khéng phu hop. Ta c6 bai toan tuong tu sau 6
trang 394 trong sach "Mét so chu dé So Hoc - Hu'éng téi ky thi HSG & Chuyén Todn

Tim cac sb nguyén z,y thda man z® = 443 + 22y + y + 1. -

®



LGOI GIAI DE THI TOAN VAO LGP 10 CHUYEN PHAN BOI CHAU 2024

Cho a,b,c 13 d6 dai ba canh clia mot tam gidc c6 chu vi bang 8 thod méin

—— + —— + 77— — 2. Tim gi4 tri 16n nhét cta biéu thic
b @-—aP (b (4cp

A—0{d—0 (@d-—0l—a  G—a@—b

Loi gidi. Via,b,cla d dai ba canh ciia mét tam gidcnéna <b+c, b<a-+ec, ¢ < a-+cva
a+b+c=8néntadudca,b,c<4.Patx =4—a, y=4—-0, z=4—csuyrax+y+z=4
va 4 > x,y,z > 0 viét lai gia thiét thanh

1 1 1 5) L 1 1 zytyz+zx 5

=- &
a+b—c+a+c—b+b+c—a 4 oy oz TYz 2

Bién ddi biéu thtc ta duge

p__ (4-ap (4-b’ | (e
S (4-b)d—c) (4—c)d—a) (A—a)(4—0b)
2 2 2
Yyz T2 Ty
(Hy+2P =3 +y+2)(zy+yz+ zx) + 3zyz
N TYZz
_ 5y
TYz

Ap dung bét dang thitc Cauchy — Schwart

5 1 1 1 4 4
S_l_42s - & (z2—2)(52—-4) <0
2 =z x+y r+y 44—z (z=2)(52—4)
4
&S -<z2<2
5)
Tuong tu, ta dudc
4
_< » I <2
3 T, 2
e \ \ 5
Khidd, (2—2)(2—y)(2—2)>0va (be —4)(by —4)(bz—4) > 0vazy +yz + 2z = STy ta
dudc
2<x z<256
STES 105

. 7 17 .7 . 17 A 2 A M 2 2 .
Khi d6 ta dugc — < P < 5. Gia tri 16n nhat cua P = 5 dau bang xay ra chang han khi
(z,y,2) = (1,1,2) hay (a,b,c) = (3,3, 2). \Y

O bai toan nay khong nhiing ching ta 6 thé tim dudc gia tri 16n nhit ma con c6 thé tim

dudc gia tri nhé nhit cta P = " théng qua cach lam nay véi ddu bang x4y ra chang
. 4 8 8 16 12 12

han khi (z,y,2) = < —) hay (a, b, c) = ( ) :

55 555
—



NGUYEN NHAT HUY — VO TRONG KHAI

Cho tam gidc nhon ABC c6 AB < BC < CA, noi tiép dudng tron (O). Cac
dudng cao AD, BE va C'F clia tam giac ABC cat nhau tai H. Tia AD cit dudng tron
(O) tai diém G, tia GE cat dudng tron (O) tai diém I (G khac A va I khac G). Goi J 1a
giao diém ctia BI va EF, K 14 giao diém cta OA va EF.

a) Ching minh HF -CFE - BC = HE - BF - EF.
b) Chtng minh JE = JFva HJ || DK.

¢) Goi P 1a diém dbi xting v6i O qua dudng thing CF, Q 1a diém dbi xting véi O qua
duong thang BE va N la trung diém cta doan thang PQ. Chitng minh NJ L EF.

L&i giai.
a) Tacé BFC = BEC = 90°, din dén tt gidc C EF B ndi tiép, suy ra

HEF = HCB,FBH = ECH.

A » .+« FPF HF
Tu day tla su;z ra AHEF ~ AHBC(g.g) dan dén BC = OB
Ta c6 bien doi sau
EFF-HB=BC-HF = FF-HB=BC-HF
= HF -BC-CE=FF-HB- -CE.
Do d6 dé€ hoan tat chiing minh, ta cin chi ra

EFF-HB-CE=HC-EF-BF < HB-CE=HC - BF.

®



b)

)

LGOI GIAI DE THI TOAN VAO LGP 10 CHUYEN PHAN BOI CHAU 2024

. HB H
Ta cing c6 AFHB ~ AEH(C(g.g) suy ra ¢

BF = gp hay HC - BF = CE - HB.

Bai toan dudc chiing minh.

Goi R 1a trung diém AH, J' 14 trung diém EF. Vi AFH +AFH = 90° +90° = 180° nén tl
gidc AEHF ndi tiép, din dén BAH = BEF suyra ABAH ~ ABEF(g.g).

Khi do, ta dugc
BH BF _BH BF

= = =
HA FFE HR FJ’
ma BFJ = BHR, nén ABF.J' ~ ABHR(c.g.c) suy ra RBH = ABJ'. Ta c6

HA-HD=HB-HE = 2HR-HD = HB - HE
— HR-HG=HB-HE (Vi H,G dbi xting v6i nhau qua Bc).

T day ta 6 RBGE ndi tiép, din dén
ABJ = RBH = HGE = AGI = ABI = ABJ,

do @6 J = J/, Hay J 1a trung diém EF. Goi T 1a truc tAm tam gidc AEF. Ta c6 HETF 1a
hinh binh hanh, 7" thuéc AO. Ta cling c6 AAEF ~ AABC(c.g.c). Tu day suy ra

Al _ AT
AD  AK’
Theo dinh ly Thales déo, ta dugc HT || DK hay HJ || DK. Bai toan dugc chting minh.

Goi giao diém ctia HB, HC véi (O) lan lugt 1a B/, C". OP cit C'F tai M, OQ cit BE tai L.
Goi X, Y lan lugt la trung diém cia AC, AB. Lic nay ta c6

OY:FM:CTH;»CM:CF—FM:CF—CTH
:FH+CTH
_oH cH
2 2
ele
=

Vi vay M 1a trung diém CC’, tuong tu L 13 trung diém BB'. Lai ¢6 NL la dudng trung
N\ 7 I, . i 2 L[4 P \ N\ ~ n
binh ttng vdi dinh @ cua tam giac QPO suyra NL = OT = MO; LEXO la hinh chtt nhat

suyra LE = OX vALE | OX,LN | OM = NLE = MOX.
AC’

Tu day ta suyra ANLE = AMOX (c.g.c)suyra NE = MX = 5

/

. AB" [ TSR TvE 4R 4k \
Tuong tu thi NF' = 5 Mat khac ABE = ACF dan dén AB’ = AC’, hay NE = NF va
ta rat ra dugec NJ L EF.

\Y



NGUYEN NHAT HUY — VO TRONG KHAI

Cho luc gidc déu c6 canh bang 6¢m. Héi cb thé dit vao trong luc gidc dé 7 hinh
tron c6 ban kinh bang 2c¢m, sao cho bat ki hai hinh tron ndo trong 7 hinh tron dé khéng
c6 diém trong chung ?

E D

L&i gidi. Ta chitng minh két qua ctia bai toan 1 ph dinh, that viy

Xét hinh luc gidc déu ABCDEF, tdm O c6 canh bang 6. Gia st ¢6 thé dit vao trong hinh luc
gidc d6 7 hinh tron ¢6 ban kinh béng 2.

Ly cac diém A;, By, Cy, Dy, By, Fy trén OA, OB, OC,0D,OFE, OF thda man:

OA, = OB, = 0C, = OD, = OFE; = OF, = 3,9. Goi O; 1a tAm cta duong tron thit i. Ky hiéu
S 1a viing dién tich dudc tao bdi cac diém A, A,, B, By, - - - , F, Fi(dudc t6 béi mau xanh lam).
Nhan xét. O; khong thudc S véimoii =1,2,---,7.

Chitng minh. Gia stt ¢6 O, thudc S, va O; thudc mién ABB; A,. Lic nay, ta cb

d(Ol, AB) = d(AlBl, AB) < AAl sin 60° < 2.
(ky hiéu d(AB, A, B) la khoang cach gifta 2 dudng thing AB, A, By).
Dan den (O, 2) khong nam tron ven trong luc giac ABCDEF (vo ly).

Tai vi (0;,2), (O;,2) khong cé diém trong chung véi moi 4, j nén ta c6 O,0; > 4 v6i moi i, ;.
Ta chia hinh luc gidc A, B;C, D Ey F, thanh 6 hinh tam gidc déu ¢ canh bang 3,9

OAB,,-- ,OFA,.

Theo nguyén 1y di-rich-1é, ton tai O;, O, cling thudc 1 hinh tam giac, gia st 1a OA; B;.
Luc nay, 4p dung dinh ly c6sin cho tam giac 00,0, ta c6

0;0? = 00} + 00? — 2 cos 0,00, - 00; - 00; < 00? + 00? — 00; - 00;.(1)
DE chi ra diéu v Iy, ta diat 00; = z, 00; = y(z,y < 3,9). Luc nay
2?4y —ry <3,92+ 3,9 —ay =3,9° — (z —3,9)(y — 3,9) < 3,9

Tit day két hop véi (1) va 0,0; > 4. Ta suy ra 42 < 3,92(v0 Iy).
Ta c6 diéu phai chiing minh. \V,

@
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