SO GIAO DUC VA PAO TAO KY THI TUYEN SINH LOP 10 THPT CHUYEN NGUYEN TRAI

HAI DUGNG NAM HOQC 2024 — 2025
: Moén thi: TOAN (Chuyén)
DE CHINH THUC Nagdy thi: 03/06/2024

Thoi gian lam bai: 150 phiit, khong tinh thoi gian phdt dé
(Dé thi c6 01 trang)
Céu 1. (2,0 diém)
2x—1++/x N 2x3/x +x—/x (x—\/;)(l—\/;)
1-x xvVx +1 ' 2\/; -1

NP -1
Tim céc gia tri cia x sao cho 4 <7.

I.Chobiéuthl’rcA:{ -1, VdixZO,x#I,x#i.

2. Cho a,b,c 1a cac sb thuc duong théa man a+b+c+2+vabc =1. Tinh gié trj bidu thic
P =\Ja(1-b)(1—c) +b(1-c)(1-a) +Jc(1-a)(1-b) —Jabc +2024

Céu 2. (2,0 diém)

X437 +4x+2=) +y

4x+6\/x—1+7:(4x—1)y

2. Cho x, v,z 1a cac sb thuc thoa man diéu kién x+ y+z =0. Ching minh rang:
2x—1 N 2y—-1 2z-1 S -3

+ 2 .
X’ +2 P42 42 2

1. Giai hé phuong trinh : {

Céu 3. (2,0 diém)
1. Tim tat ca cac s6 nguyén duong x, y thoa méin (x2 —x—l)(y2 +xy —9) =2x+1.

2. Cho sé nguyén té 1¢ p va sb nguyén duong a théa man: a” —1 chia hét cho p*. Ching minh ring
a—1 chia hét cho p*.
Céu 4. (3,0 diém) Cho duong tron (O) c¢b dinh va diém 4 c6 dinh trén (O), cac diém B,C thay ddi trén
(0) sao cho B,C khong tring 4 va AC < BC.Diém M trén doan BC sao cho MAC = ABC. Goi / 1atam
dudng tron noi tiép tam giac ABC va BI cit AC tai D.Goi J 1a tAm duong tron ndi tiép tam giac MAC .

1. Chiing minh rang hai tam giac CJM va CI4 dong dang.

2. Goi P la giao diém khac I cua duong thang CI va dudng tron ngoai tiép tam giac AID, duong
thang PM cat duong thang JD tai N . Ching minh rang bon diém N,M,J,C thudc mot dudng tron.

3. Goi T 1a tam dudng tron ngoai tiép tam gidc BNC . Ching minh khi B,C thay dbi trén (O) thi T
luén thude mot duong c¢d dinh.
Ciu 5. (1,0 diém)

Cho bang Vu()ng 77 g6m 49 6 vudng don vi nhu hinh v€. C6 37 con robot
dugc dat vao tdm cua cac 6 vudng don vi sao cho khong ¢ 2 con robot cung nam

trong mot 6. Cac con robot dugc lap trinh de di chuyen dong loat, véi cung toc do = 5
theo nguyén tic nhu sau: Ban dau mdi con déu di chuyén sang tam cua mot 0 Vuong B
don vi bat ky chung canh v6i 6 vudng né dang ding. Sau do, modi khi cham vao tAm @
cua 6 vuong dén, no s& quay mdt goc 90 va di chuyen tlep theo hudng do sang tam B2

ctia 6 tiép theo va ctr tiép tuc di chuyén nhu thé (mot vi du vé cach di chuyén cua
mot con robot nhu hinh v€). Chirng minh rang dil ban dau cé dat cac con robot nhu
thé nao thi van ludn c6 mot thdi diém ma c6 hai con robot & chung mdgt 6 vuong.

Ho va tén thi Sinh: .........ccc.ccoooovoiievieeeiieeeieeee e S6 bdo danh: ..............cooceeene.... Phong thi: ...............
CAn b COT thi SO 1: oo CAn DO COT I SO 27 oo,



SO GIAO DUC VA PAO TAO
HAI DUONG

DU THAO HUONG DAN CHAM
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Mon: Toan ( Chuyén)

(Huéng dan cham gom 08 trang)

Ciu Pap 4n Di¢m
Cau 1. (2,0 diém)
, _ - —x)(1-vx
I Cho bidu thicd<| 2XT1HYx  2xfxex J;.(x I x)—l, véi
~Xx xx+1 2x -1
xZO,x#l,x#i.TimcdcgidtrjcdaxsaochoA<_71.
Dét\/;:a20:>x:a2,tacé
A:_2a2—1+a 2¢° +a* —a (az—a)(l—a)_ 0,25
L 1-a a+1 | 2a-1
(a+1)(2a-1)  a(a+1)(2a-1) | a(a=1)(1-a)
A= + . -
(1—a)(1+a) (a+1)(a2—a+l) 2a—1
1 _
(2a—l) a(2a—l) a(a—l)(l—a)
A= + . —
(1-a) (a’-a+1) 2a-1 0.5
- ) i} .
A= 11 TR }.(2311).“(“21)(11 a)—lzf al—l ,
_( —a) (a —a+1) a— a —a+ 0.25
Azz_—l
a —a+l
L 1 1 1 9 2
Khido A<-——< ———>-<a —a+l<T<<a -a-6<0& -2<a<3.
7 a —a+1 7
MéaZOnén0£x<9,x#1,x#i
A 1
VayOSx<9,x#1,x#Z 0.25
2. (I,Qdiém) Cho a, b, c la ca’cso”'thu’cdu’angtho’a man a+b+c+2\abc =1. Tinh gia
9 | tri biéu thuc
P =.Ja(1-b)(1—c) ++/b(1—c)(1-a) ++Jc(1—a)(1 - b) —abc + 2024




Taco a+b+c+2\Vabc=1=b+c=1-—a—-2\abc ,nén:

JA=b)1-c) = \J(=b—c+bc) =1-(b+c)+bc
=\/1—(1—2\/%—a)+bc =\/a+2\/%+bc

0,25

= (Va ++lbc) =a++be
:>1/a(1—b)(1—c)=JZ(JZ+ bc)=a+ abc

0,25

Tuong tu, ta co: ,/(1—c)(1—a):\£+@ :>\/b(1—c)(1—a):b+\/%
Ja=a)1=b) =~Jc +ab => Jc(1—a)(1-b) = c +abc

0,25

Do d¢, ta duoc:

P=a+~abc+b+~abc +c+~abc —~abc +2024

=a+b+c+2Vabc +2024 =2025.

Vay P=2025.

0,25

Cau 2. (2,0 diém)

X433 +4x+2=1"+y

4x+6\/x—1+7:(4x—1)y

1. (1,0 diém) Giai hé phirong trinh {

Diéu kién: x>1,yeR

X3 +H4x+2=y"+y )]

Xét he:
' {4x+6\/x—1 +7=(4x-1)y (2)

() (x+1) +(x+1) =3+ & (x+1=p)| (x+1) + (x+ 1) y+ 37 +1] =0

0,25

2 2
Sy=x+1 Vi (x+1)2+(x+l)y+y2+1:(x+1+§j +%+1>0 vx, ).

0,25

Thay y =x+1 vao phuong trinh (2), ta dugc: 4x+63/x—1+7 =(4x—1)(x+1)

x>1
Q{(Jﬁw)z 4y

0,25

3

x>1 xZE 2 (th fidu k )
= = & x= théa man diéu kién
Nx—=1+3=2x 2 ’
x—1=(2x—3)

Trdo = y=3

Vay (x;y)=(2;3).

0,25




2. (1,0 diém) Cho x,y,z la cac s6 thuc théa man diéu kién x+ v+z=0. Chitng minh

2x—1+2y—1+2z—1 >—_3.

rcin N 2
& ¥ yV+2 Z2+2 2

Trong 3 86 x,y,z ludn cé hai s6 cing khong am hoic cung khong duong do
x+y+z=0

Khong mat téng quat, gia sit xy > 0.

0,25

2x -1 N 2y-1 2z-1

Détp:z 2 2
X +2 y 42 z2+2

2 2 2
Ap dung UL (m+7n)
a b a+b

P+3:(2x—1 +1j+[2y—1 +1j+(ﬁ+lj: (x+1) +(y+1)2 +(z+1)2

xP+2 Y +2 z+2 +2 Y 42 ZP+2

v6i a,b>0 ( khong can chimg minh)

(x+y+2)2 Jr(Z+1)2

P+32
X +y +4 P42

0,25

(x+y+2)° +(z+1)2

P+3> D >
(x+y)" =2xy+4 z°+2

(x+y+2)2 +(z+1)2

= P+32> > >
(x+y) +4 z°+2

(vixy=>0).

2 2
Do x+y+z=0 nén P+32(ZZ_2) +(22+1)
z°+4 z7+2

0,25

Ta chimg minh P+3> % . That vay

(2—2)2 +(z+1)2 >i<:> (Z—2)2(22+2)+(z+1)2(zz+4)
22 +4 Z2+2 2 z'+6z°+8

>3
2
S22 =4z +4)(22+2)+2(2° +2z+1)(2° +4) = 3(z" + 627 +8)
ozt 47 + 47 20<:>22(22—4z+4)20 <z (z-2) 20,
Piéu nay dung v6i moi z. Dau bang xay ra khi z=0 hodc z=2.
-3

Suy ra P+32§<:>P2—
2 2

Déu bang xay rakhi x=y,xy=0,z"(z=2)* =0,x+ y+z=0=x=y=2z=0.

Vay c6 diéu phai chimg minh.

0,25




Ciu 3. (2,0 diém)

1. Tim tdt ca cdc s6 nguyén dwong x,y théa mén (x2 —x—l)(y2 +xy—9) =2x+1.

Cach 1.

Vi (x* —x—1)(y* +xy—9)=2x+1 nén (2x+1)i(x’ —x-1) 022
— (2x+1)(2x-3)i(x* —x~1)

S (4 —dx—3)i(x —x—1)

—>[4(x2—x—1)+1}5<x2—x—1) 025
—>15(x2—x—1)

—>(x2—x—l)€{—l;1}

—>XxE {— 1;0;1;2} 0,25
ma x nguyén duong nén x € {1;2}.

Véi x=1thi =(3*+y-9)=3 nén y*+y-6=0, tadugc y=2.

Véi x=2= 1’ +2y-14=0< y=—1++/15 (loai do y nguyén duong ). 0,25
Thur lai (x;y)=(1;2) thod man phuong trinh da cho.

Cach 2.

Vi (xz—x—l)(y2 +xy—9)=2x+1 nén (2x+1): (x2 —x—l) 0,25
Do 2x+1>0 nén 2x+12 x> —x-1< x* -3x-2<0. 0,25
Néu x>4 thi x*—3x>4.1=4. Loai. Suy ra x e {1;2,3} 0,25
Néu x=1thi (3> +y-9)=3 nén y*+y-6=0, tadugc y=2.

Néu x=2= > +2y-14=0< y=—-1++/15(loai do y nguyén duong ).

Néu x=3 thi 5(y*+3y—9)=7.Mau thuin do 7 khéng chia hét cho 5 02
Vay cac sd nguyén duong thoa man dé bai 13 (x;y) = (1;2)

2. (1,0 diém) Cho p la so nguyén t6 1é va sé nguyén dwong a théa man: a’ —1 chia

hét cho p*. Chimng minh rang a—1 chia hét cho p*.

Ta c6 a” =1(mod p) do a” =1(mod p*)
Theo dinh ly Fermat nho thi a” = a(mod p) 0,25

Tu d6 thi a =1(mod p)

bit a=1+kp v61 k nguyén duong. 0,25




Taco a’ —1=(a-1).5 voi
S=a""+a"7 +-+a+l
=@ -D+@ > -D)+---+(a-D+p

—(@-D[(@" > +a"> +a" ++a+ )+ (@ +a" +--+a+1)

Ha" +a" e ra+ D)o+ (@) 1]+ p

Vay S =(a-1).0+p v6i Q=a’>+2a"> +3a" " +---+(p-2)a+(p-1)
Mat khac a =1(mod p) nén

Gia sir k khong chia hét cho p thi a” —1 khong chia hét cho p* ( mau thuin
gia thiét)

Diéu gia sir 1 sai, suy ra & chia hét cho p hay a—1 chia hét cho p’.

0,25
QEI+2+3+---+(p—1):QEO(modp)
Tkcla S =p (mod p*), thc1a S = p+mp’ suyra
a’ —1=kp(p+mp*)=kp* + kmp’
0,25

AC tai D. Goi J la tdm duwong tron noi tiép tam giac MAC .
1. Chitng minh rang hai tam gidc CJM va CIA dong dang.

Cau 4. (3,0 diem) Cho duong tron (O) co dinh va diéem A co dinh trén (O), cac diém
B,C thay doi trén (O) sao cho B,C khong trung A va AC < BC. Diem M trén doan
BC sao cho MAC = ABC. Goi I la tam duong tron noi tiép tam gidc ABC va BI cdt

ZCMJ = %ACMA = %(1800 - ZLMAC — ZMCA)

= %(180O - ZABC - ZACB) = %LBAC =/IAC

0,25
Ta xét thé hinh nhu hinh v&. Cac thé hinh khac twong tu ( chung cho ca 3 ¥)
1. Taco LACI = LJCM do CJ laphan giac goc LACB 0,25
Laico 0,25




Tir d6 ta dugc hai tam giac CJM va CIA dong dang.

0,25

2. Goi P la giao diém khdc I cia dwong thang CI va dwong tron ngoai tiép tam gidc

AID, dwong thang PM cdt dwong thang JD tai N . Chirng minh rang bon diém
N,M,J,C thudc mot dwong tron.

cJj_cM Cl_CJ

Tucau l.tadugc —=—— hay —=—— 0,25
ClI (4 CA CM
PSR A ClI CD
Mat khéac tir giac APID ndi ti€p nén CI.CP =CA.CD,suyra — =—— 0,25
CA CP
Tur d6 co < = D nén tam gidc CDJ va tam giac CPM ddng dang.
CM CP 0,25
Suy ra ZCDJ = ZCPM hay ZCDN = ZCPN
Ttc 1a t giac CDPN ndi tiép. Tir 46 £PND = /PCD = /PCM
0,25

Suy ra t giac NMJC noi tiép.

3. Goi T la tam duong tron ngoai tiép tam giac BNC. Chung minh khi B,C thay doi

trén (O) thi T luén thuoc mot dwong o dinh.




3. Tir cau 2, do tir gidic NMJC ndi tiép nén PM .PN = PJ.PC
Lai c6 LPJA=/LJAC+ £LJCA = ZIBC + ZICB = ZDIC = ZPAC (*)

nén tam giac PAC ddng dang tam giac PJA

0,25

Tuds £4-L2C suy ra PJ.PC = PA’suy ra PM .PN = PA’.
PJ PA

Suy ra LN Tir d6 tam giac PAM d6ng dang tam giac PNA
Ta dugc: LANP = LPAM = LCAM — ZCAP = ZABC — ZIBC — ZICB ( do (*))

= %(AABC — ZACB)

0,25

Vay LANP+ ZPND = %LABC (vi LPND = %AA CB)

Tuc 1a ZAND = ZABD hay tir giac ABND i tiép.

0,25

Tu d6 ZBNC = ZBND + /DNC =180" — ZBAC +/DPC
=180° — ZBAC + ZDAI =180° — ZBAC + ZIAC

=180’ —4BAC+%LBAC =180’ —%LBAC

Nén 2(180° — ZBNC) = Z/BAC
Ma T 1a tim duong tron ngoai tiép tam gidc BNC nén /BTC =2(180° — ZBNC)

hay /BTC = Z/BAC, tiuc 1a T thudc duong tron ngoai tiép tam giac ABC, cb

0,25




dinh. Piéu phai ching minh.

5 | Cau$. (1,0 diem) Cho bdng vuéng Tx7 gém 490 vuéng don vi nhu hinh vé. Co
37 con robot duwoc dat vao tam cua cac 6 vuong don vi sao cho khong co 2
robot cung nam ‘trong mot 0. Cdc con robot dwoc ldp trinh de di chuyen dong
loat, voi cung toc do theo nguyen tac nhir sau: Ban ddau, méi con déu di chuyén
sang tam cua mgt 0 vuong don vi bat ky chung canh voi hinh vuéng no dang
dwng Sau do, moz khi cham vao tdm cua 6 vuong d‘en no sé quay mot géc 90’
va di chuyen tlep theo hudng do sang tam cua 6 tlep theo va cir tiép tuc di
chuyen nhu the Chwng minh rang di ban dau cé ddt cdc con robot thé ndo thi
c6 mét thoi diém ma cé hai con robot & chung mét é vudng.

Bl

B2

Trén bang c6 25 6 den va 24 6 trang. Gia st ¢ 13 thoi gian dé robot di tir tam 6 | 0,25
vudng ndy sang tim cta 6 vudng chung canh véi né. Ta ndi sau mdi khoang thoi
gian ¢, cac con robot di dugc 1 budec.

Nhén xét: Sau 1 budc di, cac con ¢ 6 den s& chuyen sang ) trang, cac con ¢ 0
trang s& chuyen sang 6 den. Vi thé ta ludn co thé gla sir ban dau s6 con robot 6 6
den nhiéu hon s6 robot & 6 trang. Suy ra s robot & 6 den 16n hon hoic bang 19
con.

Bay gio ta danh s6 cho cac 6 den nhu hinh v&. 0,25

Nhéan xét: Sau hai budce di, robot & 6 1 s€ chuyén sang 6 2 va & 6 2 s€ chuyén
sang 0 1.

Vi thé, trong s6 19 con robot & 6 den, ton tai it nhat 10 con nam trong cac 6 danh
s0 1 hoac it nhat 10 con nam trong cac 6 danh s6 2 ( néu ca hai loai déu it hon 10
con thi chi co t6i da 18 con. Mau thuan)

+) Néu ¢6 10 con nam trong 6 s6 1 thi sau 2 bude di, chiing nam trong 6 s6 2. 0,25
Do c6 9 656 2, ma cd 10 con robot, nén ton tai hai con cung 1 6.

+) Néu ¢6 10 con nam trong 6 s6 2, thi twong tu trén, ciing c6 2 con cung 1 6. Ta | 0.25
c6 diéu phai ching minh.

Chii y: Hoc sinh gidi bang cach khac ma 1o gidi ding vin cho diém tdi da.




