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HUONG DAN SU DUNG SACH

Méi bai hoc trong sach Toan 12 thudng cé cac phan nhu sau:

Hay bao quan, giir gin sach gido khoa dé danh ting cac em hoc sinh 15p sau!



Loi ndi dau
Sach Todn 12 thudc bo sach giao khoa Chdn tréi sing tgo duoc bién soan theo Chuong trinh
giao duc pho thong nam 2018 cua Bo Giao duc va Dao tao.
Céu tric sach Todn 12 duoc chia thanh hai tap.
Tép hai bao gom ba chuong:
Chwong IV: Nguyén ham. Tich phan.
Chwong V: Phiong trinh mdt phing, dwdng thiang, mdt cdu.
Chwong VI: Xdc sudt c6 diéu kién.

Pau mébi chuong déu c6 néu rd cac kién thirc co ban s& hoc va cac yeéu cau can dat cia chuong.
Cac bai hoc déu xay dung theo tinh than dinh huong phat trién niang luc va thuong duoc thong
nhat theo cac buoc: khoi dong, kham pha, thuwe hanh, van dung. Sach s€ tao nén mot mo1 truong
hoc tip va giang day twong tac tich cuc nham dam bao tinh dé day, dé hoc dong thai hd tro cac
phuong phap giang day hiéu qua.

Noi dung sach thé hién tinh tich hop, gin b6 mén Toan véi cac mén hoc khéc. Nhirng hoat déng
trai nghiém duoc ting cuong gitp ngudi hoc co thém co hdi van dung Toan hoc vao thuec tién,
dong tho1 ing dung cong nghé thong tin vao viéc hoc Toan.

Chung t6i tin tudng rang véi cach bién soan nay, sach gido khoa Todn 12 sé hd tro quy thay,
c0 giao mot cach tich cuc va hiéu qua trong qua trinh day hoc, dong thon giup cac ban hoc sinh
hitng thia hon khi hoc tap bé mon Toan.

Rit mong nhin duoc su gop y cua quy thﬁy, cO giao va cac ban hoc sinh dé sach duoc ngay cang
hoan thién hon.
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Phin| MOT s6 YEU TO GIAI TiCH

o " "IUA NGUYEN HAM. TICH PHAN

Nguyén ham va tich phén 13 hai khai niém todn hoc cho phép biéu thi va tinh toan nhiéu dai luong khic nhau
xudt hién trong khoa hocva cudc sdng.

Trong chuong nay, ching ta sé tim hiéu vé hai khai niém néi trén va mét 56 tinh chat co bn dia ching, vin dung
ching dé gidi mét 55 bai toan thuc tién lién quan dén nhiing dai luong quen thudc nhu dién tich, thé tich, quang dudng
chuyén déng, ....

Néu biét toc @d clia xe trong qué trinh chuyén déng thi xac dinh dudc quing duing d3 di duoc tai moi thoi diém aia
qué trinh 6.

- Nhéan biét dugc khai niém va tinh chat co ban cla nguyén ham.

- Xac dinh duoc nguyén ham cla mbt sé ham sé so cap; tinh dugc nguyén ham trong
nhing trudng hop don gian.

- Nhan biét dugc khai niém va cac tinh chat cla tich phan; tinh dugc tich phan trong
nhimng trudng hop don gian.

- SUf dung dugc tich phan dé tinh dién tich hinh phang, thé tich hinh khaéi va giai quyét
nhiing bai toan lién quan dén thuc tién.




ai 1. Nguyén ham

Tirkhoa: Nguyén ham.

®
Khi dugc tha tir @6 cao 20 m, mét vat roi
véi gia tdc khéng ddi a = 10 m/s’. Sau khi
roi dugc ¢ gidy thi vat cé téc dd bao nhiéu
va di dugc quang duong bao nhiéu?

1. Khai niém nguyén ham

p ) Cho ham sé f(x) = 2x xac dinh trén E. Tim mot ham ) F(x) sao cho F'(x) = f(x).

Ki hiéu X la khoang hoidc doan hodc nira khoang cua .

¥ Cho ham sb f(x) xac dinh trén K. Ham s6 F(x) dwoc goi 1a mguyén ham cia ham sb f(x)
trén K néu F'(x) = f(x) vo1 moi x thuoc K.

Vi du 1. Chitng minh rang:
a) F(x) = 5x + x* 1a mdt nguyén ham ctia ham sé-f(x} =5+2xtrén R.

1 . ( iﬂ.' n)
— trén | ——;— |.
COSs™ x 22
Gidai

a) Ta co F'(x) = (5x + x7)' = 5 + 2x = f(x) voi moi x thudc B.
Vay F(x) la mot nguyen ham cua ham 50 f(x) trén K.

b) G(x) = tanx la mo6t nguyén ham cua ham s6 g(x)=

b) Ta ¢c6 G'(x) = (tanx)' = = g(x) vo1 mo1 x thudc ( L E]
s'x )
Vay Gi(x) la mot nguyén ham cua ham sb glx) trén [ E g]

'Q Cho ham séf{x} = 3x” xac dinh trén R,
a) Chirng minh rﬁng F(x) =x’ la mot nguyén ham cua f(x) trén .
b) Véi C 1a hang s6 tuy y, ham sé H(x) = F(x) + C ¢6 la nguyén ham cua f(x)
trén [ khong?
c¢) Gia sur G(x) la mot nguyen ham cua f(x) trén . Tim dao ham cua ham sb Gix) — Fi(x).
Tir d6, c6 nhan xét gi vé ham sé G(x) — F(x)?



Téng quat, ta cé:

0"

¥ Cho F(x) 1a mot nguyén ham ciia ham sé f(x) trén K. Khi do:
e Vi mdi hang sé C, ham sé F(x) + C cling 1a mét nguyén ham cua f(x) trén K;
e Néu G(x) 1a mot nguyeén ham cua ham 50 f(x) trén K thi ton tai hﬁng s6 C sao cho
G(x) = F(x) + C vor1 mo1 x thuoc K.
Nhu vy, moi nguyén ham cia ham sé f(x) trén K déu c6 dang F(x) + C, véi C la
hang s6. Ta goi F(x) + C, C € R la ho tat ca cac nguyén ham cta f(x) trén K, ki hiéu
| £(x)dx va viét

J' f(x)dx=F(x)+C.

Cha y: Biéu thirc f(x)dx goi la vi phan cua nguyén ham F(x) cua f(x), ki hiéu 1a dF(x).
Vay dF(x) = F'(x)dx = f(x)dx.

Vidu 2. Tim:
24 1 .
a) Ix dx trén E; b) I ——dx trén (0; 7).
sin” x
Giai

3

] L]
a) Vi [%J = 2, v6i moi x thudc R nén F(x) = x}

3

Vay [x'dr = x? +Ctrén R.

la mét nguyén ham cua x° trén R.

b) Vi (—cotx)' = 11 vl moi x thudce (0; m) nén F(x) = —cotx la mot nguyén ham cua

sin” x
1

L irén (0: 7). Vay j' 2
Sin X

sin” X

dx = —cotx + C trén (0; ).

Chiy:
a) Moi ham s f(x) lién tuc trén K déu c6 nguyén ham trén K.

Bai toan tim nguyén ham cua mot ham sb ma khong chi ré khoang K thi duoc hiéu
tim nguyén ham trén timg khoang xac dinh cua ham sé do.

b) Tir dinh nghia nguyén ham, ta co If '(x)dx =f(x) + C.

la

% Chirng minh ring F(x) = ¢ ' 1a mdt nguyén ham ciia ham s f(x) = 2e* ' trén R.



2. Nguyén ham ctia mét sé ham sé so cap
Nguyén ham cta ham sé luy thira

@ a) Gii thich tai sao [0dx = Cva [1dv =x+C.
’

a+l

b) Tim dao ham cua ham so F(x)= * (a0 = —1). Tir @6, tim Ix“dx.

a+1
Tir,@,ta co:
'g‘ xﬂ+]
-jndx=c; -jldx=x+c; -jx“dx= —+C (@=-1).
L
Chii y: Ngudi ta thuong viét [dx thay cho [1dx.
1
Vidy3.Tim: a) [x‘dx; b) [——dx.
' Jx
Gidi
Sdx = - 57 + C. Lo e . §
a)jxdx-;x+£‘, h}fﬁdx_jx dy=2x2+C=2Jx+C.
1
Tim: a) J.x‘*dx; b) I—ﬂ:h:; c) J-w";dx (x=>0).
] X
Nguyén ham ctia ham sé y:l
X
'@} Cho ham sé F(x) = In |x| véix # 0.
1
a) Tim dao ham cua F(x). b) Tir do, tim I—dr.
X

Tir ,q ta co:

-Z@Z-

T

I—dx:]nlx|+£'.
X

: 1
Vidu 4. Cho ham s6 f(x) = — vai x # 0. Tim nguyén ham F(x) cua f(x) thoa man F(-2) = 0.
x
Giai
1
Taco [—dx=Inlxl+C nén F(x)=Infx|+ C (x#0).
x

Do F(-2)=0nénIn}-2|+ C=0hay C=-In2.
Vay F(x)=In|x| —In2 (x = 0).



Nguyén ham ctia mét sé ham sé lugng giac

'(I? a) Tim dao ham cua cac ham so y=sinx, y = —cos x, y =tan x, y = —cot x.

dxva

b) Tir do, tim Icnsxdx Ismxdx I

Tir ;Ig,mcé:

C{IS

1 . Imsxdx =sinx+ C;
'Imslzxdx=tanx+c; '.I"

Vidu 5. Tim [2sin %cﬂs %dx:.

Giai
X X .
JZS[H—Cﬁs—dx =Ismxdx =—cosx+C.
2 2

1
Ism

1

SIIII2 X

dx.
X

. Jsinxdx =—cosx+ C;

dy =—cotx+ C.

% Tim nguyén ham F(x) cua ham sc:}f[x} = cos x thoa man F(0) + F(g) =

Nguyén ham ctia ham sé mii

A

'Q a) Tim dao ham cua cac ham so y=é, y= ;a

b) Tir d6, tim Ie‘dr va Ia‘dx (@a>0,a=1).

Tir '(I%, ta co:
0
1 . Ie”dx=eI+C; _‘.d

vora=0,a=1.

0.

Vidu 6. Tim nguyén ham F(x) cua ham sf:'-f[x) = 2* thoa man F(0)= 1.

Giai
X K

+C nén F(x)= 2 +C.
In2

2

Ta co IZ‘dx:l 5
n

]

2 1
Do F(0)=1 nén —+C=E+C=l hay C=1-—.

In2

2" 1
Vay F(x)= ——+1——.
by F)=1=+l-1=

& Tim: a) Ifdx; b) Iez‘ch:.

1
In2




3. Tinh chat co ban cia nguyén ham

Nguyén ham cla tich mét sé véi mét ham sé

3 U
!® Ta co [x?] =x" va (x}) =

a) Tim J’xldx v 3]' *dx.
b) Tim [3x’dx.
¢) Tir cac két qua trén, giai thich tai sao J.ledr = Bledx.

Trong truong hop téng quat, vot f{x) la ham s6 lién tuc trén K, ta co:

E(;}}

J.‘k F(x)dx = kj f(x)dx, véik e R, k=0.

Vidu 7. Tim:

2sin x 3!
a) | ; d b) | S-dx.

Gidi

a) jzsmxd'c=Ejsinxdx=—£msx+{:';

3 3 3

x-1 X X
h)f3 dx:ljidx=lj3*dx= > .c

2 273 6 61In3

% Tim: a) I(—anx)dr; b) 521”'1:[1:.

Nguyén ham clia tong, hiéu hai ham sé

3 v 3 v
@ Ta co (x_] =x", (x) = 2x va (x—+x2] =x" +2x.
y. 3 3
a) Tim ledx, jzx.:u: va ledx+[zx.ix.
b) Tim [ (x* +2x)dx.

¢) Tir cac két qua trén, giai thich tai sao J.(x1 + 2x)dx = J.xldx + sznir.

Trong truong hop téng quat, vot f(x), g(x) la cac ham s6 lién tuc trén K, ta co:

. I[f(ﬂ*rg{ﬂ]dx=If(x)dx+jg{x]dx;
. I[f{x}—g{x]]dx =If{x}d_x_jg{x}dx_



Vi du 8. Tim nguyén ham cua cac ham s6 sau:
4

a) f(x)=3cosx——; b) g(x) = (2x + 1)".
* Giii

a}j[3 cnsx—%]dx =3J'cosxdx—4'|.%dx= 3sinx—4In|x|+C (x=0);

b) j(2x+1*fdx =_[(3x3 +12x% +6x +1)dx = ijjdx+lljx2dx+6jxdx+j1dx
=2+ 4’ +3x" +x+ C.

@ Tima) I[un%}m{mm; b) I[ S ]dx.
X co

s°x sin"x
Vidu 9. Tra 1i céu hoi trong (») (trang 6).
Gidi

Ki hiéu w(7) 1a tbc d6 cua vat, s(7) la quang duong vat di duoc cho dén théi diém 1 giay
ké tir khi vat bit dau roi.
Vi a(t)=+'(f) vo1 mo1 ¢ = () nén

v(0)=[a()dr = [10dr =101+ C.
Tacov(0)=0nén 10.0+ C=0 hay C=0. Vay v(1) = 10¢ (m/s).
Viv(r) = 5'(f) vo1 mo1 { = () nén

s(t)=[w(t)yde = [10ede =57 + C.
Taco s(0)=0nén 5.0°+ C =0 hay C= 0. Viy s(f) = 5¢ (m).
Vit ro1 tir do cao 20 mnén s(7) < 20, suyra0 <r< 2.
Vay sau khi vat roi duoc ¢ giay (0 < ¢ < 2) thi vat co toc do v(r) = 10 m/s va di duoc
quang dudng s(f) = 5 mét.

Mot 6 t6 dang chay véi te d6 19 m/s thi ham phanh va chuyén déng chiam dan voi
toc d6 v(7) = 19 — 2¢ (m/s). Ké tir khi ham phanh, quang dudng 6 té di duoc sau 1 giy,
2 giay, 3 giay la bao nhiéu?

BAI TAP

1. Tinh dao ham cua ham sé F(x) = xe', suy ra nguyén ham cua ham sé f(x) = (x + 1)e’.
2. Tim:
5 x
a) | xdx; b) | —dx(x=0 c) | 7idx; d) | —dx.
) | )I (x >0); ) | ' [=

3. Tim nguyén ham F(x) cua ham sc-f{x} =
4. Tim:

a) I(2x5+3)dx; b) I(Smsx 3sinx)dx; c) I(——;]dx., d) I[ o r)dr‘

thod man F(E)=L
sin” x 2




5. Tim:
. 21X x g%
a) jx(Zx—E-)ldx; \ b) Ismz de; c) J.tanzxdx; | d) 123 3 dx ‘
6. Ki hiéu /1 (x) la chiéu cao cua mot cay (tinh theo met) sau khi trong x nam. Biet rang sau
nam déu tién ciy cao 2 m. Trong 10 nam tiép theo, cay phat trién véi toc d6 A’ (x) = . (m/nam).
a) Xac dinh chiéu cao cua caysaux nam (1 =x<11).
b) Sau bao nhiéu nim cay cao 3 m?

7. Mot chiéc xe dang chuyén déng véi téc dé v, = 10 m/s thi ting téc vi gia toc khong doi
a =2 m/s’. Tinh quing dudng xe d6 di dwoc trong 3 gidy ké tir khi bit dau ting tdc.

Bai 2. Tich phan

Tirkhoa: Hinh thang cong; Tich phan; Can tich phan; Biéu thiic dudi ddu tich phan;
Ham s6 dudi ddu tich phan.

@ Mét & td dang di chuyén véi toc d6 20 m/s
thi ham phanh nén toc dé (m/s) clia xe
thay ddi theo théi gian ¢ (gidy) dugc tinh
theo cong thifc i

v(t)=20-5t(0<t=<4).

K& tir khi ham phanh dén khi dimg, 6 td
di dugc quang dudng bao nhiéu?

1. Dién tich hinh thang cong

@ Cho ham 55_}J=f(x] =x+ 1. Véi moix = 1, ki hiéu S(x)

’ la dién tich cua hinh thang gidi han bai d6 thi ham sé
v =/f1(x), truc hoanh va hai duong thﬁng vuong goc vol
Ox tai cac diém c6 hoanh do 1 va x.
a) Tinh 5(3).
b) Tinh S(x) véi moi x> 1.
c¢) Tinh §'(x). Tir do suy ra S(x) la mot nguyén ham cua
fx) trén [1; +oo).
d) Cho F{(x) la mot nguyén ham cua ham sb f(x). Chirng to
rang F(3) - F(1)= S(3). Tir 6 nhan xét vé cach tinh 5(3)
khi biét mét nguyén ham cua £ (x).




Trong ,C‘i, ta thay dién tich S(3) c6 thé tinh duoc théng qua mét nguyén ham bat ki cua
ham s6 y = f(x). Ta s& mo rong két qua nay cho truong hop dién tich hinh thang cong.

Cho ham s v= fi(x) lién tuc va khong am trén doan [a; b]. Hinh phﬁng gio1 han

bai d6 thi ham sé y = f(x), truc hoanh va hai duong thing x = a, x = b duoc goi la

hinh thang cong.

Ta s€ dura ra cong thire tinh dién tich § cua hinh thang cong nay.
Ki hiéu S(x) la dién tich hinh thang cong gio1 han bon dd thi
ham sé v=f(x), truc hoanh va hai duong thzflng vuong goc vol
truc Ox tai cac diém co hoanh do 1a g va x. Ta duoc ham o
S(x) xac dinh trén doan [a; b].

Téng quat két qua cua ,CT ¢, hguol ta chimg minh duoc rfmg:

S(x) 1a mot nguyén ham cua ham sb f(x) trén doan [a; b].

:
) y=f(x)
Sx g §
v a T h ;
Hinh 2

Gia st F(x) 1a mot nguyén ham cua f(x) trén [a; b]. Khi d6, ton tai hing sé C sao cho

S(x) = F(x)+ C. Vi 5(a) = 0 nén F(a) + C= 0 hay C=—F(a).

Tir d6, S = S(b) = F(b) + C = F(b) — F(a).

Vay ta c6 két qua sau:

Néu ham sb y= f{(x) lién tuc va khong dm trén doan [a; b] thi dién tich S cua hinh thang cong
giéi han boi d6 thi ham s6 y= f{(x), truc hoanh va hai duong thing x = a, x = b duoc tinh boi

§=F(b) - Fa),

trong do F(x) la mét nguyén ham cia f(x) trén doan [a; b].

Vi du 1. Tinh dién tich hinh thang cong gid1 han boi
dd thi ham s6 y = f(x) = 2 — x°, truc hoanh va hai duéng
thiang x = —1, x = 1 (Hinh 3).

Gidai
Ham s6 y=f(x) = 2 — x* lién tuc, duong trén doan [—1; 1]

3
X

va co mot nguyen ham la F(x) = 2x — 3

Do do, dién tich hinh thang cong can tim la

1 1) 10
S=F()-F(-1)= (2—3]—[—%5]_?.

& Tinh dién tich hinh thang cong gion han boi dé thi
ham sb y =f(x) = €, truc hoanh, truc tung va duong
thﬁng x =1 (Hinh 4).

Y

Hinh 4




2. Khai niém tich phan

@ Cho ham suf[x) 2x - 1. Laj,-' hai nguyen ham tuy vy F(x) va G(x) cua f(x), roi tinh
F(3) - F(0) va G(3) — G(0). Nhan xét vé két qua nhan duoc.

Cho f(x) la ham s6 lién tuc trén doan [a; b]. Gia s F(x) va G (x) la hai nguyén ham cua f(x)
trén doan [a; b]. Khi d6, G(x) = F(x) + C véi hing s6 C nao dé. Do do,

G(b)—Gla)=F(b) + C—[[F[a)+ C}] =F(b)— F(a).
Nhu vay, hiéu s6 F (b) — F(a) khong phu thudc vao viéc chon nguyén ham F(x) cua f(x).

L -
- -
& -

* Cho ham sﬁf(x} lién tuc trén doan [a; b). Néu F(x) la mét nguyén ham cua f(x) trén doan
b
[a; b] thi hiéu s F(b)— F(a) duoc goi la tich phén tir a dén b ctia ham s6 f{x), ki hiéu j f(x)dx.
Hiéu sb F(b) - F(a) con ducc ki hicu la F(x) E ]

Vay [ f(x)dx=F(x)[ = F(b) - F(a).

]
Ta goi I la dau tich phan, a va b 1a can tich phan, a 1a can dwoi, b la cdn irén, f(x)dx la

biéu thirc dwdi dau tich phdn va f(x) 1a ham so dwdi dau tich phan.
Chii y:

a) Trong truong hop a = b hoac a = b, ta quy uoc

jf{x]dx =0 va jlf(_r}dr :—Tf{x}dr.

a a b
b) Nguon ta chirng minh duoc rﬁng, tich phan chi phu thuoc vao ham 50 fvacaccana, b
ma khong phu thudc vao bién sé x hay ¢, nghia la j f(x)dx = j' f(n)dr.

c) ¥ nghia hinh hoc cua tich phan
Néu ham sb y = f(x) lién tuc va khéng am trén doan [a; b] ¥ y=f(x)

b
thi I f(x)dx la dién tich § cua hinh thang cong gio1 han

Yy
bai do thi ham s6 y = f(x), truc hoanh va hai duong thing  — ! Lo
x=a,x=b. Hinh'5
Vay

S =j £ (x)dx.



Vidu 2. Tinh céc tich phén sau:

hid

2 1 )
2
a) | x dx; b) | -dr; ¢) | cosxdx.
| i |
7
Giai
: 1 7 <1
yde="— ==(2°-1")=—; b) | -df=Int| =lne-Inl=1;
a}I 3 3( ) 3 }L l

1 1

n

B ( .5 . . [ =
c) I cos xdx = —I cos xdx = —(sin x)|f§ = —|:sm 3 —sm[—EH =-2.

n n
2

2

a) Néu ham so f(x) co dao ham f'(x) va f'(x) lien tuc trén doan [a; b] thi

f(b)~fla)=[ f'(x)dx.

b) Ta da biét ring, dao ham cua quing duong di chuyén cua vt theo thoi gian bang
téc d6 cua chuyén déng tai mdi thoi diém (v (1) = s'(£)). Do d6, néu biét téc dé v (1)
tai moi thoi diém ¢ € [a; b] thi tinh dugc quang duong di chuyén trong khoang thon gian
tir a dén b theo cong thire

s=5(b)~s(a)=[ ) dr.

Vidu 3.
a) Tinh quang dudong xe di chuyén tir khi him phanh dén khi dimg trong tinh hudng
& (») (trang 12).
b) Tinh toc do trung binh cua xe trong khoang tho gian do.
Gidi
a) Xe dung khi1 v(f) =20 - 5t=0hay t=4(v() =20 -5t =0 vo1mo1 ¢ € [0; 4]).
Tir d6, quing duong xe di chuyén tir khi bat dau ham phanh dén khi dimg la
4

5= _!v(r)dr =![2ﬂ—51‘]d1‘ =[2m—%] =40 (m).

L}
b) Téc dé trung binh cua xe trong khoang thon gian do la:
s 40

—=—=10 (m/s).

1p|I:| =

1
b—a

]
Nhén xét: Cho ham sé f(x) lién tuc trén doan [a; b]. Khi d6 j f(x)dx duoc goi la

gi tri trung binh cta ham s6 f(x) trén doan [a; b].



@ Tinh cac tich phan sau:

a) j?xch:; b) isinrdr; c) Ie"du.
1 [} 0

B
b

@i Sau khi xuat phat, 6 t6 di chuyén véi toc do
_ v(1) =2t - 0,032 (0 <1 < 10),
trong do v(f) tinh theo m/s, tho1 gian ¢ tinh theo giay voi 1 = 0 la thm diém xe xuat phat.
a) Tinh quang duong xe di duoc sau 5 giay, sau 10 giay.
b) Tinh téc d6 trung binh cia xe trong khoang thai gian tir = 0 dén ¢ = 10.

3. Tinh chat cta tich phan
Tinh chat 1

’(@ a) Tim mot nguyen ham F(x) cta ham sé f(x) = 6x°. Tir d6, tinh /= Iﬁxsdr

b) Tinh J

.;.1-_—.-.|

c) Co nhan xet gi vé gia tri cua [ va 6.7

T ,@, mot cach téng quat, ta co:

*  Cho ham s6 y =/ (x) lién tuc trén doan [a; b], k 1a s6 thuc. Khi dé:

T.ﬁj’(x)dx = kj £ (x)dx.

Vi du 4. Tinh cac tich phéan sau:

2 3
[ _2 x+3
a dx b dx; c) |2 dx
)jl‘f.ul - };[35inx )j
3
Giai
2 2 2
1 1 11 ,p 11 1[1 ] 1
a —dyr=— dy=—— = — - =—=—| ——1 =—;
}-!41:2 41; 4 -1 |l 4 x|, 4\2 8
h}f = dx=—3f 11 dx=——{—cotx}|§ E(C{jt——cnt—)_—(l} h=-2;
- 3sin” x 3<sin” x 7 3 3
3 a
2 2 2 e 2
C) jz'ﬁidx=JZI.23dx=SJZxdx=3+— _[ . :I_—
! o 5 ln2 In2 In2




-1 2 mx-l

% Tinh cac tich phan sau:

1
. 3,
a) :(I‘:II dI, h} _lﬂdx, C) !de

Tinh chat 2
1
@ ) Tim mot nguyén ham F(x) cita him s f (x) = + €. Tir do, tinh [ (* +¢)dx.

’ | | 0

b) Tinh | xdx+ [e"dx.

1] L]
¢) C6 nhan xét gi vé hai két qua trén?
Tu ,@, mét cach téng quat, ta co:

Cho hai ham s6 y = f(x), y = g(x) lién tuc trén doan [a; b]. Khi do:

_i.[f{x}+g{x}]dx = ‘?f{x}dx‘Fj'g(I)dI,

j.[f{x}—g{x]]dx == jff-rldr—fg{x]dx.

Vidu 5. Tinh céc tich phén sau:

(cl +ﬁ}dx.

2 =2
05 X 51N X

a) j'(sxl _8x)dx; b)

| —i |

Giai

a) j:fEIl —8&x)dx =j3x2dx—j3xdx= 3!2' xzdx—Eixdx
| =1 -1 —1 -1
5]+
3 L 2

D = =
( I de: L dx++/3[ ! dx = (tan x)[} +~/3 (—cotx)[}
i

2 i
COs" X sIn°Xx I 3

-

= [2° - (-1)] - 4[22 - (1] =-3;

-1

b)

i | Y Sy Lot | 34




Vi du 6. Tai mot nha may, goi C(x) 1a tong chi phi (tinh theo triéu dong) dé san xuét x tin
san pham A trong mét thang. Khi d6, dao ham C'(x), goi la chi phi cin bién, cho biét toc dé
tang téng chi phi theo luong san phfim duoc san xuat. Gia su chi phi can bién (tinh theo
triéu don g trén tin) cta nha may duoc woc luong boi cong thire

C'(x) =5 - 0,06x + 0,00072x véi 0 < x < 150.
Biét ring C(0) = 30 triéu dong, goi 1a chi phi c¢6 dinh. Tinh tong chi phi khi nha may
san xuat 100 tan san pham A trong thang.
Gidi
Ta co:

([11] 100
C(100) — C(0) = j C'(x)dx = j' (5-0,06x +0,00072x)dx
0 ]

100 100 1040
— — 2
5 ! dx ﬂ,ﬂﬁ! xdx+ﬂ,ﬂ[lvl]?2! x2dx

=52, ~0,03x| " +0,00024x'| " = 440.
Suy ra C(100) = C(0) + 440 = 30 + 440 = 470 (triéu dong).
Viy khi nha méy san xuét 100 tan san pham A trong thang thi tong chi phi 1a 470 triéu dong.

@ Tinh cac tich phan sau:

L4 - ]
a) J.I_ldr; b) [ (1+2sin’ g)’i‘f; ) [ (x=2)dr+ [ (4x—x")dx.
0 - y

@' Ta1 mot nha may san Xuat mot loa1 phan bon, goi P(x) la lor nhuan (tinh theo triéu ﬂéng]
thu duoc tir viéc ban x tan san pham trong mét tuan. Khi do, dao ham P'(x), goi la
loi nhuén cén bién, cho biét toc d6 ting loi nhudn theo lvong san pham ban duoc. Gia sur
lon nhuan can bién (tinh theo triéu don g trén tﬁ'n] cua nha may ducoc udc luong bot cong thire

P'(x)=16-0,02x v&1 0 = x = 100.
Tinh lo1 nhuan nha may thu duoc khi ban 90 tan san phﬁm trong tuan. Biét rﬁng nha may
16 25 triéu dt:'"'-ng néu khong ban duoc luong san phﬁm nao trong tudn.

Tinh chat 3

'@ Cho ham sb f(x) = 2x. Tinh va so sanh két qua:

j f(x)dx va j f(x]dx+i F(x)dx.



Trong trudmg hop tong quat, ta co:

LY -
- -
- L

Cho ham sb v =f(x) lién tuc trén doan [a; b], ¢ € (a; b). Khi do,
[ f@dr=[rx)de+[ f(x)dx.

3 2
Vidu 7. Tinh J[sinx+cosx)dx+ I(sinx+msx]dr.
] x

4
Giai
(sinx+cosx)dx =I[sinx+cosx)dx
o

(sinx+cosx)dx+

1:,'!—.4‘.';..
d | F oy 1 | F

sin xdx + | cos xdx

o e |
o e b |

T -

;;+(3inx] 2 =—(0-1)+(1-0)

7
0

=(—cosXx)
3
Vidu 8. Tinh [|x* —2x|dx.
0
Gidi

3 2 3
Tacé [|x*—2x|dx = [|x’ —2x|dv+ [| x* - 2x | dx
(1] 0 2

:I[—x: +2x)dr+ [ (#* ~2x)dx =[—’; +x1]
(1] 2

Tinh:

1
a) ].(4_1'3’—5}11'—](4,173—5}{[1'; b) [lx-1]dx; ¢ [|cosx|dr.
-1 1 1] 0

Biét }'é.ng tde ﬁd@ v (km/phit) cua mot ca no
cao toc thay doi1 theo thot gian ¢ (phut) nhu sau:
0,5t, 0<r<2,
vit)= I, 2<r <15,
4-0,2t, 151 <20.

Tinh quing duong ca nd di chuyén duoc
trong khoang thoi gian tir 0 dén 20 phit. Hinh 6

=2,




BAI TAP

1. Tinh dién tich hinh thang cong gio1 han boi:
a) P6 thi ham s6 y = x°, truc hoanh va hai duéng thing x = 0, x = 2 (Hinh 7);

. . | .
b) D6 th1 ham s6 y = —, truc hoanh va hai duong thang x = 1, x = 3 (Hinh 8).

Hy

0 2 *
Hinh 7 Hinh 8
2. Tinh cac tich phéan sau: .
2 2 I 1 2
a) | x*dx; b) | —=dx; c) —dx; d) |3'dx
J 1% = !
3. Tinh cac tich phéan sau: : L
4 2 2 2 2 2
a) [(r+D)(x—Ddx;  b) Iﬂdx; ¢) [Bsinx-2)dx;  d) | L
b g x ! o 1 +cosx
4. Tinh cac tich phan sau: p
1 4 2
a) J'|:ax+2|dx; b) [|x1—4|dx; c) Ilsinx|dx.
-2 0

[T

5. Mat cit ngang cua mot éng dan khi nong la hinh vanh khuyén
nhu Hinh 9. Khi bén trong Dng ducc duy trl o 150 °C. Blet rang
nhiét do T (°C) tai diém A trén thanh Dng la ham sé cua
khoang cach x (cm) tir 4 dén tim cta mat cit va

T'(x)= et (6=<x<8).
x
(Nguén: Y.A.Cengel, A.L.Gahjar, Heat and Mass Transfer,

Me Graw Hill, 2015)
Tim nhiét dé6 mat ngoai cua ong. Hinh 9

6. Gia sir téc do v (m/s) cia mot thang may di chuyén tir tang 1 1én tang cao nhét theo thoi gian
f (giay) duoce cho boi cong thire:
t, 0<1<2,
v(t) = 2, 2<1<20,
12—-0,5¢, 20 <7 <24,

Tinh quiang duong chuyén dong va toc do trung binh cua thang may.



ai 3. Ung dung hinh hoc ciia
tich phan

Tt khoa: Khdi tron xoay.

@ Ta da biét cdng thuic tinh thé tich cia khdi cau

ban kinh R la
4R’
—
Lam thé nao dé tim ra cong thiic d6?

V=

1. Tinh dién tich hinh phang
Hinh phing gidi han béi d6 thi cia mét ham sé, truc hoanh va hai duong thingx=a,x=b

O Goi d 1a d6 thi cia ham sc-_} = f(x) = 6 — 2x. Ki hiéu \i"
S, la dién tich hinh phing giéi han bai d, truc hoanh 6
va truc tung; S, 1a dién tich hinh phing gidi han boi d,
truc hoanh va duong théng x =5 (Hinh 1). x=5
i
a) Tinh S, va so sanh véi [ f(x)dx.
o . -
) 0 o5 «x
b) Tinh §, va so sanh vl Jf(x}dx.
) E]
g y  E REEEEEEEEE \
¢) So sanh I|f(x) |dx vol S, + 8§, Hinh 1
U]

Ta da biét, néu ham s y = /(x) lién tuc va khong 4m trén doan [a; b] thi dién tich hinh thang
cong gi&i han boi d6 thi ham sé y = £ (x), truc hoanh va hai duong thang x = a, x = b duoc

[
tinh boi S = j' 7 (x)dx.

Mot cach tong quat, ta co két qua sau:
¥ Cho ham s6 y = f(x) lién tuc trén doan [a; b]. Khi d6, dién tich hinh phang gi¢i han bai
d6 thi cua ham s6 y = f(x), truc hoanh va hai duong thing x = a, x = b duoc tinh bai
cong thure:

$= 17 ax.




(S <

Vidu 1. Tinh dién tich hinh phing gi¢i han bai d6 thi cua ham s6 y = f(x) = x* — 4x + 3,
truc hoanh va hai dudng thang x =0, x = 3.
Giii

Dién tich cin tim 1a S = i|x1—4x+ 3|dx.

Taco:x' —dx+3=0<x=1hodcx=3.

Véix e [0; 1]thif(x) = 0. Véix e [1; 3] thi f(x) 0. Ay
3 \ y=x'—4xr+3
Vay § = [ |~ 4x+3[dx 3
]
1 3 1
=j(x3—4x+3}dx+j[—[f—4x+3}]cbc |
1] 1
1 3 M o
X’ , x - 8 ol 1\ v /3 x
=| =—2x%+3x | | =—2x"+3x || ==.
( 3 X x]ﬂ [3 x x]] 3 \/
Hinh 2

Chd y: Gia sir ham s6 y = f(x) lién tuc trén doan [a; b].
Néu f(x) khéng déi dau trén doan [a; b] thi

ilf(r}ldx= jf(-rJdX‘-

Néu phuong trinh f(x) = 0 khong cé nghiém trén khoang (a; b) thi céng thirc trén van ding.

Vi du 2. Tinh dién tich hinh phing giéi han bai db thi cua ham sé y = sinx, truc hoanh
va hai duong théng x=0,x=3n
Gidi

in ¥

Dién tich can tim 1a § = [[sin x]|dx. | I/\ .....................
0 n 2n /k\]n

Trén khoang (0; 37), phuong trinh sinx = 0 {Ji \_/

chi co hai nghiem lax=mn vax=2m. —1

in T in X In in
Vay § = j|sinx|dx=j| sinx|dx+J|5inx|dr=J|sin_r|dx+f|5inx|dr+I|sinx|u:h:
o n In

i

Ismxdx fsm x dx|+

j sinxdx‘ = |{—cos x)|;‘+ ‘(—ms x}|: ‘+

= 2| + |-2| + 2| = 6.
Tinh dién tich hinh phing giéi han boi d6 thi cia ham s6 y = 2x — x%, truc hoanh va
hai duong thﬁng x=0,x=3.

Tinh dién tich hinh phing gi&i han bai dé thi cia ham s6 y = cosx — 2, truc hoanh va
hai duong thﬁng x=0,x=m.



Hinh phéng gidi han bdi dé thi cta hai ham sé va hai duéng thingx=a,x=b

Vi x=2
4

'@ Cho hai ham s y = 4x — x* vi y = x lin ot c6 db thi
(P) va d nha Hinh 4.
a) Tinh dién tich §, cua hinh phﬁng g101 han bo (P),
truc hoanh va hai duong thang x =0, x = 2.
b) Tinh dién tich § cua hinh phﬁng 2101 han bot (P), d
va hai duong thing x =0, x = 2.

Cho hai ham sb v=f,(x)vay=f,(x) ientuc trén doan [a; b].
Goi § la dién tich hinh phang giéi han bai d6 thi cua
hai ham s trén va hai duong thﬁng x=a,x=b.

Xet truong hop f, (x) = £, (x) vor mo1 x € [a; b]. Ki hicu
S,. S, 1a dién tich hinh phing giéi han béi truc hoanh,
hai dudng thing x = @, x = b va do thi cua ham so6
y=f,(x), y =1, (x) twong irng. Khi do,

§=5-5, =jﬂ(x}dx—jﬂ(x)dr =j[.ﬁ(-ﬂ_f1[1}]d‘f~

Trong trudmg hop tong quat, ta c6 két qua sau:
¥ Cho hai ham sb y =, (x), y = f, (x) lién tuc trén doan [a; b]. Khi d6, dién tich hinh phing
giéi han bai dd thi cua hai ham s y = £, (x), ¥ = f;(x) va hai duong thing x =a, x = b
duoc tinh bot cong thire:

S = [1£1(0) - fo(x)]dx.

Vi du 3. Tinh dién tich hinh phang giéi han bai d6 thi caa hai ham sé y=x%, y=2 —x
va hai duong théng B o ]

Gidi
Dién tich can tim 1a
2 2
§=[|x=(2-x)|dx=[|x*+x-2|dx. vt /.1'=-1"
1] 1] ')'Q- d+------
3
Tacox+x—-2=0<x=1hoicx=-2. N
1 2
Viy S:'|_x3+_x—2|dx+[|x-’-+x—2|dx N i
ID I T:_
1 2 !
=J(x1+x—2)dr+ [x1+x—2)dx‘ ; .
0 1 0 1 2 x
/s , ] . ) 5 Hinh 6
] 10 Eaea] IS
3 2 13 2 | 6| |6




Vi du 4. Tinh dién tich hinh phing gidi han boi d thi cia hai ham séy =x* —3x, y=xva
hai duong thang x = -1, x = 2.

Gidi
2 2

Dién tich cn tim 14 S = j ' —3x—x|dr = j |x* —4x|d.
-1 |

Tacox’' —dx=0<>x(x*—4)=0<>x=0hodc x=-2 hodcx = 2.

Phuong trinh chi co hai nghiém thuoc doan [-1; 2] lax=0vax=2.

Vay S JZ'|J‘:3 —4x|dx = '0.|x3 —4x|dx+i|x3 —4x]dx
o

-1

= ([ & —4x)de| +|[ & —4x]dx‘

o e

f-2¢) ‘ || s

% Tinh/dién tich hinh phing giéi han bdi 45 thi cia hai
ham séy=x3—2x— l,y=x—-1vaha duérngthﬁng
x=1,x=4

& Tinh dién tich hinh phing giéi han boi do thi cua
hai ham s6 y = 5x —x?, ¥y =x*— x va hai duong thing
x=0,x=2.

% Mt cét cia mot cita him c6 dang 1a hinh phing
g101 han bo1 mot parabol va duong thang nam ngang
nhu Hinh 7. Tinh dién tich cua ctra ham.

Hinh 7
2. Tinh thé tich hinh khai

Trong khong gian, cho hinh chop O.4ABCD co
day la hinh vuéng canh a, 04 L (ABCD), OA = h.
Pit truc s6 Ox nhu Hinh 8. M6t mit phing vuéng goc
vol truc Ox tal diém c6 hoanh dox(0D=x<h),
cit hinh chép O ABCD theo mat cit 1a hinh vuéng
A'B'C'D'. Ki hiéu §(x) la dién tich cua hinh vuong
A'B'C'D'.

a) Tinh S(x) theo a, h va x.

s

]
b) Tinh IS(x}dr va so sanh véi thé tich cua khoi chop O.ABCD.
0



Trong khong gian, cho mot vat thé nam trong — 7 — —10
khoang khong gian giira hai mét phang (P) va (Q) — .. B

cung vudng goc voi truc Ox tai cac diém avab. ( %_ﬂx} O

Mat phang vudng goc vffi truc C»!x tair diem cfé 0 : -
hoanh d6 x (a < x < b) cat vit thé theo mat cat ~Ja— —— P
co dién tich S (x) (Hinh 9). Hinh 9

Khi dé, néu S(x) 1a ham s6 lién tuc trén [a; b] thi thé tich cua vt thé duoc tinh bing céng thirc:
h
V= [S(x)dx.

Vidu 5. Cho khoi lang tru tam giac co dién

tich day S va chiéu cao . Str dung tich phan,

tinh thé tich cua khéi lang tru theo S va A.
Gidi

Chon truc Ox song song vo1 duong cao

cua khoi lang tru sao cho hai day nam trong

hai mat phang vuong goc vor Ox tai x = 0

Mat phﬁng vuong goc vol truc Ox tai diém c6 hoanh dox(0<x=<h) cit lang tru theo
mit cit cé dién tich khong dbi S(x) = S. Do dé, thé tich khéi lang tru 13

h I
V= !S[x}dr = ! Sdx = Sx| = Sh.

% Mot binh chira nude c6 hinh dang nhu
Hinh 11. Biét rang khi nuéc trong binh
co chiéu cao x (dm) (0 < x < 4) thi mat

nuoc la hinh vuong co canh |2+ % (dm).

Tinh dung tich cua binh.

Hinh 117

Thé tich khéi tron xoay
. : : 1
’@ Cho D la hinh phang gioi han bo1 do thi ham so y =/ (x) = E_‘c, truc hoanh va duong

thﬁng x =4 (Hinh 12a). Quay hinh D xung quanh truc Ox thi duoc mot khoi non, ki hiéu
la N (Hinh 12b).

a) Cit khdi N boi mit phing vuéng goc véi truc Ox tai diém c6 hoanh d6 x (0 < x < 4) thi
mat cit 1a hinh gi? Tinh dién tich S(x) cua mat cat do.

b) Sir dung cong thirc tinh thé tich hinh khéi, tinh thé tich caa khéi non N.



Hinh 12
Cho y =f(x) 1a ham sb lién tuc va khong am trén doan
[a: b]. Goi D la hinh phing giéi han bai d6 thi ham sé
v=f(x), truc hoanh va hai duomg thing x=a, x=»5.
Quay D xung quanh truc Ox ta duoc mot hinh khoi gol
1a khéi tron xoay.
Cit khéi tron xoay trén bai mat phing vuéng goc
vol truc Ox tal diém c6 hoanh do x vor x € [a; b,
ta dugc mat cat 1a hinh tron c6 ban kinh bang f (x)
va dién tich la S(x) = f(x).
Viy khéi tron xoay c6 thé tich la

V= nff:{x]dx.

S(x) "/

Hinh 13

Vi du 6. Tinh thé tich khdi cdu c6 ban kinh R dé tra 1&i cau hoi & () (trang 21).

Gidi
Khéi cau c6 ban kinh R 1a khéi tron xoay nhan duoc
khi quay nira hinh tron gi¢i han bai db thi ham sb
y= VR —x? (R = x = R) va truc Ox quanh
truc Ox (Hinh 14).
Tir do, thé tich khéi cau la
" E]
_ 4nR
==

R 3
V=n [ (R —x*)dx = {R&-%}
-R

-R
Q% Goi D 1a hinh phang giéi han boi d6 thi ham sé
y=1+—, truc hoanh va hai duong thﬁng x=1,

X

x =2 (Hinh 15). Tinh thé khéi tron xoay tao thanh
khi quay D quanh truc Ox.

f )




@ ,
e "2 St dung tich phan, tinh thé tich khdi noén co
ban kinh day r va chiéu cao h (Hinh 16).

BAI TAP
1. Tinh dién tich hinh phing giéi han bai
a) D6 thi cia ham s6 y = ¢, truc hoanh va hai duong thang x =1, x = 1.

. . 1 .
b) D6 thi cua ham so6 y = x + —, truc hoanh va hai duong thang x =1, x = 2.
x

2. Tinh dién tich hinh phing giéi han bai do thi cia ham sé y = x* — x, truc hoanh va
hai duong thang x =0, x = 2.

-

x +1

3. Tinh dién tich hinh phang giéi han boi d6 thi cua hai ham sb y = Ly =—-xva

hai dwémg thing x = 1, x = 4. o

4. Tinh dién tich hinh phfmg gio1 han boi d6 thi cia hai ham sé y=x+1,y=2va
hat duong thﬁng x=—1,x=2.

5. Khi cit mét vat thé hinh chiéc ném boi mit phing vudng
goc vol truc Ox tai diém c6 hoanh do x (-2 <x<2),
mit cit 1a tam glac vuong co mot goc 45° va do da
mét canh goc vuong la /4—x* (dm) (Hinh 17). Tinh

thé tich cua vat thé.

6. Cho D la hinh phing giéi han boi d6 thi ham sb
=v4—-x (x<4), truc tung va truc hoanh (Hinh 18).

Tinh thé tich khéi tron xoay tao thanh khi quay D
quanh truc Ox.

7. Trong mat phﬁng toa do Oxy, cho hinh thang OABC
c6 A(0; 1), B(2; 2) va C(2; 0) (Hinh 19). Tinh thé tich
khéi tron xoay tao thanh khi quay hinh thang OABC
quanh truc Okx.

8. Su dung tich phan, tinh thé tich cua hinh chop tir giac
déu co canh day bang a va chiéu cao bang A (Hinh 20).

a



CAU HOI TRAC NGHIEM

Chon phwong dn ding.

1. Ham sb nao sau day la mét nguyén ham
ctia ham s6 y = x*?

b3
X

A —=—. B. 4x°.
5

xi

C. ?+1. D —4x’ 1.
2. Ham sb nao sau day la mét nguyén ham
ctia ham sb y = lz'?
X

AL B. -~

X X

1 1

- B —.
x x

3. Khang dinh nao sau day dang?
[ (cosx—2sin x)dx = sin x + 2cos x + C.

[ (cos x —2sin x)dx =—sinx +2cosx + C.

[ (cos x—2sinx)dx = sinx — 2cos x + C.

SN0 ® »

[ (cos x—2sinx)dx =—sinx - 2cosx+C.

4. Khing dinh nao sau day diing?
e 3

A f(x=L) a=Ex-Lic
T x

5. Khing dinh nao sau diy ding?
A [3¥de=—=+cC
- In9

B. [3*dx=9"In9+C.
. 2
C. .32‘dx=[3 )+C.

D. [3¥dy=3"In3+C

. Gia tri cia

1 2
j (4x* +3x” +8x)dx +I (4x’ +3x" +8x)dx
1

-3

bang
A. 16. B. -16.
C.52. D. 0.

2
. Biétring [ f(x)dv=—4.
]

2

Gia tri cia J'[3x—2 £(x)]dx béng
]

A -2 B.12.

C. 14. D. 22

2
. Gia tri cua j'|x“ —x|dx bing

]

A. B. L

C. D. 2.

| = L] 2

. Dién tich cua hinh phang gi6i han bai do thi

ctia hai ham s6 y=x*, y=x v hai duomg thang
x=0,x=2bing

A2 B 2.
2

c 2. p L
2 2



10. Téc dd chuyén dong v (m/s) cia mét ca nd
trong khoang thai gian 40 gidy duoc thé hién
nhu Hinh 1. Quang duong di duoc cua ca no
trong khoang thot gian nay la

A. 400 m. B. 350 m.
C.310m D. 200 m.
v (m/'s)
10¢---- . *
E \ 1(s)
o % 0 40

Hinh 1

11. Cho D 1a hinh phéing giéi han bai d6 thi

ham sé y=+/x+1, truc tung, truc hoanh
va duong thang x = 2. Thé tich cua khéi
tron xoay tao thanh khi quay D quanh

truc hoanh hﬁng

A. 6m. B. 2=x.

C. 3m. D. 4.

12. Cho ham sé y = f(x). D6 thi cua dao ham
v =1"(x) 1a duomg cong trong Hinh 2. Biét
rﬁing dién tich cua cac phf?m hinh phéng
AvaBlanluotla §, =2 va S, = 3. Néu
£(0) =4 thi gi tri cua f(5) bang
A. 3. B. 5.

C.9. D.-1.

Hinh 2

BAITAP TU LUAN

13. Tim:
a) [[4(2-3x)* —3cos x]dx;

2x

c) ( 2 - 12 ]dr;
“Isin"x 3cos x

d) [(3*? +4cosx)dx;

e) _'{4@+é]d}:;
g) I[sin%—ms%]_ dx.

14. Tinh dao ham cua F(x) =In (x++/x" +1).

1
Tir do suy ra nguyén ham cua f(x) = \[— .
x +1

b) _'(Jf —Li)dx;

15. Cho f(x) =x’In x va g(x) = xIn x. Tinh /"(x)
. J' g(x)dr.
16. Tinh cac tich phan sau:

a) I(4x3 + x)dx;

2
£

d) f(e*-' +2") d.

1

.
¢) [2dx;
0

17. Tinh cac tich phan sau:

i i

a) I _ 1, dx; b) j(1+tan x)cos x dx.
7 sin” x !
f

18. Mot vat chuyén dong voi téc do
v(r) = 3t + 4 (m/s), voi thot gian ¢ tinh theo
giay, t € [0; 5]. Tinh quang duong vat di
duoc trong khoang thoi gian tir 1 = 0 dén
t=35.



19. Mot chat diém dang chuyén dong véi
toc dé v, = | m/s thi ting téc vai gia tde
khéng doi @ =3 m/s>. Hoi tée do cua chat
diém la bao nhiéu sau 10 gidy ké tir khi

23. Néu cat chau nudc cod hinh dang nhu

Hinh 4 bang mit phing song song va cach
mat day x (cm) (0 < x < 16) thi mat cét 1a
hinh tron co6 ban kinh (10+ «Jr.;) (cm). Tinh

bat dau tang toc? .
& dung tich cua chau.

20. Téc d6 ting dan sé cua mot thanh phd
trong mot s0 nidm dwoc woc luong bom

cong thirc

P(t)=20.(1,106) véi0 <t <7,

trong do ¢ la thot gian tinh theo ndm va =0 Hinh 4

img véi dau nam 2015, P(7) la dan sé {1
ung vor dau nam 2015, P(7) 1a dan S0, s hide 1éu mai vom c6 hinh dang

nhu Hinh 5. Néu cit 1éu bing mit phing
song song vol méit day va cach mat day
mot khoang x (m) (0 < x < 3) thi duoc hinh

vuong co canh J9—x" (m). Tinh thé tich

cua thanh phé tinh theo nghin nguoi. Cho
biét dan s6 cua thanh phé dau nam 2015 13
1008 nghin nguon.

a) Tinh dan sé cua thanh phé & thai diém
dau nam 2020 (lam tron dén nghin ngudi).
b) Tinh téc d6 ting dén sé trung binh
hing nam caa thanh phé trong giai doan tir
dau nam 2015 dén diu nam 2020.

21. Sau khi duoc tha roi tir do tir 46 cao 100 m,
mét vét roi xudng véi toe 46 v(r) = 10 (m/s),
trong do 7 la thon gian tinh theo giay ke tir
khi tha vit.

a) Tinh quing dudmg s (7) vat di chuyén

25, Trén mat phang toa dé Oxy, vé nira duong
tron tim O, ban kinh » = 2 nim phia trén
truc Ox. Go1 D la hinh phﬁng 2101 han bot
nura duong tron, truc Ox va hai duong
thing x = —1, x = 1. Tinh thé tich khéi tron
xoay tao thanh khi quay D quanh truc Ox.

duoc sau thow gian ¢ giay (trong khoang
that gian vat dang roi).

b) Sau bao nhiéu gidy thi vat cham dat?
Tinh téc d6 roi trung binh cua vat.

22.Cho §,, §, la dien tich cac hinh phﬁng duoc

Ry Jl}.-
mo ta trong Hinh 3. Tinh —L. 2
yA :
y=—x +4dx D
3 1 0 2 5
Hinh &




Phan HINH HOC VA PO LUGNG

PHUONG TRINH MAT PHANG,

Ch”’ V x e o A
M DUONG THANG, MAT CAU

Phuong trinh mét phing, duing thang, mat ciu ¢é nhiéu ing dung trong thiét ké, dinh vi, san xudt, ... Trong chuong nay,
ching ta sé tim hiéu vé phuong trinh cia mit phing, duéng thang, mit ciu trong khang gian Oxyz cing cich vin dung
ching dé tinh khodng cich, géc trong khdng gian va gidi quyét mét sé van dé thuctién.
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- Thiét |ap dugc phuong trinh téng quat cia mat phang, dudng thang, mat cau trong
khéng gian Oxyz.

- Xac dinh duoc diéu kién dé hai mat phang song song, vudng goc vdi nhau; diéu kién
dé hai duéng thang chéo nhau, cat nhau, song song hodc vuéng gdc vdi nhau.

- Tinh duoc khoang céach tir mét diém dén mot mat phang bang phuong phap toa dé.

-Thiét |ap dugc cong thiic tinh goc gilta hai duding thang, gilta duéng thang va mat phang,
gitta hai mat phang.

- Vin dung duoc kién thiic vé cac phuong trinh néi trén dé giai mot s6 bai toan thuc tién. y




Bai 1. Phuong trinh mat phang

Tirkhoa: Cap vecto chi phuong; Vectd phap tuyén; Phuong trinh téng quat clia mat phang.

(») .
.__/ Trong khéng gian Oxyz, lam thé nao dé xac dinh

mét mat phang bang phuong phép toa d6?

1. Vecto phdp tuyén va cdap vecto chi phwong ciia méat phang

‘_Q a) Cho vecto # khac 0. Qua mot diém M, c6 dinh trong khéng gian, ¢é bao nhiéu
mit phing (o) vudng goc véi gia cua vecto i ?
b) Cho hai vecto a, b khéng cuing phuong. Qua mét diém M, cd dinh trong khong gian,
c6 bao nhiéu mit phing (o) song song hodc chira gia cua hai vecto 4, b7

A

ji j,ﬂb.

EE—

JHI:I - 'ﬁ':l:/

’F,-"""

a) b)
Hinh 1

Cho mat phfmg (a).
e Néu vecto 71 khic 0 va c6 gia vudng goc véi (o) thi 7 duoc goi la vecto phdp tuyén
cua (o).
e Néu hai vecto a, b khéng cting phuong, ¢ gia song song hodc nim trong (o) thi
a. b duoc goi la edp vecto chi phirong cia ().
Chu y:
a) Mot mat phﬁng hoan toan duoc xac dinh khi biét mot diém va mot vecto phap tuyén
cua né hodc biét mét diém va mét cap vecto chi phuong cua mit phing do.
b) Néu i la mot vecto phap tuyén cua mit phﬁng (o) thi ki (k#0) cling la mot vecto

phap tuyén cua (o).



Vidu 1. Cho hinh lap phuong ABCD A'B'C'D’.
a) Tim mot cip vecto chi phuong cia mit phing (4BCD).
b) Tim mét vecto phép tuyén cua mit phang (4BCD).

Giai

Dl
a) Vi AB va AD khﬂng cung phuong va co gia nim trong : c
mat phang (ABCD) nén AB AD la mot cdp vecto chi phuong 4 . B’
cua (4BCD). :

—— . D,____] S
b) Vi 44" 1 (ABCD) nén AA" la mét vecto phap tuyén cua r':*, ¢
(ABCD). A B
Hinh 2

Trong khong gian Oxyz, cho ba diém A(3;0; 0), B(0: 4;: 0y, C(0; 0; 5).
a) Tim toa do cuia mot cap vecto chi phuong cua mat phﬁng (ABC).

b) Tim toa do cua mot vecto phap m}rén ctia mit phiang (OAB).

Mdt lang kinh co dang hinh lang tru dimg co day la tam giac déu & Hinh 3a dwoc v& lai nhu
Hinh 3b. Tim mot cap vecto chi phuong va mot vecto phap tuyf:n cua mat phang (A'B'C").
AF

Hinh 3

2. Xdac dinh vecto phdp tuyén clia mat phang khi biét mét cap vecto
chi phuong

5

Trong khong gian Oxyz, cho mat phﬁ.ng (o) co cip vecto chi phuong @ = (a,; a,; a,),
b = (b,; by, b,). Xét vecto n = (a,b, —a.b,; a;b, —a,b;; a,b,— a,b)).

a) Vecto 7 c6 khac 0 hay khong?

b) Tinh @.7 : b.ii.

¢) Vecto 1 c6 phai la vecto phap tuyén cia mét phang (o) khong?




Tir ’Q, ta co:

*  Trong khong gian Oxyz, néu mat phang (o)

nhin hai vecto @ = (a,; a;; a,), b = (b,; by; b,) il g
lam c@p vecto chi phuwong thi (o) nhan vecto i
o

i = (a,b; - a;b,; a;b, — a\by; a\b, — ab,)
Hinh 4

lam vecto phap tuyén.
Cha y:
a) Vecto n = (a,b, — a,b,: a;b, —a,b;; a,b, - a,b,) duoc goi la tich c6 huwdong cua hai vecto

G =(a;ay;a)va b=(b;byb,) kihieula |a,b].

. 5 a, a
b) Biéu thirc a,b, — a,b, thuong duoc ki hicu la b& . Tuong tu, bj bj = a,b; — ab,,
al E.'a'l - " A=A
b b = a;b, — a,b;. Nhu vay, ta co thé viét:
[r.'r, .5]: a, o, : a;, o ; a, a, ‘
b, by |by Bh| |b b,

c)d va b cung phuong < [E:', E] = 0.
Vi du 2. Cho mit phing (P) nhian a = (1: 2; 3), b= (4: 1; 5) lam cdp vecto chi phuong.
Tim mét vecto phap tuyen cua (P).
Gidi
Ta co tich co hwong cua hai vecto a, b la
[E, 5] =(2.5-3.1;3.4-1.5;1.1-2.49)=(7;7;-7).
Do d6, mit phang (P) nhan i =% | @, b|=(1; 1;-1) 1am mét vecto phip tuyén.

% Cho mat phﬁng (Q) di1 qua ba diém A(1; 1: 1), B(—1: 1; 5), C(10; 7; —1). Tim mot cap
' vecto chi phuong va mot vecto phap tuyén cua (Q).

ﬁ-\'- Cho biét hai vecto @ = (2; 1; 1), E =(1:-2;0) co g1a
lan luot song song véi ngdn tro va ngén giira cia ban tay
trong Hinh 5. Tim vecto 5 co6 gia song song vo1 ngon cal.
(Xem nhu ba ngon tay no1 trén tao thanh ba duong thﬁng

do1 mot vuong goc.)




3. Phuong trinh téng quat ctia mét phang
Khai niém phuong trinh téng quat ctia mat phing

Q Trong khéng gian Oxyz, cho mit phang (a) di qua )
diém M, (1 2; 3) va nhan 7= (7; 5; 2) lam vecto

phap tuyén. Goi M(x; y; z) la mét diém tuy ¥ trong /',M
khong gian. Tinh tich vo hu‘c’mg n.M,M theox, y, z. - LM,
Hinh 6

Diéu kién can va dia d& M e (o) 12 7. M, M = 0 hay toa d6 cua diém M(x; y; z) thoa man
Tx+ 5y +22-23=0(*%).

Phuong trinh (*) goi la phuong trinh tong quat ctia mat phang (c).

Mot cach té-ng quat, ta co:

¥ Trong khong gian Oxyz, mdi mit phang déu c6 phuong trinh dang Ax + By + Cz+ D=0,
trong d6 A, B, C khéng dong thoi bang 0, dwoc goi 13 phiong trinh tong qudt cua mit phang.

Nhan xét:
a} MJi phuong trinh Ax + By + Cz + D = 0 (trong d6 A4, B, C khﬂng dong thén hang 0)
déu xac dinh mot mat phang nhan n = (4; B; C) lam vecto phap tu}ren
b) Cho miit phing (at) c¢6 phuong trinh téng quat la Ax + By + Cz + D = 0. Khi do
Nixy; vps 2,) € (a) & Ax, + By, + Cz, + D= 0.
Vi du 3. Cho hai mit phing (P), (Q) c6 phuong trinh tong quat 1a
(P):3x—-5y+7z+5=0va(Q):x+y-2=0.
a) Tim mot vecto phap tuyén ctia moi mat phéng (P), (Q).
b) Tim diém thuéc mit phing (P) trong sb cac diém: A(1; 3; 1), B(1: 2; 3).
Gidi
a) Mat phﬁng (P) co mot vecto phap tu}rén lan =(3;-5;7).
Mit phing (Q) c6 mét vecto phap tuyén la #'=(1; 1; 0).
b) Thay toa do d iém A vao phuong trinh cua (P), ta duoc:
3.1-5.3+7.1+5=0.
Vay A thuoc (P).
Thay toa do diém B vio phuong trinh cua (P), ta duoc:
3.1-5.2+7.3+45=19=0.
Vay B khong thudc (P).




% Cho hai mit phing (a), (B) c6 phuong trinh téng quat la
(a): 2x+2y—3z—-4=0va(p):x+4z-12=0.
a) Tim mot vecto phap tuj,fén ctia moi mat phﬁng (), (B).

b) Tim diém thuéc mat phang (o) trong s6 cac diém: M(1; 0; 1), N(1; 1 0).

Liap phuong trinh téng quat cia mit phing di qua mét diém va biét vecto
phéap tuyén

Q Trﬂng khéng gian Oxyz, cho mit phing (a) di qua =
diém Mu{xn,yn, z,) vanhan n =(A4; B; C) lam vecto

phap tuj,n:n. Go1 M(x; y; z) la mot diém tuy y trong /M
khong gian. / E M;

a) Tim toa do cua M M.
b) Tinh tich v6 huong n. M M. Hinh 7

c) Lap phuong trinh téng quét cia mat phang (o).
T ,@, ta co:
1 Trong khéng gian Oxyz, phuong trinh mat phang di qua diém M,(x,; y,: z,) va c6 vecto
phap tuyén 7 = (4; B; O) la
Ax-x))+ By -y)+ Clz—2z,)=0
hay Ax + By + Cz+ D=0 v D=-Ax,— By,— Cz,

Vi du 4. Viét phuong trinh mat phing (P) di qua diém M(1; 2; 3) va c6 vecto phap tuyén

n=(1;2;1).

Giai
Vi (P) di qua diém M(1; 2; 3) va c6 vecto phap tuyén # = (1: 2; 1) nén phuong trinh
cua (P) la

lx-1+2(y-2)+1z-3)=0x+2y+z-8=0.
Lap phuong trinh tdng quat cia mat phing di qua mét diém va biét cap vecto
chi phuong
,@ Trong khong gian Oxyz, cho mat phéng (ct) di qua diém M(0; 2; 1) va cb cap vecto
chi phuong la a=(1; 3; 1), b=(2; 0; 1).
a) Tim toa d6 mot vecto phap tuyén cla mat pha'ing (o).

b) Lap phuong trinh ctia mét phang (o).



Tir [2, ta co:

+ Dé lap phuong trinh téng quat cua mit phing (o) di qua ) T B
diém M,(x,; ¥, =,) va co cip vecto chi phuong a, b, ta = b
thuc hién nhu sau:
e Tim mét vecto phap tuyén i = [E, E_}] "M, /
e Viét phwong trinh (o) di qua M,(x,; v,; Z,) Va €6 vecto .
phap tuyén n. Hinh &

Vi du 5. Viét phuong trinh mat phiang (P) di qua diém N(4; 0; 1) va co cap vecto
chi phwong la @ =(1;2; 1), b =(2: 1; 3).
Giai
(P) c6 cap vecto chi phuong la a = (1; 2; 1), Ti= (2; 1; 3), suy ra (P) co vecto phap tuyén
lan = [a, 5] =(2.3-1.1;1.2-1.3;1.1-2.2)=(5;-1; -3).
Phuong trinh cua (P) la
S(x—4)~1(y-0)-3(z-1)=0<5x—y-3z-17=0.
Lap phuong trinh tdng quat cia mat phang di qua ba diém khéng thing hang

’Q Trong khong gian Oxyz, cho mat phéng (or) di qua ba diémA[ﬂ; I; 1), B(2: 4; 3), C(5: 3; 1).
a) Tim toa do mot cép vecto chi phuong cua mat phang (o).
b) Tim toa d6 mot vecto phap tuyén cia mit phing (c).
c) Lap phuong trinh cua mat phﬁng (o).
Tur ,'C%, ta co:
‘;, bé lap phuong trinh t-fing quat cua mat phﬁng (o) di qua
ba diém A, B, C khong thang hang, ta thuc hién nhu sau:

i
» Tim cép vecto chi phuong, ching han 4B, AC. / KC /
A
- B

e Tim mét vecto phap tuyén 7 = [A_B, AC |.

e Viét phwong trinh (o) di qua M,(x,; ¥,; z,) va co vecto

phap tuyén . Hinh9

Vi du 6. Viét phuong trinh mit phang (P) di qua ba diém A(1; 1; 1), B(1; 2: 2), C(4; 1; 0).
Gidai
(P) di qua ba diém A(1; 1; 1), B(1: 2: 2), C(4; 1; 0) nén co cip vecto chi phuong la
AB =(0; 1; 1), AC = (3; 0; —1), suy ra (P) co vecto phap tuyén la
ii=| 4B, AC|=(1.(-1)~1.0;1.3-0.(-1):0.0-1.3)=(~1; 3;-3).
Phuong trinh cua (P) la
~lx-D+3py-D-3z-D=0=x-3p+3z-1=0.



Vidu 7. Trong khéng gian Oxyz, cho ba diém Ala; 0;0), B(0; b; 0), C(0; 0; c)vona, b, ¢
déu khac 0. Viét phwong trinh mit phing (P) di qua ba diém 4. B, C.
Giai
(P) co mot cap vecto chi phuong la AB = (—a; b; 0),
AC = (—a; 0; ¢), do do (P) co mét vecto phap tuyén
la i = | 4B, AC| = (bc; ac: ab). Suy ra (P) cb
phuong trinh:
be(x —a)+ac(y—0)+ab(z-0)=0

hay bex + acy + abz — abe = 0.

Hinh 10

! - r .I z
Nhdn xét: Do a, b, ¢ déu khac 0 nén co thé viét lai phuong trinh trén thanh —+ % +—=1
a c

Phuong trinh nay goi 1a phwong trinh mdt phéng theo doan chdn.

% Viét phuong trinh mit phing (P) trong mdi trudng hop sau:
' a) (P) di qua diém A(2; 0; —1) va cé vecto phap tuyén n = (5; -2; 7).
b) (P) di qua diém B(-2: 3; 0) va co cap vecto chi phuong la u = (2; 2; —1),
v =(3;1; 0).
¢) (P) di qua ba ﬂiémA[Z; 1;5), B(3;2;7), C(4; 1; 6).
d) (P) di qua ba diém M(7;0; 0), N(O; =2; 0), P(0; 0; 9).
@ Trong khong gian Oxyz, cho hinh lang tru OAB.O'A'B".

3 Bié 0 la gbe toa dé, A(2; 0; 0), B(0; 3; 0), O'(0; 0; 5).
Viét phuong trinh cac mat phang (O'AB) va (O'A'B").

Hinh 11

4. Diéu kién dé hai mat phdng song song, vuéng géc
Diéu kién dé hai mat phing song song
'® Cho hai mat phﬁng (), (P) co phuong trinh la
(a):x—2y+3z+1=0va(P):2x—-4y+6z+1=0.
a) Néu nhén xét vé cic vecto phap tuyén cua hai mit phang trén.
b) Cho diém M(—1: 0; 0). Hay cho biét cac mat phang (o), (B) ¢6 di qua M khéng.

c) Giai thich tai sao (o) song song vor (3).



Trong trudmg hop tong quat, ta co:

‘0:- pi

¥ Trong khéng gian Oxyz, cho hai mit phing |
(o) Ax+By+Cz+D =0va(a,) Ax+By+Cz+D,=0 /,{ /
¢ vecto phap tuyén lan luot 1a #,=(4,; B,; C)). n, = (45, By C)). Al
Khi do 7, = ki, /6{ | /
e {5‘1 # kD, e Hinh 12
Chay:
i, = i,
(a,) =(a,) < {D. _ D, (k € R).

(ar,) cit (o) < 7, va n, khéng cung phuong.

Hinh 13

Vi du 8. Mat ]:-héng (P): 4x + 3y + z+ 5 = 0 song song vo1 mat phﬁng nao sau day?

a)(0):8x+6y+2:2+9=0; Db)(R):8x+6p+2z+10=0; c)(S):dx+2y+z+5=0.
Giai

Cac mat phang (P), (Q), (R). (S) c6 cac vecto phap tuyén lan luot 1a a7, = (4; 3; 1),

= (8; 6;2), ii, =(8; 6;2), i, = (4;2; 1).

a)Taco n,=2n,,9+2.5 Vay (P) // (O).

b) Ta co 7, =24, , 10=2_5. Vay (P) = (R).

¢) Tacod % # % suy ra i, va i, khong cing phuong. Vay (P) ct (S).

Vi du 9: Viét phuong trinh mat phang (Q) di qua diém M(1; 2; 3) va song song v&i
mdt phing (P): 2x+y+z+12=0.
Giai
Dé thay diém M khéng nam trén (P). Vi (Q) / (P) nén (Q) c6 vecto phap tuyén la
n=(2;1;1).
Phuong trinh mét phang (Q) di qua M va c¢6 vecto phap tuyén 7 la:
2x-1)+(y—-2)+(z-3)=0hay2x + y+z-7=0.
@5 Mit phang (E): 2x — y + 8z + 1 = 0 song song v&i mit phing nao sau day?
‘ a)(F): 8x—4y+32z+7=0;
b) (H): 6x — 3y + 24z + 3 =10);
c)(G): 10x -5y +41z+1=0.




ﬁ:& Trén ban thiét ké db hoa 3D cuia mét canh dcrng

=7 dién mat tron trong khong gian Oxyz, mot tAm
pin nam trén mat phang (P): 6x + 5y +z+2=0;
modt tim pin khdc ndm trén mét phing (Q)
di qua diém M(1; 1; 1) va song song vol (P).
Viét phuong trinh mat ph:'ing (0).

Hinh 14
Diéu kién dé hai mat phidng vuéng géc
‘,@ Cho hai mit phing () v (B) c6 phuong trinh 1
(o):3x+2y+z+1=0va(p): 5x—10p+5z+9=0.
a) Chi ra hai vecto n,, n, lan luot 1a vecto phap tuyén cua (o) va (p).
b) Tinh tich vé huéng 7.7, va néu nhan xét vé hai mat phing (o) va (p).
Trong truong hop téng quat, ta co:
*  Trong khéng gian Oxyz, cho hai mit phing

(o) Ax+By+Cz+D, =0va(a,) Ax+By+Cz+D,=0
c6 vecto phép tuyén lan luot 1a 7, = (4,; B,; C,), i,= (4,; By C,).

Khi d6 (o) L (o) < .7, = 0> 4,4, + B,B, + C,C,=0.

Hinh 15

Vidu 70. Cho ba mat phﬁng (P), (Q), (R) co phuong trinh la:
(P)x—4y+3z+2=0;(Q):4x+y+88=0va(R):x+y+z+9=0.
Chirng minh rﬁng (P) L(Q)va(P)L(R).

Gii

Cac mit phing (P), (Q), (R) c6 vecto phép tuyén lan luot 1a 1, = (1; -4; 3), n,= (4; 1; 0),
i, = (15 1; 1),

Tacé ii.ii,= 1.4+ (-4).1+3.0=0. Vay (P) L(0).

Taco n.n,=1.1+(-4).1+3.1=0.Vay (P) L (R).
& Tim cac cip mit phang vudng goc trong cic mit phéng sau:
(F):3x+2y+5z+3=0, (H:x—4y+z+23=0, (G):x—y+3z+4+24=0.

ﬁ;‘-. Hai hoc sinh dang chuyén bong. Ban nit ném béng =

2 cho ban nam. Qua bong bay trén khong, léch sang
phat va roi xué-ng tai vi tri cach ban nam 3 m,
cach ban nit 5 m (Hinh 16). Cho biét quy dao cua
qua béng nam trong mat phiang (P) vubéng goc

voi mat dat. Hay viét phuong trinh cua (P) trong /5 T TTine-- \7; m v
X

khong gian Oxyz duoc mo ta nhu trong hinh vé. )
Hinh 16



5. Khoang cach tir mét di€ém dén mét mat phang

S

- *
- -
-

Trong khéng gian Oxyz, cho mat phang (o) co Mo

phuong trinh Ax + By + Cz+ D=0 vadiém M(x,; v,. z,). T A

Go1 M|(x,; v,; z;) la hinh chiéu vuong goc cua M, Y
trén (o) (Hinh 17). A :

a) Néu nhén xét vé phurong cua hai vecto:

S Hinh 17
MM, =(x,—x:y,—¥:z,—z)van =(4; B, C).
b) Tinh M, M,.ii theo A, B, C, D va toa dé cia M,.
¢) Giai thich tai sao ta lai c6 ding thire |M, M, |.Jii| = [M, M, .i|.
it

| . |
d) Tir céic két qua trén suy ra céch tinh d(M,, (@) = |M,M,|= T"
H

Trong khong gian Oxyz, cho mat phéng (o) co phuong trinh Ax + By + Cz+ D=0 va
diém M(x,. v, z,). Khoang cach tir diém M, dén mat ph:';mg (o) duoc tinh theo cong thuc:
| Axy + By, +Czy + D |

JA + B+ C?

Vi du 11. Tinh khoang cach tir diém M(1; 2: 3) dén cac mit phang sau:
a)(P):x+y+z+12=0; b) (0): 4x + 3y + 10=0.
Giai
1.1+1.2+1.3+12| 18
a) d(M, (P = 2t 18 5

JE+P2 412 NS

b) d(M. () = 4 1+32+03410] _20_,

V4 +37 407 5
Vidu 12. Tinh chiéu cao ctia hinh chop S.ABC co toa do cac dinh la §(5; 0; 1), A(1; 1; 1),
B(2;3: 4), C(5; 2; 3).

d(M,, (o)) =

Gidai
Mat phﬁng (ABC) d1 qua ba diém A(l; 15 1), B(2; 3; 4), C(5; 2; 3) nén co cap vecto
chi phuong la 4B = (1: 2; 3). AC = (4; 1; 2), suy ra (4BC) co vecto phap tuyén
n=(2.2-3.1:3.4-1.2;:1.1-2.4)=(1:10;-7).
Phuong trinh cua (4BC) la: I(x— 1)+ 10(y - 1)-T(z=1)=0hayx+ 10y -7z -4 = 0.
Chiéu cao SH cua hinh chop S ABC chinh la khoang cach tir diém S dén (4BC).

154100+(-T7).1-4| 6 6
Ta c6: SH= d(S.(ABC)) = | £ +(D1-4]_ 6 V6
JE+10°+(-7)* 56 5




Vi du 13. Tinh khoang cach gitra hai mat phfmg song song (P) va () cho bo1 cac
phuong trinh sau day:
(P):2x+y+2z4+9=0; (0): 2x+y+2=2+99=0.
Giai
Ta lay diém M(0; —9; 0) thuéc (P). Do hai mit phiang (P) va (Q) song song nén
khoang cach gitra chung la:

20+1.(-9+2.0+99 90
d(P), (0)) = d(M, (0)) = 29+ +20+99]_30 _

N2 41242 3

30.

% a) Tinh chiéu cao cua hinh chop O.MNP vai1 toa do cac dinh la O(0; 0; 0), M(2; 1; 2),

BAI TAP

1.

@;‘E Cho hinh chép tir giac déu S ABCD c6 canh day

N(3; 3; 3), P(4; 5; 6).
b) Tinh khoang cach giita hai mat phang song song (R): 8 + 6y + 70 = 0 va
(8): l6x + 12y -2 =10.

bang aw@, chiéu cao bang 2a va O la tim cua day.
Béng cach thiét 1ap hé truc toa dé Oxyz nhu Hinh 18,
tinh khoang cach tir diem C dén mat phang (54B).

Hinh 18

Viét phuong trinh cua mat phﬁng:

a) Pi qua diém A(2; 0; 0) va nhan # =(2; 1; 1) lam vecto phap tuyén;

b) D1 qua diém B(1; 2; 3) va song song vo1 gia cua moivecto # =(1:2:3)va v =(-2:0; 1)
c) D1 qua ba diémA[l; 0; 0), B(0; 2; 0) va C(0; 0; 4).

. a) Lap phuong trinh cua cac mat phﬁng toa do (Oxy), (Oyz), (Oxz).

b) Lap phuf:rng trinh cua cac mit phing di qua diém A(-1; 9; 8) va lan luot song song véi
cac mat phang toa do trén.

Cho tir dién ABCD co cac dinh A(4; 0; 2), B(0; 5: 1), C(4; —1: 3), D(3; -1; 5).

a) Hay viét phuong trinh cua cac mit phiang (4BC) va (4BD).

b) Hay viét phuong trinh mat phﬁng (P) d1 qua canh BC va song song voi canh AD.

. Viét phuong trinh mat phing (Q) di qua diém C(1; -5; 0) va song song véi mit phang

(P): 3x — Sy + 4z — 2024 = 0.

. Viét phwong trinh mat phang (o) di qua hai diém A(1; 0; 1), B(5; 2; 3) va vudng goc voi

mit phang (B): 2x—y+z—7=0.

Viét phuong trinh mat phz;mg (R) d1 qua diém A(1;2;-1) va vuong goc voi hal mat phﬁng
(P):d4x —2y+6z-11=0,(Q): 2x+ 2y + 2z -7 =0.



7. Tinh khoang cach tir gc toa dé va tir diém M(1; -2; 13) dén mit phing (P): 2x — 2y —z+ 3=0.

8. Tinh khoang céch giira hai mit phing song song (P): x - 2=0va (Q): x — 8 = 0.

9. Cho hinh chép S.ABCD c6 day ABCD la hinh
chir nhat von AB = 2a, AD = 5a, 54 = 3a va
SA L (ABCD). Bang cach thiét lap hé truc
toa do Oxyz nhu Hinh 19, tinh khoang cach
tir diém A dén mat phang (SBC).

10. Mot cong truong xay dung nha cao tf?mg da
thiét 1ap hé toa d6 Oxyz. Hay kiém tra tinh
song song hodc vudng goc giita cac mat kinh
(P), (Q), (R) (Hinh 20) ctia mét toa nha, biét:

(P):3x+y—-z+2=0;
(Q): 6x+2y 22+ 11 =10
(Ry:x—-3y+1=0.

Bai 2. Phuong trinh duong thang
trong khong gian

Tirkhod: Vecto chi phuong; Phuong trinh tham sé ciia duimg thang;
Phuang trinh chinh tac cha dudng thang.

y
\9 Ta da biét trong mat phang Oxy, phuong trinh tham sé ciia duéng thang cé dang:

=X +a,t

{I foth (a? +a2 #0,tcR).
Y=Yy tayt

Trong khéng gian Oxyz, phiteng trinh tham sé clia duéng thang cé dang nhu thé nao?

_]r"‘“'

ﬂr/ﬂ"/ x

a) Duémg thang trong mat phang Oxy  b) Pudng thang trong khéng gian Oxyz




1. Phuwong trinh dwéng théng trong khéng gian

Vecto chi phuong clia dudng thing
,(E"} Trong khéng gian Oxyz, cho diém M, c¢b dinh va vecto a

khéc 0. C6 bao nhiéu duong Ihfmg d di1 qua M, va song song
hodc trung vol giacua a?

Tir (@, ta co dinh nghia:

"% Vecto @ khac 0 ¢o gid song song hodc tring véi duong thiang d duoc goi la vecto
chi phirong cua d.

Chd y: Néu a 1a vecto chi phuong cua d thi ka (k # 0) ciing la vecto chi phuong cua d.
Vidu 1. Trong khéng gian Oxyz, cho hinh chop 0. ABCco A(2;0;0), B(0; 4;0)va C(0;0; 7).
a) Tim toa dé mét vecto chi phuong cia méi duong thﬁng AB, AC.
b) Vecto v = (=1; 2; 0) c6 1 vecto chi phuong cua dudng thﬁngAB khong?
Gidi Q

a) Taco AB = (~2; 4: 0) 1a mét vecto chi phirong cua dudng thing AB;

AC = (~2: 0; 7) 1a mét vecto chi phwong cua duwong thang AC.

A C

b) Vi ¥ =(-1;2;0)= —AB nén V la mét vecto chi phuong cta

B
duong thing AB. Hinh 2

o

Trong khong gian Oxyz, cho hinh lang tru tam giac ABC. A'B'C'vo1 A(1; 2; 1), B(7; 5; 3),
’ C(4; 2;0), 414; 9; 9). Tim toa do mot vecto chi phuong cua moi duong thang AB, A'C"
va BB'.

Phuong trinh tham sé ciia dudng thing

) Trong khéng gian Oxyz, cho duong thang d di qua
diem M (x,; v, z,) cb dinh va co vecto chi phuong la

d =(a,; ay; a;) khéc 0.

a) Giai thich tai sao ta co thé viét:
Mede MM=1a (t e R).

b) Vo1 M(x; y; z) thuoc d, hay tinh x, y, z theo x,, v, z, ~
va a,, a,, a. Hinh 3




Tir z@, ta co dinh nghia:

Trong khong gian Oxyz, phweng trinh tham §6 cua duong th;';mg d di qua diém
M (x,; y,. z,) va nhan a@ = (a; a,; a,) lam vecto chi phuong co6 dang:
X=X, +at

y=y,+at véite R (tduoc goi la tham sb).

z=z,+a,l
x=-246f
Vi du 2. Cho dudmg thing d cé phuong trinh thamsé {y=11+2¢ (t € R).
z=4

a) Tim hai vecto chi phwong cua d.
b) Tim cac diém trén d tmg véi ¢ lan luot bang 0; 2; 3.
Gidai
a) Tur phuong trinh tham 55, taco a =(6;2; 4) la mét vecto chi phuong cua d.

Chon b= %E =(3; 1; 2), taco b cting la mot vecto chi phuong ciua d.

b) Thay ¢ = 0 vao phuong trinh tham s6 cua d, ta duoc:

x==-24+6.0 x==2
y=11+2.0 hay qy=11
z=4.0 z=10.

Vay A(-2; 11; 0).

Tuong tu, vor ¢ = 2 thi B(10; 15; 8), vor r=-3 thi C(-20; 5; -12).

Chiay: X=X, +adl

a) Trong phuong trinh tham sb cua duong thz"ang d: {y=y,+a,f, mdi gia tri cua
z=2z,+a,l

tham s6 ¢ xac dinh duy nhat mot diém M trén d va nguoc lai.

b) Tir nay dé cho gon, trong phuong trinh tham sé cua dudng thang, ta khong viét 7 € R,

Ii".l' du 3. Viét phuong trinh tham s6 cua dudng thang d di qua diém M,(1; 2; 3) va nhan
=(4; 5; -7) lam vecto chi phuong. Puong thang d co di qua diém A(1; 1; 5) khong?

Gidai
Ta c6 phuong trinh tham s6 cua d 1a:
x=1+41
yv=245t
z=3-Tt.




Thay x = 1 vao phuong trinhx =1+ 4, tadugc 1 =1 + 41, suyrar=0.

Thay y =1 va t = 0 vao phuong trinh y= 2 + 5¢, ta thay phuong trinh khéng thoa man.

Suy ra duong thang d khong di qua diém A.

x=—14+8¢

@ Cho duong thang d ¢6 phuong trinh tham sé { y =—4¢

&

z=3+121.
a) Tim hai vecto chi phuong cua d.
b) Tim ba diém trén d.

Viét phuong trinh tham s0 cua duong thﬁng d di qua diém A(5; 0; —7) va nhan

=(9; 0; -2) lam vecto chi phuong. Puong thang d co di qua co diém M(—4; 0;-5)

kha ng?

Phuong trinh chinh tic cla dudng thing

X=X, +ﬂ'].f

'® Cho duong thﬁng d co phuong trinh tham sb y=y+ait véna,a,, a, déu khéc 0.

Tir (@, ta co dinh nghia:

%)

z=2z,+a,f

Lay diém M(x: y; z) bat ki thuéc d. So sanh céc biéu thire: —t; 220,

Trong khong gian Oxyz, cho duong thf'mg d di qua M(x; v, z,) va co vecto chi phuong

a=(a,; a a,).
Néu a,a,a df:u khac 0 thi hé phuong trinh

X=X, 4 Y= Yo =3_zn

4] iy ay

goi 1a phwong trinh chinh tic cua duong thing d.

Vidu 4. Viét phuong trinh chinh tic cua duong thﬁng d di qua diém
nhian a = (4; 5; -7) lam vecto chi phuong.
Gidi
_y-2 z-3
5 -7

Puéng thing d ¢6 phuong trinh chinh tac la: a

M(1; 2; 3) va

Viét phuong trinh chinh tic cua duong thing d di qua diém M(5; 0; —6) va nhan

a =(3;2;: —4) lam vecto chi phuong.



Viét phuong trinh tham sé, phuong trinh chinh tic ciia dudng thing di qua hai diém
’@ Cho dudng thing d di qua hai diém A(2: 2: 1) va B(4: 5: 3).
a) Tim mot vecto chi phuong cua d.

b) Viét phuong trinh tham s6 va phuong trinh chinh tic cua d.

Trong khong gian Oxyz, duong thfmg d di1 qua hai diém phan biet A(x,; y,; z,),
B(xy: yg: z5) ©0 vecto chi phuong la AB = (xg— X4 Vg — V4 Zp — Z,) va cO phuong trinh
tham sé:

x=x,+(xz—x 0

Y=yt (s =y

Z=z bz, —z M.

Néux, #x,, v, # Vs 2, # =, thi d c6 phuong trinh chinh tic:

X=X4 _ Y= Va _ 2724

Xg—X, VgV, Zp—Z,

Vi du 5. Viét phuong trinh tham sé va phuong trinh chinh tic cua duong thing 4B,
biét A(1; 1; 5) va B(3; 5; 8).

Giai

Pudng thing AB ¢6 vecto chi phuong la AB = (2: 4; 3) nén c6 phuong trinh tham sé:

x=1+2¢
v=1+4
z=5+31

va phuong trinh chinh tic:
x-1 y-1 z-5

2 4 3

% Viét phuong trinh tham sd va phuong trinh chinh tic cua duong thﬁng MN, biét
' M(2;0;-1)va N(4; 3; 1).

@ Mét md hinh cau treo duoc thiét ké
- trong khong gian Oxyz nhu Hinh 4.
Viét phuong trinh tham sb cua
lan duong d di qua hai diém

M(4; 3; 20) va N(4; 1000; 20).

Hinh 4




2. Vi tri twong déi gilra hai dwéng thang. Diéu kién dé hai dwéeng thang

vudng goc

Piéu kién dé hai dudng thing song song hoéc triing nhau
’@ Cho ba duong thing

x=4+7 x=2¢ x=5+2¢"
d {y=1+2t d:y=T7+41 va d": {yv=3+41"
z=1+3t; z=2+61 z=4+61"

a) Néu nhan xét vé ba vecto chi phuong cuad, d" vad".

b) Xét diém M(4; 1; 1) ndm trén d. Piém M c6 nim trén d” hodc d” khong?

c) Tir cac két qua trén, ta c6 thé két ludn gi vé vi tri twong d6i gittad vad', d vad"?

Trong trudng hop téng quat, ta co:

Goi d =(a; a,; a,) va d =(a,; a}; a;) lan luot

la vecto chi phuong cua hai duong thﬁng dvad'.
Goi M(x,; y,; z,) 1a mot diém trén d.

G=kd keR a

Tacé:d/l d' <
4 {Med';

d=kikeR

d=d' <
{Med’.

Vi du 6. Kiém tra tinh song song hoic tring nhau cua cac cip duong thing sau:

x=1+¢ x=2+2¢
a)d. sy=2+t vad" qy=5+2
z=1+2t z=1+41"
b) & x—1=_p—2=z—1 vid" x—2=}r—3=z—3_
1 1 2 3 3 6
Giai

a) Puong thang d di qua diém M(1; 2: 1) va c¢6 vecto chi phuong @ =(1; 1; 2).
Puéng thang d' ¢6 vecto chi phuong @' = (2; 2; 4)=24d.
Thay toa do diém M vao phuong trinh cua d', ta duoc:

.1

t'=—=
1=2+2¢ i
2=5+2r’«1»‘.f*=_E (vb nghiém).
l=1+4¢ =0

Suy ra M khong thuoc d'. Vay d // d'.



b) Duong thﬁng d di qua diém M(1;2; 1) va co vecto chi phuong @ =(1; 1; 2).
Pudng thiang d’ c6 vecto chi phuong a'=(3; 3; 6) =34.
Thay toa do diém M vao phurong trinh cua d', ta duoc:
1-2 2-3 1-3
3 3 6
Phuong trinh nghiém diang, suy ra M thuée d'. Vayd=d'.

Chi y: Cho dudng thing d di qua diém M va c6 vecto chi phuong d, dudng thing &' di
qua diém M’ va co6 vecto chi phuong a'.
a) Néu ba vecto a, @', MM’ cung phuong thid=d'.
b) Néu hai vecto d, d@ cung phuong va hai vecto a, MM khong cung phuong thid // d'.
Vian dung tinh chat trén, ta co thé giai Vi du 6 theo cach sau:
a) Pudng thang d di qua diém M(1; 2; 1) va cé vecto chi phuong @ = (1; 1; 2), duong thing d'
di qua diém M'(2; 5; 1) va c6 vecto chi phuong d@' = (2; 2; 4). Ta co MM'= (1;3;0).
Taco a'=2a,suyra a,a’ cung phuong va %i %, suy ra d, MM’ khong cung phuong.
Vayd/l d'.
b) Puéng thang d di qua diém M(1; 2; 1) va cé vecto chi phuong @ = (1; 1: 2), duéng thing d'
di qua diém M'(2; 3; 3) va co vecto chi phuong @' = (3; 3; 6). Ta co MM'= (1; 1; 2).
Taco @' =3ad =3MM, suy ra ba vecto d, @', MM’ cling phwong. Viy d=d'.

& Kiém tra tinh song song hoic triing nhau cua cac cap duong thing sau:

x=T7+4¢ ; 5 4
a)d: {y=3-2t vad: = =*"_1 ==

z=2-2

INIERNE L BaY %
h)d.3—3—4 vad': Py v

2 Trén mot may khoan ban da thiét lap sdan mot hé toa do.
~ Néu nhan xét ve vi tri giia truc ¢ cua miii khoan
va truc d' cua gia d& co phuong trinh lan luot la:

_1":] _T:].ﬂ
d: yyv=1 wvad':{y=20
z=1+t¢ z=5+51. Hinh 6




Diéu kién dé hai dudng thing cit nhau hoac chéo nhau
=y 5 =
’Q Cho ba duong thang

x=1+t x=2-21 x=2-2¢"
d. {y=2+3 d:1y==-2+t va d". sy==2+1t"
z=3-1; z=1+3¢1 z=3+31".

a) Puong thfmg d' va duong thﬁng d" co song song hay trung vo1 duong thﬁng d khong?

l+1=2-21
b) Giai hé phuong trinh < 2+3t=-2+¢ (ﬁn tvat').
3—r=1+31

Tir do nhan xet v1 tri twong dbi gitadvad'.

1+r=2-2¢
c) Giai hé phuong trinh {2+3fr =-2+¢" [én tvat").
3—t=3+3"

Tir d6 nhan xét vi tri twong doi gitra d va d".
Trong truong hop téng quat, ta co:
Cho hai dudng thing d va d’ ¢6 phuong trinh tham s6 lan luot la:

X=X, +a x=x,+at p
d: av=y,+at vad': {y=y,+at’
z=z,+at z=z, +af'.
Goi d =(a,; a,; a;) va @' =(a]; ay; a;) lan luot 1a P d'
vecto chi phuong ciad vad'. Hinh 7
= X, +at = x, +at’

Xét hé phuong trinh an £ va ¢': |y, +a,f = y, +alt’

' ()
Zﬂ+ﬂ'3r—znl+ﬂ3f.

e d va d' cit nhau khi va chi khi hé trén co dung mot nghiém.

® d va d' chéo nhau khi va chi khi @, @ khong ciing phuong va hé trén vé nghiém.

Chdi y: Dé xét vi tri twong d6i ciia d va d’, trude hét ta kiém tra tinh ciing phuong cua hai
vecto chi phuong cuadvad'.

a) Néu a va a' cung phuong thi d va d' hodc song song hodc trung nhau.

b) Néu d va d' khéng cung phuong thi d va d' hodc cit nhau hoic chéo nhau.



Vidu 7. Xét vi tri tuong doi gitra hair duong thﬁng d va d' trong moi trudong hop sau:

x=t x=1+21 x=1+1 | 5 5
a)d: dy=1+1 vad:{y=2+5" b)d:{y=2+1vad" x; ="; =Z_6 .
z=2+¢ z=3+1" z=3+¢1
Gii

a)d vad' co vecto chi phuong lan luotla @ =(1; 1; 1) va @' = (2; 5; 1).

Ta co % * é, suyra @ va a' khong cung phuong. Vay d va d’ hodc cit nhau hodc chéo nhau.

r=1+2¢ t—-2t'=1 (1)
Xét hé phuong trinh {1+ =2+5" & 1-5"=1 (2)

2+t=3+1 t—t'=1. (3
Tir (1) va (2) suyra = 1; t' = 0. Thay vao (3) ta thay phwong trinh thoa man.
Vay d cit d' tai diém M(1; 2; 3).

b)d va d' co vecto chi phuong lan lugtla @ =(1; 1; 1) va a'=(2; 5; 6).

Taco > %5 suym d va a' khong ciing phuong. Viy d vad' hodc cit nhau hodic chéo nhau.
x=1+21
d’ ¢6 phuong trinh tham s6 1a: { y =2+5¢'
z=9+61"
l+t=1+21 t=2'=0 (D)
Xét hé phuong trinh {2+¢=2+5t"<t-5'=0 (2)
3+t=9+61 t—6t'=6. (3)
Tir (1) va (2) suy ra 7= 0; '= 0. Thay vao (3) ta thay phuong trinh khéng thoa man (0 # 6).
Vay d va d' chéo nhau.

Chii y: Cho dudmng thing d di qua diém M va c6 vecto chi phuong d, duong thing d'
di qua diém M’ va c6 vecto chi phuong a"

Trong truomg hop d, @ khong cing phuong, nghia la [4, @']# 0, ta cé:
— Néu [@, @].MM' =0 thi d va d' cit nhau.

— Néu [@, @"]. MM’ # 0 thi d va d'chéo nhau.




@1 Xet vi tri twong doi gitra hai1 duong théng d va d' trong mdi truéng hop sau:

x =2t
7 1—s " x—=2 y z+l
a)d: {yv=1- va.q—?—”p
z=2-3t

x-4 y-1_z-1 vid" x-2 y-1_=z-1

b) d-: .
1 2 2 3 2 9

@ Trén phan mém thiét ké chiéc cau treo, cho duéng thing d trén tru cu va duong thing d’
trén san cau co phuong trinh lan luot la:

x=10 x=20
d {y=0 vad': {y=t'
z=50+1 z=>50.

Xét vi tri twong déi giira d va d'.

5
TH R
(]

Hinh 8

Piéu kién dé hai dudng thing vudng géc

x=4+1 x=1
,(I? Cho'hai dudmg thing d: { y=1+2:( vad", {y=T+4¢
z=1-t z=9¢"

a) Tim vecto chi phuong @ va @' lan luot cia d vad'.
b) Tinh tich v6 huéng @ . a". Tir d6, c6 nhan xét gi vé hai duong thing d va d'?

Trong truong hop téng quat, ta co:

¥ Cho hai dudng thing d va d' co vecto chi phuong lan luot 1a @ = (a,; a,; a,) va
a'=(a; ay; a}). Tacod

dld' < ad.a=0<aa + aa,+ a,a,=0.



Vidu 8. Kiém tra tinh vuong goc cua cac cap duong thﬁng sau:

5 | 2 x=—2+1
a)d: X—e YT _ZT vad'" y=T+t
3 5
z=9-8r;
b) d- x—2=y—l =z—3 véd,:x+2=y—'? =z—9‘
3 5 1 2 1 1

Gidi
a)d va d' c6 vecto chi phuong lan luot 1a @ =(3; 5; 1) va @' =(1; 1; -8).
Taco da.a'=3+5-8=0.Viy dvad' vudng goc vl nhau.
b)d va d’' cé vecto chi phuong lan luot1a @ =(3;5; )va @' =(2; 1; 1).

Taco a.a'=6+5+1#0. Vay d va d’ khong vuong goc voi nhau.

% Kiém tra tinh vuong goc cua cac cap duong thﬁng sau:

| x=-2+1
a)d:%=i=% vad': qy=t
; z=—6+21;

x+2=y+l=z+l vad" x+2=y—5=z—5.
7 3 1 2 2 2

@ Mot pha;'in mém mé phong van dong vién
dang tip ban stng trong khéng gian Oxy=.
Cho biét truc d ctia nong stng va coc d& bia d'
6 phuong trinh lan luot 1a:

b) d-

x=1 x=10
d qy=20vad' sy=20
z=9 z=1+3¢".

Xét vi tri twong dbi giira d va d’, ching cé
vuong goc vol nhau khong?

3. Goc
Géc giira hai dudng thing

’Q Cho hai dudng thing d va d' c6 vecto chi phuong lan luot la @ = (2; 1; 3) va
a'=(3;2;-8).
a) Nhic lai dinh nghia goc giita hai duong thing d va d' trong khong gian.
b) Vecto b= (—2; —1; —3) co phai la mot vecto chi phuong cua d khong?

¢) Giai thich tai sao ta lai c6 dang thic cos(d, d') = |cos(d, a")| = |cas(5, a')

d) Néu cach tim cosin cua goc giira har duong thﬁng theo cosin cua goc gitra hai vecto

chi phuong cua hai duong thﬁng do.



Trong trudng hop téng quat, ta cé:

*  Goc giira hai duong th:ing d vad' co vecto chi phuong
lin luot 1a @ = (a,; a,; a;) va @' =(a]; ai; a’) duoc tinh
bo1 cong thire:

|d. o
=] | =ep
jdl.|a'|

|a,. a + a,. @) + ay. ai

cos(d, d')=|ms{&, E"}l =

- 2 ] ] 12 2 72
\(ﬂl +£I2+£1'3 ‘Jﬂ'l +-‘.fl'2 +.‘J}

Hinh 10

Vidu 9. Tinh goc gitra hai dudng théng d va d' trong mdi truomg hop sau:

x—1_ y+2 z-1 x-1_y+2 z-1

a)d: vad" ;
1 2 1 1 1 2
g 4 | x=2-2
byd: o2 YER_EE g ly=2-2
| 2 2
z=1+1t
x=1+1 x=2+2
c)d: sv=—1+2t vad" (y=3+41
z=-2—1 z=10¢"
Giai

a) d va d' co vecto chi phuong lﬁnluqtlﬁ a=(1:2:Dvaa=(:1:2).
1.1+2.1+1.2
Ta co cos(d, d")= | B | =£.
P2 PP R 2P B
Suy ra (d,d") = 33°33".
b) d va d' co vecto chi phuong linluotla @ =(1;2:2)va @ =(-2:-2: 1).
1.(-2)+2.(-2)+ 2.1
Ta co cos(d, d')=—+ | ( } 2) | - =i.
VE+22 427 (-2 + (=2 +1* 9
Suy ra (d, d') ~ 63°36".
¢)dvad' cé vecto chi phuong lan luotla @ =(1;2;-1) va @' =(2; 4; 10).

[1.2+2.4+(=1).10)
JE+22 (=1 22+ 42 4107

Ta co cos(d, d")= =0.

Suy ra (d, d') = 90°.



% Tinh goc giita hai dudng thang d va d' trong moi trudmg hop sau:
-7 y z-11 Vi x—3 y+6 =z-1

=—= ad': = = = :
305 4 2 5 4
0 A | x=9-10«¢
byd: T2 YR I g ly=7-100
3 6 6 ) ~
z=15+5r;
x=23+2¢ x=24+1¢
c)d: \yv=5T7T+t vad:Jy=6+r
z=19-5¢ z=1"

(#%.  Trén mot phin mém da thiét ké sin khiu 3D
"~ trong khéng gian Oxyz. Tinh goc giira hai

tia sang co phuong trinh lan luot la:

d: XX Z va d": 1—_]:1—_|: :—_—]
2 1 -1 3 3 9
Hinh 11
Goc gilta dudng thing va mat phing

O Cho duong thing d c6 vecto chi phuong 1a @ = (a,; a,; a;) 3
va mit phang (P) ¢6 vecto phép tuyén i = (n,; n,; n). | d
Biét d cit (P) tai diém N va hinh chiéu vuong goc cua n /
d Ién (P) la duong thang d'. Qua N vé duong thang A - B_u e
vubng goc véi (P) (Hinh 12). B N
a) Nhic lai dinh nghia géc giita duong thang va mat phing Hinh 12

trong khong gian.
b) C6 nhén xét gi vé sb do hai goc a = (d, d"); B= (A, d)?
c¢) Giai thich tai sao ta lai co dang thire:

sin(d, (P))= |cos{d* n?}|.

Tur f@, ta co:
* Goc gitra duong thﬁng d c6 vecto chi phuong a = (a,; a,; a;) va mat phﬁng (P) co vecto
phap tuyen il = (n; n,; n,) duge tinh boi cong thice:

n| |al.nl+az.n2+a3.n3|

sin(d, (P}]=|Cﬂs( ]|— — —
| . il \fﬂl N




Vidu 10. Tinh goc giira dudng thing d va mit phing (P) trong moi trudmg hop sau:

x+2 y+4 z+1

a) d- va(P):x+z+4+24=10(;
2 2
x=1+1

b)d: sy=—1+2t va(P): 2x+4y—-2z+23=0.
z=-2—1

Gidi
a) Duong thiang d c6 vecto chi phuong @ = (2; 2; 1). Mit phing (P) cé vecto phap tuyén
n=(1;0;1).
Tacb sin(d, (P))= 2.1+2.0+1.1| -y
V2 s 2P P02+ V2
Suy ra (d, (P)) = 45"

b) Dudng thing d c6 vecto chi phuong @ = (1: 2; ~1). Mit phing (P) c6 vecto phap tuyén
n=1(2;4;-2).

1.2+2.4+(-1).(-2)| .
JE+22+(=1) .2 +4 +(22
Suy ra (d, (P)) = 90"

Ta co sin(d, (P))=

Chii y: Néu duong thang d c6 vecto chi phuong cung phuong véi vecto phap tuyén cua

mit phang (P) thi d vudng goc véi (P).

QTI] Tinh goc giira duomg thang d va mit phiang (P) trong moi truong hop sau:

x=11+3¢
a)d: {y=—11+1 va(P):6x+2y—-4z+7=0;
|z=—21-2
x—3 y+4 =z-5
2L 2 L2 S P2k £y 4z 1 do;
S EWVEBR '
x+3 y+5 z+l11
) d: = = = al(P):2y—-4z+7=0.
c)d: 1 1 2 va (P): 2y —4z+7=10

= Trén mot san khau da thiét lap san

mot hé toa do Oxyz. Tinh goc giira
x=2

tia sang co phuong trinhd: { y=1+1 va
z=1+t

mit san san khau co phuong trinh z = ().

Hinh 13



Goc gilra hai mat phang

'q'% Cho har mat phﬁng (P) va (P') co vecto phap tuyén
lan lwot 13 7 = (n;;n,;n,), #'=(n; ny; ny) (Hinh 14).
Goi d va d' 1a hai duong thang 1an luot vudng goc vai
(P) va (P'). Goc giira hai mat phang (P) va (P') la goc
giita hai duong thing d va d'.
So sanh cos((P), (P") va cos(n, n'). Hinh 14

Tir /10, ta co:
¥ Goc giira hai mat phang (P) va (P') ¢6 vecto phap tuyén lan luot 1a # = (n;n,; n)va
i’ =(n; ny; n;) duogc tinh boi cong thire:

|—i -ir|

r r [
n.n |nl.nl+nz.nl+n3.n3

_al - o .
cos((P), (P)) = [cost, )] = 7|7 \/nz 0l +n’ \fn'z n?en?
1 2 3" 1 2 3

Vidu 11. Tinh goc giita hai mat phﬁng (P) va (P') trong mdi trudmng hop sau:
a)(P):x+y—2z+9=0va(P):3x-5y+z+2024=0;
b)(P):x+y+24=0va(P):y+z+24=0;

) (P): 2x + 4y —z+ 23 =0va (P'): 3x + 5y + 26z + 2025 = 0.

Gidai
a) (P) va (P') co vecto phap tuj,-'én lan lwotla w =(1; 1; -2), ' =(3;-5; 1).
1.3 +1.(-5)+(-2).1| 4

Ta ¢6 cos((P), (P') = ~ 210
a co cos((P), (F)) J12+12+{_2)3*\/31+{_5)2+12 let}

Suy ra ((P), (P")) = 73°59".
b) (P) va (P') co vecto phap tuj,rén lin lwotla n =(1;1;0), n'=(0; 1; 1).
Ta c6 cos((P), (P')) = |l.ﬂ+l.1+ﬂ.l| =l.
VE+P+07 VO +P 41 2
Suy ra ((P), (P")) = 60"
¢) (P) va (P') c6 vecto phap tuyén lan luot 1a 7 = (2; 4;: 1), ' = (3; 5; 26).

|2.3+4.5+(-1).26]

N N 5 N = ﬂ‘
J22 4 (=) N3 57426

Ta co cos((P). (P") =

Suy ra ((P), (P")) = 90".

Chii y: Néu hai mat phing (P) va (P') ¢6 hai vecto phép tuyén vuéng géc thi (P) L (P).



Vidu 12. Trong khong gian Oxyz, cho hinh chép S ABCD c¢6 day ABCD la hinh chir nhat
va SA 1 (ABCD). Cho biét A(0; 0; 0), B(2; 0: 0), D(0; 3; 0), S(0; 0; 2). Tinh goc giira:

a) hai duong thang SC va BD;
b) mat phing (SBD) va mat day;
¢) dudmg thang SC va mat phang (SBD).
Gidi
Trong khong gian Oxyz, ta co C(2; 3; 0), SC= (2; 3;-2);
BD = (-2;3; 0).

a) Hai duong thfang SC va BD co vecto chi phuong
lan lwot 13 & = (2: 3; =2), ¥=(-2; 3 0).

Hinh 15
i . v 2.(-2)+3.3+(-2).0| 5

Ta co cos(SC, BD) = = - - - == ‘
il - 5l 22432+ (<2 {J(=2)* +32+0° V221

Suy ra (SC, BD) = 70°21".

b) Ta ¢6 phuong trinh mit phing (SBD) theo doan chén 1 §+ % +§ =]

hay 3x + 2y + 3z-6=0.

Mat phﬁng (SBD) co vecto phap tug,rén n =(3; 2; 3), mat day (ABCD) c6 vecto phap tu},rén
k =(0: 0: 1). Goi o 12 goc giita mit phing (SBD) va mit day.

i k] po+20+31 3

il - k] V3422432400 102+ V22

Suy ra ((SBD), (ABCD)) = 50"14".

Ta co coso =

¢) Goi P la goc giira duong thang SC va mat phang (SBD).
i .7 2.3+3.2+(-2).3] 6
@ | 2?4327 NP 42243 374

Ta co sinf =

Suy ra (SC, (SBD)) ~ 18°4".

% Tinh goc giira har mat phﬁng (P) va (P") trong moi truong hop sau:

* a)(Py3x+Ty—z+4=0va(P)x+y-10z+2025=0;
b)(P:x+y—-2z+9=0va (P):3x-5y+z+2024=0;
c)(Prx+z+3=0va(P)3y+3z+5=0.



@2 Trong khong gian Oxyz, cho hinh hop chit nhat ABCD.A'B'C'D". Cho biét A(0; 0; 0),
) B(1;0;0), D(0; 5; 0), A'(0; 0; 3). Tinh goc giira:

a) hai duong thing AC va BA"
b) hai mat phang (BB'D'D) va (AA4'C'C);
¢) dudmg thang AC’ va mit phang (4'BD).

@ bé lﬁmx thi nghiém vé chuyén dong trong
mit phiang nghiéng, nguoi lam thi nghiém
da thiét 1ap sdn mét hé toa d6 Oxyz. Tinh goc
giita mat phiang nghiéng (P): 4x + 11z + 5=10

vamitsan (0):z—-1=0.

1. Viét phuong trinh tham s0 cua duong th:ing a trong moi truong hop sau:

a) PDuong thﬁng a di qua diém M(0; —2; —3) va c6 vecto chi phuong a = (1;-5:0).
b) Puong thing a di qua hai diém A4(0; 0; 2) va B(3; -2; ).
2. Viét phuong trinh chinh tic cia dudng thing b trong mdi truomg hop sau:

a) Puong thing b di qua diém M(1; ~2; —3) va co vecto chi phuong a = (5; -3; 2).
b) Puong thiang b di qua hai diém A(4; 7; 1) va B(6; 1; 5).

3. Cho dudng thing d c6 phuong trinh chinh tic = = y;3 =2z ;2 .

a) Tim mét vecto chi phuong cia d va mot diém trén d.
b) Viét phuong trinh tham s6 cua d.

4. Trong tro chor mo phong bin sung 3D trong khong
glan Oxyz, mot xa thu dang ngém vol toa do khe ngﬁm
va dau rudi lan luot 1a M(3; 3; 1,5), N(3; 4; 1,5). Viét
phuong trinh tham sé cua dudng ngim bén cua xa thu
(xem nhu duong thang MN).

Hinh 17




5. Xet vi tri tuong dbi gitra cac cap duong thﬁng sau:

x=1+t¢ x=2+2t
a)d: {y=—1+2t vad" {y=3+4¢

z=-2+¢ z=2"

x—-1 y-2 =z-3 . x-2 y-1 z-1
bd: == vadt e ==

6. Viét phuong trinh tham s6 cua duong théng d di qua diém A(1; 0; 1) va song song vol
x+1 y-1 z-1
T3 2 4
7. Trén phan mém mo phong 3D mot may khoan trong

dudng thang d":

khong gian Oxyz, cho biét phuong trinh truc a cua
mil khoan va mot duong ranh b trén vat can khoan
(Hinh 18) lan luot la:

x=1 x=1+4¢
a:qy=2 vab:qy=2+21
z=3¢ z=0.

a) Chirng minh a, b vuéng goc va cit nhau.

b) Tim giao diém cua a va b. :
Hinh 18

8. Tinh g0t piBEOREthiEd . ~ o2 = 2 g Ealadidell 7812
4 2 3 3 6

x+2 y+2 z-1
2 2
10. Tinh goc giira hai mat phiang (P): 4y +4z+ 1=0va(P): Tx + 7=+ 2 =0.

9. Tinh goc gitta duong ﬂ]ﬁng d: va mat phﬁng (P):3y-3z+1=0.

11. Trén mot canh df:-ng dién mat trol, nguol ta da
thiét lap sin mot hé toa do Oxyz. Ha tAm pin
ning lwong lan luot nam trong hai mit phing
(Pr2x+2z+1=0va(Px+z+7=0.

a) Tinh goc gitra (P) va (F').
b) Tinh goc hop bot (P) va (P') vor mat dat (Q)
co phwong trinh z = (.

Hinh 19

12. Trong khong gian Oxyz, cho hinh lang tru dung OBC.O'B'C' co day la tam giac OBC vuong
tai 0. Cho biét B(3; 0; 0), C(0; 1; 0), O10; 0; 2). Tinh goc giira:

a) hai dudng thing BO' va B'C;
b) hai mit phang (O'BC) va (OBC);
¢) duomg thiang B'C va mit phing (O'BC).



Bai 3. Phuong trinh mat cau

Tit khoa: Toa dd tam clia mat cau; Ban kinh clia mat cau;
Phuang trinh ca mat cau.

y ﬁ

N

= G |
0 x ¥y
x
Ta da biét trong mat phang toa d6 Oxy, phuong trinh duéng tron tam I(a; b),
ban kinh R ¢é dang:

(x-a) + (y-bP =R
Trong khéng gian Oxyz, phuong trinh mat cau ¢é dang nhu thé nao?

1. Phuong trinh mét cau trong khéng gian
Khai niém mat cau
Trong khong gian, cho diém [ va sb duong R. Mat cau tim /,
ban kinh R, ki hieu S(7; R), la tap hop cac diem M trong
khéng gian thoa man /M = R. Poan thang ni hai diém thuée
mit cau va di qua tam / goi 1a duong kinh cta mat cau.

Chui y: Cho mit cau S(I; R).

Néu IM = R thi M nim trén mit cau.

Néu IM < R thi M nim trong mit cau. gyl

Néu IM > R thi M nim ngoai mat cau.
Phuong trinh cia mat cau

@ Trong khong gian Oxyz, cho mat cau S(I; R) co tam )

s Mx;v;z)
Na; b; ¢) va ban kinh R.
Xét mot diém M(x; y; z) thay doi. \ y

a) Tinh khoang cach /M theox, v, zvaa, b, c.

b) Néu diéu kién can va du cua x, y, z dé diém M(x; y; 2)
nim trén mit cau S(I: R).

Hinh 2




Tir :Ci], ta co:

-I(;)Z—

Trong khéng gian Oxyz, mit cau (5) tim K(a; b; ¢), ban kinh R c¢6 phuong trinh la:
(x—ay+(y-by+(z-cyY =R~

Vi du 1. Viét phuong trinh mat cau (S5):
a) Co tam [(1; 2; 3), ban kinh R = 5;
b) Co duong kinh AB von A(1; 3; 7T) va B(3: 5; 1);
c) Co tam A(1; 0; -2) va d1 qua diém B(2; 4;1).
Gidai
a) Mit céu (S) c6 phuong trinh: (x — 1)* + (v — 2)* + (z - 3)* = 25,
b) Mat ciu (8) co duong kinh 4B nén co tam J(2: 4; 4) la trung diém cua AB va ban kinh
R=J4 =1,
Viy (85) co phuong trinh: (x = 2)* + (y = 4)" + (z—4)" = 11.
c) Mat cau (8) co tam A(1; 0; -2) va di qua diém B(2:4;1)néncobankinh R=A4B = \/2_6
Viy (§) c6 phuong trinh: (x — 1) + )7 + (z + 2)* = 26.
Vi du 2. Xac dinh tdm va ban kinh cua mit cau cé phuong trinh:
a) (S): (x—3F + (-7 + (= + 1} = 81;
b)(S§): (x +2) +y +(z—-5)=13;
)(SM): X +y +7=4.
Gidi
a) Mat cau (5) cotam f(3; 7; —1) va ban kinh R = \E =9,
b) Mat cau (S") ¢ tam J(~2: 0; 5) va ban kinh R’ = J13.
c) Mat cau (5") ¢6 tam O(0; 0; 0) va ban kinh R” = V4 =2,

Viét phuong trinh mat ciu (.5):

a) Co tam [(3; -2; —4), ban kinh R = 10;

b) Co duong kinh EF vol E(3; —1; 8) va F(7; -3: 0);
c) Co tam M(-2; 1; 3) va di qua diém N(2;-3;-4).

Trong khong gian Oxyz (don vi cua cac truc toa
do la met), cac nha nghién ciru khi tuong dung
médt phin mém mé phong bé mit cua mot qua
bong tham khéng c6 dang hinh cau bang phuong
trinh (x — 300)* + (v — 400)" + (= — 2000)" = 1
Tim toa do tam, ban kinh cua qua bong va tinh
khoang céach tir tim cua qua bong dén mit dit cé
phuong trinh z = 0.




f@ a) Trong khéng gian Oxyz, cho diém M(x; y; =) thay ddi c6 toa d6 luén thoa man
phuong trinh x> + )" + 22 = 2x —dy -6z - 11 = 0. (*)
i) Bién doi (*) vé dang: (x — 1)* + (v — 2)* + (z — 3)* = 25.
11) Chirng to M(x; y; z) luon thuéec mot mat cau (.5). Tim tam va ban kinh cua (5).
b) Bang cach bién d6i phuong trinh x* + y* + 2 — 2x — 4y — 6z + 15 = 0 (**) vé dang
(x = 1)* + (y=2) + (z—3)" = -1, hay cho biét phuong trinh (**) c6 thé 1a phuong trinh
mit cau hay khéng.

Nhdn xét: Phuong trinh x* + y* + 2 — 2ax — 2by — 2cz + d=0v6i @ + B + 2 —d >0 la

phuong trinh ciia mit cau tam I(a; b; c), ban kinh R = Jad+b* 1 —d.
Vidu 3. Trong cac ]:-hucmg‘trinh sau, phuong trinh nao 1a phuong trinh mit cau? Xac dinh
tam va ban kinh cua mat cau do.
a)x’+y'+7+8x—6y+2:-10=0; b)x*+ )y’ ++x+y—-62+33=0.
Gidai
a) Phuong trinh x* + )7 4+ = + 8x— 6y + 22— 10=0céd dang x* + " + =" — 2ax— 2by—2cz+d =0
voma=-4.b=3;c=-1:d=-10.
Tacoa+b +c—d=16+9+1+10=36>0.
Suy ra phuong trinh di cho 1a phwong trinh mit cau tam f(—4; 3; —1), ban kinh R = 6.
b) Phuong trinh x* +)? + 2+ x+y— 62+ 33 =0codang x’ + " + =" —2ax - 2by —2cz+d=0

wfria=—l; b=—l; c=3.d=133.
2 2

Tacoa +b*+ct—d= &+l+9—33=—?{ﬂ'.

Suy ra phuong trinh da cho khéng phai la phuong trinh mit cau.

Trong cac phuong trinh sau, phuwong trinh nao la phuong trinh mat cau? Xéc dinh tam
va ban kinh cnia mit cau do.

a) X’ +)y +2+4:-32=0; b)x’+)y '+ +2x+2y—-22+4=0.

2. Van dung cta phuong trinh mét cau
Phuong trinh mat cau trong khong gian co nhiéu imng dung trong thiét ké, dinh vi, san xut, ...

Vi du 4. Cong nghé hé tro trong tai VAR (Video
Assistant Referee) thiét lap mot hé toa do Oxyz dé theo
déi vi tri cia qua bong M. Cho biét M dang niam trén
mit sin c6 phuong trinh z = 0, déng thoi thude mit cau
(8): (x =32y + (v — 50§ + (z— 10 = 109 (dom vi d6 dai
tinh theo mét).

a) Tim toa d6 tam [ va ban kinh R cua mat ciu (S).
b) Tim toa do hinh chiéu vuong goc J cua tam / trén mat san.

¢) Tinh khoang céch tir vi tri M ctia qua bong dén diém J.




Giai y I

a) Mit ciu (S) c6 phwong trinh 17
(x =32y + (y— 50y + (z— 10)*= 109 M*

nén co tim f(32; 50; 10) va ban kinh R =+/109 J
Hinh 5
b) Trong khong gian Oxyz, méat san co phuong trinh z = 0 trung vol mat phﬁng

toa do (Oxy), suy ra hinh chiéu vuong goc cua diém [32; 50; 10) xuf}ng mat san co
toa do J(32; 50; 0).
¢) Trong tam giac vuong LJ/M, ta co [J =10, IM =R, suy ra
IM =\IM? - 1J* = J109-100 =3,
Viy khoang cach tir vi tri M cua qua bong dén diém J1a 3 m.

Vi du 5. Trong khong gian Oxyz (don vi cua cac truc
toa do la kilomet), mot tram thu phat song dién thoai
di déng c6 dau thu phat duoc dat tai diém /(—6; 1 4).

a) Cho biét ban kinh phu song cua tram la 2 km.
Viét phuong trinh mét cau (S) biéu dién ranh gidi

cua vung phu song.
Hinh &

b) Mot ngudi sir dung dién thoai tai diém M(-5; -2; 5). Hay cho biét diém M ndm trong
hay nim ngoai mat cau (8) va nguoi do co thé su dung duoc dich vu cia tram noi trén
hay khong.
¢) Cau hoi tuong tu déi voi nguot sir dung dién thoai o diém N(=1;0; 1).
Giai

a) Mat cau (85) co tam f(—6; —1; 4) va ban kinh R = 2 nén co phuong trinh:

(x+6)° +(y+ 1) +(z—-4) = 4.
b) Ta co IM =~J§ <R, suy ra diém M nam trong mat ciu (5) va nguoi do co thé sir dung
duoc dich vu cua tram no1 trén.
c) Ta co IN =35 > R, suy ra diém N nim ngoal mat cau (S) va nguol do khong thé
sir dung duoc dich vu cua tram no1 trén.

Bé mat cua mot bong tham khong dang hinh cau
coO phuong trinh:
x +_L-'3 + 22 —-200x — 600y — 4000z + 4099900 = 0.

Tim toa dé tim va ban kinh mit cau.

Péu in phun cua mot may in 3D dang in bé mit cua
mot mat cau co phuong trinh:
2 a1 1 1
X+y +z+-x——=y—z+—=0.
8 8 16

Tinh khoang cach tir dau in phun dén tim mit cau.




BAI TAP

. Phan mém mé phong thiét bi tham hiém dai duong co dang

Viét phuong trinh mat cau (S):

a) Cotam /(7; —3; 0), ban kinh R = §;

b) Co tam M(3; 1; —4) va di1 qua diém N(1: 0; 1)
¢) Co duong kinh AB vo1 A(4; 6; 8) va B(2; 4; 4).

. Trong cac phuong trinh sau, phuong trinh nao la phuong trinh mat cau? Xac dinh tim va

ban kinh ctia mat cau do.

a)x’'+y +7+5x-Ty+z-1=0;

b)x*+ )y + 7 +dx+ 6y -2z +100=0;
1

)x’+y+-S—-x-y-z+ = = 0.

. Cho hai diém A(1; 0; 0) va B(5; 0; 0). Chimg minh ring néu diém M(x; y; z) thoa man

MA.MB =0 thi M thuéc mét mit cau (S). Tim tim va ban kinh cua (5).

hinh cau trong khong gian Oxyz. Cho biét toa d6 tim mat cau
la f(360; 200; 400) va ban kinh r = 2 m. Viét phurong trinh
mat cau.

Hinh @

. Nguoi ta mudn thiét ké mot bon chita khi hoa long hinh cau bing phan mém 3D. Cho biét

phuong trinh bé mit cua bon chia la (S): (x — 6)° + (v — 6)* + (z — 6)* = 25. Phuong trinh
mat phﬁng chira nép la (P): z= 10.
a) Tim tam va ban kinh cua bon chira.

b) Tinh khoang cach tir tim bon chira dén mit phing chira nép.

Hinh 10




CAU HOI TRAC NGHIEM

6. Cho duomg thing d- *—2-2=1_2%3

Chon phwong dn ding. -1 2 1
. Vecto nao dudi day la mot vecto chi phuong
1. Chnm{atphing{P}:x+2y+3\z—l=!]_ ctia d?
Vecto nao dudi day 1la mét vecto phap tuyén . .
A i =(1;3;-1). B.#,=(2:3:-1). C.u,=(-1:2:1). D.u=(-12;-1).
C.i, =(1;2;-1).  D.i,=(1;2:3). 7. Phuong trinh nao dudi day 1a phuong trinh
2. Phuong trinh nao duéi déy la phurong trinh . Q¥ x=lva
ctia mit phing (Oyz)? chinh tic cua duong thing d: | y =3¢
- 7417
A y=0. B.x=0. S
C._}'—Z=0. D.z=0. A_x—-l_l=£=z_2‘ B_x—_1=l=z+2_
2 3 | 2 3 1

3. Phuong trinh nao dudi day la phuong trinh
mat phing di qua diém M(1; 2; —3) va c6 C.—-=
vecto phap tuyen i = (1;-2; 3)?

A.x-2y+3z-12=0. , - N
8. Cho duodng thang d: { y=—1
B.x-2y-3z2+6=0. r=—2_¢

C.x-2y+3z+12=0.

Trong céc duong thang sau, dudng thing
D.x—2y-3z—6=0.

nao vudng goc vai d?

4. Cho mit phing (P): 3x + 4y + 2z +4=0 x=37 x=2
va diém A(1; —2; 3). Khoang céch tir A dén Ad:dy=1+¢ B.d;|y=2+¢
: 1 2
(P) bang z=57" z=1+1".
5 5 5 5 _ _
A —. B. —. C. £ D. - C. d}: s 2=£=Z_1
V29 29 3 9 3 2 -5
5. Cho ba mit phing (a): x +y +2z+ 1 =0, D.d, x+2_y _z+l
By x+y-z+2=0va(y:x—y+5=0. 2 b2
Trong cac ménh dé¢ sau, ménh d¢ nao sai? ¢ Chohaim{nphhg(}’):h—y—z-3={]v&
A. (o) L (). B. (y) L (B). (0Q): x —z — 2 = 0. Géc giira hai mat phing
C. (@) / (B). D. (o) L (). (P)va (Q) bang

A 300 B. 45°. C.60°.  D.90"



10. Cho mit cau (S): 15. Cho hai mit phing (P): x—y—6=0va (Q).

(x + 1)2 + U}_ 2}1 + [:_ ]]1 =Q Biet l'ﬁ.l'lg diém I-:u"[Z, —1, —2} la hinh l'.‘h'-léu

Toa d3 tam 7 vA bén kinh R ci I vuong goc cua goc toa do O(0; 0; 0) xuong

03 d tam /va ban kinh R cua (3) 1a mit phing (Q). Tinh géc gitta mat phing (P)
A-1;2; 1) vaR=3. va mat phang (0Q).

B.K(1;-2;-1)vaR =3, N N ) L w2
16. Phan mém cua may tién ki thuat so

CI-1;2;)vaR=9. CNC (Computer Numerical Control) dang
D.I(1;-2; -1)vaR=09. biéu dién mét chi tiét may nhu Hinh 2.

11. Mit chu tim /(-3; 0; 4) va di qua diém @) Timtoadocacdiem4. B, C. D.
A(-3; 0; 0) co phuong trinh la b) Viét ‘phl.m'ng trinh mat phang (4BC) va

A, (.I _ 3}1 +y2 + (: + 4}1 =4, mat Phﬁﬂg {ACD)
B (I— 3}1 +y2 + (_ + 4}2 =16 C) Viet phlrcmg trinh tham so6 cua dufmg
‘ : 4 thing AC.
C.(x+3)+y +(z-4) =16 L - .
2L A d) Cho biét dau mii1 tién dang dat tai diém
D.c+3)+y +(z-4 =4 M(0; 60; 40). Tinh khodng cich tir M dén
BAITAP TU LUAN mat phing (4BC).

12. Cho bén diém A(1: 0; 0), B(0; 1; 0),
C(0: 0: 1), D(=2: 1; —1).

a) Chimng minh A, B, C, D la bon dinh cua
mot hinh chop.
b) Tim géc giita hai duong thing AB va CD.
c) Tinh d6 dai duong cao cua hinh chop
A.BCD.
13. Cho bén diém A(-2; 6; 3), B(1; 0; 6),
C(0; 25 -1), D(1; 4; 0).
a) Viét phuong trinh mat phﬁng (BCD).
Suy ra ABCD la mot tu dién.
b) Tiah bi LH ciia t dicn ABCD 17. Cho hinh hép chir nhat OABC.O'A'B'C’,
) Timh chicu cao AH cua tir din ABCD. véi O la gbe toa do, A(2; 0; 0), C(0; 6; 0),
c) Viét phrong trinh mat phing () chira 0'(0; 0; 4). Viét phuong trinh:
AB va song song vol CD. .
s s a) Mat phang (O 4C);
14. Phan mém diéu khién b) Duong thing CO"

may in 3D cho biét ;
c) Mat cau di1 qua cac dinh cua hinh hop.

dau in phun cua may
dang dat tai diém
M(3; 4; 24) (don vi: cm).
Tinh khoang cach tir dau
in dén khay dat vat in ¢
phuong trinh z — 4 = 0.

18. Cho ba diém A(L; 0; 0), B(O; 2; 0) va
C(0; 0; 3). Chimg minh ring néu diém
M(x; y; z) thoa man MA® = MB* + M(C*
thi M thuéc mot mat cau (S). Tim tim va

Hinh 1 ban kinh cua (S).




Phinl THONG KE VA XAC SUAT

@ 1 AA XAC SUAT CO DIEU KIEN

Trong chuong nay, ching ta sé tim higu khai niém xéc sudt cé diéu kién, cic quy tic tinh xac suat lién quan dén
xdc suat ¢é diéu kién va hoc cich vin dung cic diéu nay vao mét sé tinh hudng thuc tién.

/ >~,.%

6 30 P(A[B) = , P(B)>0

\ Thomas Bayes (1701 - 1761)
o3 oo P(AP(BI A)
P(B)

':&:I Hoc xong chugng nay, ban cé thé:

- Nhan biét duoc khai niém vé xac suat co diéu kién.

- Gidi thich dugc y nghia cla xac suat coé diéu kién trong nhitng tinh huéng thuc tién
quen thudc.

- Mé ta dugc cdng thic xac suat toan phan, cong thuc Bayes théng qua bang dir liéu
thdng ké 2x2 va so d6 hinh cay.

- S dung dugc céng thic Bayes dé tinh xac suat cé diéu kién va van dung vao mét sd
bai toan thuc tién.

- S dung dugc so do hinh cay dé tinh xac suat c6 diéu kién trong mét sé bai toan
thuc tién lién quan tdi théng ké.




ai 1. Xac suat c6 diéu kién

Tit khoa: Xacsuat cé diéu kién; (ong thic nhan xac suat.

@\ Ban Thuy gieo mét con xiic xac can ddi va dong chat.
Néu biét réng xuat hién mat chan cham thi xac suit
xudt hién mat 6 cham la bao nhiéu?

1. Xac suat c6 dieu kién
O Hép thir nhét chia 2 vién bi xanh va 1 vién bi do. Hép thir hai chira 2 vién bi xanh va
3 vién bi do. Cac vién bi ¢é cung kich thudc va khéi lwong. Ban Thanh lay ra ngéu nhién
| vién b1 tir hop thir nhét bé vao hop thir hai, sau do la laj.f ra ngau nhién 1 vién b1 tir
hop thir hai.
Goi 4 1a bién cb “Vién bi lay ra lan thir nhat 12 bi xanh™;
B 1a bién c6 “Vién bi lay ra lan thir hai la bi d6”.

a) Biét ring bién cb A xay ra, tinh xac suat cua bién ¢ B.
b) Biét rﬁng bién c6 A khong xay ra, tinh xac suét ciia bién cb B.

Trong phep thu trén, ta thé}r kha ning xay ra cua bién c6 B phu thudc vao viéc bién cb A

co xay ra hay khong.

% Cho hai bién c6 A4 va B. Xac suat ctia bién 6 B khi bién c6 4 da xay ra duoc goi la xdc sudt
ciia B véi diéu kién A, ki hiéu 1a P(B| A).

Vi du 1. M6t hop chira ba tim thé cung loai duoc ghi s6 lan luot tir 1 dén 3. Ban Ha lay ra
mét cach ngau nhién mot thé tir hop, bo thé dé ra ngoai va lai lﬁ}f ra mét cach ngau nhién
thém mot theé nira. Xét cac bién co:

A: “Thé lay ra lan thir nhat ghi s6 17
B: “Thé lay ra lan thir nhat ghi s6 27
C: “Thé lay ra lan thir hai ghi s6 1.
a) Xac dinh khéng gian miu cua phép tha. Viét tip hop cac két qua thudn loi cho
mdi bién ¢ A, B, C.
b) Tinh xac suat dé thé lay ra lan thir hai ghi s6 1&, biét rang thé 1iy ra lan thir nhat ghi s6 1.
¢) Tinh xéc suat dé thé 1ay ra lan thir hai ghi s 1&, biét rang thé ly ra lan thir nhat ghi s6 2.
Giii
a) Khong gian mau cua phép th:
= 1(1;2); (153):(2; 1)5(25 3); (35 1): (35 2)5,
trong do (i; j) 1a két qua lan thir nhat lay duoc thé ghi sb 7, lan thi hai lay duoc thé ghi sb /.



Tép hop cac két qua thudn loi cho bién ¢b A 1a: {(1;2): (1; 3)}.

Tép hop cac két qua thuan loi cho bién ¢b B 1a: {(2; 1): (2: 3)}.

Tép hop cac két qua thuan loi cho bién ¢b C la: {(2; 1); (3: 1): (1 3): (2; 3)}.

b) Xac suét can tim 1a P(C|4). Khi bién 6 A xay ra thi két qua cua phép thir la (1; 2)
hoic (1 3). Trong hai két qua dong kha nang nay chi cé két qua (1; 3) la thuén loi cho
bién ¢b C.

Viy xdc suat dé thé lay ra lan thir hai ghi sb 1é, biét rang thé liy ra lan thir nhat ghi s6 1
la P(C|A) = %

¢) Xéc suét can tim la P(C|B). Khi bién c6 B xay ra thi két qua cua phép thu la (2; 1)
hoic (2; 3). Ca hai két qua nay déu thuin loi cho bién ¢6 C.
Viy xéc suat dé thé lay ra lan thir hai ghi sé 1&, biét ring thé lay ra lan thir nhat ghi s6 2
la P(C|B) = 1.

Xét phép thir lay thé & Vi du 1. Goi D la bién ¢6 “The lay ra lan thir hai ghi s6 16n hon 17

"L Tinh P(D|A) va P(D|B).
Vidu 2. Ciu lac bd c&r cuia nha truong gom 35 thanh vién, méi thanh vién biét choi it nhat
mot trong har mon co vua hoac co tuong. Biét ralmg 6 25 thanh vién biét choi c& vua va
20 thanh vién biét choi c&v tuéng. Chon ngau nhién 1 thanh vién cuia cau lac bd. Tinh xac sut
thanh vién duoc chon biét choi cé vua, biét rang thanh vién d6 biét choi cé tuéng.
Gidi

Goi A4 1a bién c6 “Thanh vién duge chon biét choi co tuéng” va B 14 bién c6 “Thanh vién
duoc chon biét choi c&r vua”.
S6 thanh vién cua cau lac bo biét choi ca hai mén c&r 1a 20 + 25 — 35 = 10.
Do dé, trong s6 20 thanh vién biét choi c& twdng, c6 ding 10 thanh vién biét choi c& vua.
Vay nén xac suit thanh vién duoc chon biét choi cor vua, biét réng thanh vién do biét choi

10
co tuong la P(B|A) = 1 =0,5.

Xet phep thu o Vi du 2. Tinh xac suat thanh vién duoc chon khéong biét choi c&r tuong,
biét rang thanh vién do biét choi co vua.

@ Tinh xéc suét ¢6 diéu kién & (») (trang 69).
2. Céng thirc tinh xdc sudt cé diéu kién

@ Gieo ﬂnng thm hai con xtic xdc cin doi va dﬂng chat. Goi
Ala b1er1 cb “Xuat hién hai mat co cung s6 cham”, B la
bién cb “Tong s6 chdm cua hai mat xudt hién bang 8" va
C la bién ¢6 “Xuat hién it nhat mét mat cé 6 chim”.

2) Tinh 2428 4 paB).
P(B)

b) Tinh 2 C24 i pecay.
P(A)



P(4NB) _ s PCnd)

O ,C;‘_} ta nhan thﬁ},-'

P(A|B) v P(C| A).

Mot cach térng quat, ta co edng thire tinh xac suiit ¢6 diéu kién nhu sau:

"S  Cho A va B 14 hai bién cb, trong d6 P(B) > 0. Khi dé
P(ANB)

P(4|B) = 2

Chu y:
a) Ta ciing ki hiéu bién c6 giao cua hai bién c6 A va B la AB.
b) Trong thuc té, ngudi ta thuéng dung ti 1é phin trim dé mé ta xac suat. Chang han,
phat biéu “Kha nang xay ra mot su kién la 20%”" cting co nghia la “Xac suat xay ra su kién
d61a 0,27, phat biéu “Ti 1é phé pham cua mét 16 hang 13 5% ciing c6 nghia 1a “Néu chon
ra ngau nhién 1 san pham tir 16 hang, xac suit san pham do 1a phé phim 1a 0,05
Vi du 3. Mot cong ty bao hiém nhén thay c6 48% s6 ngudi mua bao hiém 6 té 1a phu nir va
c6 36% s6 ngudi mua bao hiém 6 t6 1a phu nir trén 45 tudi.
a) Biét mot ngudi mua bao hiém 6 t6 1a phu nit, tinh xéc sudt ngudi do trén 45 tudi.
b) Tinh ti 1& ngudi trén 45 tudi trong s6 nhirng ngudi phu nir mua bao hiém 6 t6.
Gii
a) Goi A la bién c6 “Nguoi mua bao hiém 6 té la phu nir”, B la bién ¢6 “Ngudi mua bao
hiém 6 té trén 45 tubi”. Ta can tinh P(B|A).
Do co 48% nguol mua bao hiém 6 té la phu nit nén P(4) = 0,48.
Do c6 36% so ngurol mua bao hiém 6 t6 la phu nir trén 45 tudi nén P(AB)=0,36.
P(4B) _ 0,36 _ 1
P(4) 0,48
b) Trong s6 nhirng nguol phu nir mua bao hiém 6 t6 thi ¢6 75% nguol trén 45 tudi.
Chuy:
a) Tur cong thirc xac suat c6 diéu kién, vo1 P(B) = 0, ta co P(AB) = P(B)P(A|B).
b) Trong truéng hop tdng quét, ngudi ta chimg minh dwoc ring véi A, B 1a hai bién c6 bat ki thi
P(AB) = P(B)P(A|B).
Céong thic trén duoc goi 1a edng thire nhén xdc sudt cho hai bién co.
Vi du 4. Cho hai bién ¢6 A va B c6 P(4) = 0,3; P(B) = 0,5 va P(4|B) = 04. Tinh P(AB)
va P(4|B).

Viy P(B|4)=

Giai
Theo cong thirc nhan xac suat, ta co P(AB) = P(B)P(4|B)=0,2.
Vi AB va AB la hai bién ¢ xung khic va ABU AB = B nén theo tinh chit cua xéc sut,

ta co P(AB)=P(B)— P(AB)=0,3.



L ]

Theo cong thire tinh xédc suat cé diéu kién,
P(4AB) 0,3
P(B) 0,5

P(A|B)=

0,6.

Chd y:

a) V&i moi bién ¢6 4 va B, trong do P(B) > 0, ta ¢6
P(A|B)=1-P(A|B).

b) Véi A va B 1a hai bién c¢6 déc 1ap, trong d6 0 < P(B) < 1, nguoi ta chimg minh duoc rang
P(A|B)= P(A|B) = P(A).

Tir dang thire trén, ta thay khi 4 va B doc lap thi viéc bién co B xay ra hay khong xay ra

Hinh 2

khong lam anh huong dén xac suat cua bién co A.

Mot nhom 5 hoc sinh nam va 4 hoc sinh nir tham gia
lao dong trén sin truémg. C6 gido chon ngau nhién
dfjng thot 2 ban trong nhom di tuon cay. Tinh xac sudt
dé hai ban dwoc chon c6 cing gidi tinh, biét rang c6
it nhat 1 ban nam duoc chon.

Két qua khao sat nhimg bénh nhan bi ta1 nan xe may vé
moi lién hé giira viéc di mii bao hiém va kha nang bi
chan thuong ving dau cho thiy:

— Ti 1é bénh nhén bi chan thwong ving dau khi gap
tai nan la 80%;

— Ti 1€ bénh nhan do1 mi bao hiém dang cach khi gap
tai nan la 90%;

— Ti 1& bénh nhin déi mi bao hiém dang cach bi chan

thuong viing dau 1a 18%.

Hinh 4

Hoi theo két qua diéu tra trén, viéc d6i mi bao hiém ding cach s& lam giam kha ning bi
chan thuong vung dau bao nhiéu lan?

3. So’ d6 hinh cay

S

Ban Viét chuan bi di tham quan mot hon dao trong hai ngay thir Bay va Chu nhat.
O hon dao d6, mdi ngay chi co nﬁng hodc mua, néu mot ngay la nﬁng thi kha nang xay
ra mua & ngay tiép theo 1a 20%, con néu mét ngay 1a mua thi kha nang ngay hém sau
van mua la 30%. Theo du béo thai tiét, xac sudt troi s& nang vao thir Bay 1a 0,7.



Hay tim cac gia tr1 thich hop thay vao

Thir Bay

0,2

0.7 Nang

Mura <

Huémg dan:

o s do hinh cay sau:

Chu nhat
Nang

Mua

Ning

Mua

O f3, goi 4 la bién cb “Ngay thir Bay troi nang” va B 1a bién 6 “Ngay Chi nhat troi mua”.

Ta c6 P(4) = 0,7; P(B|4) = 0,2: P(B| 4)=0,3.

Do d6 P(A)=1—- P(4)=03; P(B|d) = | — P(B|4)=0.8; P(B|4) = 1—P(B|4)=0,7.

Ap dung cong thirc nhan xac suat, ta co xac suat tro1 nang vao thir Bay va tro1 mua vao

Chu nhat la

P(AB)= P(A)P(Bl4)=0,7 .0,2=0,14.

Tuong tu, ta co

P(AB) = P(A)P(B|A)=0,7 . 0,8 =0,56;
P(AB)= P(A)P(B|4)=0,3.0,3=0,09;
P(AB)=P(A)P(B|4)=0,3.0,7=0,21.

Ta c6 thé biéu dién céc két qua trén theo so dd hinh cay nhur sau:

Thir Bay Chu nhat

B

0,7

B
3&
0,3 B

Nhén xét: Trén so d6 hinh cay:

r’..'__/,.rr
I@H\R‘HB
,/"’/'

Két qua Xac suat

AB

0,56

0,14
0,21

0,09

¥

— Xac suat cua cac nhanh trong so do hinh cay tir dinh thir hai la xac suat co diéu kién.

r l:. . * I - : ¥ ':' r r r : - r r * -~ - ':
— Xac suat xay ra cua mo1 két qua bang tich cac xac suat trén cac nhanh cua cay di dén

két qua do.

Vi du 5. O mét sén bay, nguot ta sir dung mot loar may soi tu dong phat hién hang
cdm trong hanh li ki g May phat chudng canh bao vo1 95% cac kién hanh li co chira
hang cam va 2% cac kién hanh 1i khéng chira hang cim. Ti 1é céc kién hanh li ¢6 chira

hang cam la 0,1%.



G

Chon ngau nhién mot kién hanh 1i dé soi bang may trén. Str dung so dé hinh cay, tinh
Xac suat cua cac bién co:

M: “Kién hanh li co chira hang cdm va may phat chuong canh bao™;
N: “Kién hanh li khéng chira hing cAm va may phat chuéng canh bao”.
Giai

Goi A la bién ¢6 “Kién hanh li ¢6 chita hang cim” va B 1a bién cé “May phat chuéng
canh bao™. Ta co

P(B|4)=0,95; P(B|4)=0,02; P(4)=0,001.
Do d6 P(A)=1-P(A)=0,999; P(B|A)=1-P(B|A)=0,05; P(BlA)=1-P(Bl4)=0,98.
Ta c6 so d6 hinh cay nhu sau:

0.95 B AB 0,00095
0.05| =5 AB 0.00005
0,02 B AB 0,01998
0,999 H
0,98 B AB 0,97902

Do M = AB nén P(M) = P(AB) = 0,00095.

Do N= AB nén P(N) = P(AB)=0,01998.
Hop thir nhit c6 4 vién bi xanh va 6 vién bi do. Hop thir hai co 5 vién b1 xanh va
4 vién b1 do. Cac vién b1 co cung kich thuoc va khéi lrong. Léy ra ngau nhién 1 vién bi
tir hop thir nhat chuyén sang hop thir hai. Sau do lai ]é}r ra ngau nhién 1 vién bi tir hop
thir hai.

Su dung so d6 hinh cay, tinh xac sudt cua cac bién cé:

A: “Vién bi lay ra tir hop thir nhit c6 mau xanh va vién bi lay ra tir hop thir hai c6 mau do™;
B: *Hai vién b1 lﬁ}r ra co cung mau’.

Mot truomg dai hoc tién hanh khao st tinh trang viéc 1am sau khi tot nghiép cua sinh vién.
Két qua khao sat cho thay ti 1& ngudi tim duoc viée lam dang chuyén nganh 1a 85%
d6i vai sinh vién tot nghiép loai gioi va 70% d6i véi sinh vién tét nghiép loai khac.

Ti 1& sinh vién tot nghiép loai gioi la 30%. Gap ngau nhién mét sinh vién da tét nghiép
cua truong.

Str dung so d6 hinh cay, tinh xac suit cua cac bién c6:

C: “Sinh vién t6t nghiép loai gioi va tim duoc viée lam dang chuyén nganh™;

D: “Sinh vién khong tét nghiép loai gioi va tim duoc viéc lam ding chuyén nganh”.



BAI TAP

1. M6t thu vién c6 35% tong so sach la sach khoa hoc, 14% tong sb sach la sach khoa hoc

tu nhién. Chon ngiu nhién mét quyén sach cia thu vién. Tinh xéc suat dé quyén sach duoc
chon la séch khoa hoc tu nhién, biét rﬁng do 1a quyén sach vé khoa hoc.

2. Cho hai bién ¢é A va B c6 P(4) =04; P(B) = 0,8 va P(AB) =0.,5. Tinh P(AB) va P(A|B).

3. Moi ban hoc sinh trong 16p cua Minh lua chon hoc mét trong hai ngoai ngir la tiéng Anh
hoic tiéng Nhat. Xac suat chon tiéng Anh ctia mdi ban hoc sinh nit la 0,6 va ctia moi ban hoc
sinh nam la 0,7. Lop cua Minh co 25 ban nit va 20 ban nam. Chon ra ngﬁu nhién mot ban
trong lop.

Sir dung so d6 hinh cay, tinh xac suat cua cac bién co:
A: “Ban duoc chon la nam va hoc tiéng Nhat™
B: “Ban duoc chon la nir va hoc tiéng Anh”.

4. May tinh va thiét bi lvu dién (UPS) duoc két ndi
nhu Hinh 5. Khi xay ra su co dién, UPS b1 hong von
xéc suét 0,02. Néu UPS bi hong khi xay ra su c6 dién,
may tinh sé b1 hong vor xac suat 0.,1; nguoc lai,
néu UPS khong b1 hong, may tinh s€ khong b1 hong.

a) Tinh xdc suat dé ca UPS va may tinh déu khéng

Hinh 5

bi hong khi xay ra su c6 dién.

b) Tinh xéc suat dé ca UPS va may tinh déu bi hong
khi xay ra su co dién.

Bai 2. Cong thiic xac suat toan phan
va cong thuc Bayes

Tit khoa: Cong thifc xac suat toan phan; Cong thitc Bayes.

(\:.:) Mot loai xét nghiém nhanh SARS-CoV-2 cho
két qua duong tinh véi 76,2% cac ca thuc su
nhiém virus va két qua am tinh véi 99,1% cac
ca thuc su khéng nhiém virus (nguén: https://
tapchiyhocvietnam.vn/index.php/vmj/article/
view/2124/1921). Gia si ti |& nguai nhiém virus
SARS-CoV-2 trong mét cong dong la 1%. Mét
ngudi trong cong dong d6 lam xét nghiém va
nhan dugc két qua duong tinh. Hoéi khd ning
ngudi d6 thuc su nhiém virus la cao hay thap?




1. Céng thirc xdc suat toan phan

'@ Chi An tra loi hai cau hoi. Xac suat tra 161 ding cau hoi
thir nhat 1a 0,7. Xéc suat tra 161 ding cau hoi thir hai 13 0,9 A
néu chi An tra 161 ding cau hoi thir nhét va 1a 0,5 néu f‘/tﬂ’ -
chi1 An khong tra lo1 dang cau hor thir nhiit. ,_____"Lj
Goi A 1a bién ¢6 “Chi An tra 161 dang céu hoi thir nhat”

va B 1a bién c¢b “Chi An tra 161 ding cau hoi thir hai”.
Hinh 1

Hay tim cac gia tri thich hop dién vao céc 6 [ ?] & so dé hinh cay sau:

Cau hoi thir nhat Cauhoi thirhai Két qua Xac suit
AB 0,63

B d
A <:
? B 48 [2]
0.5 B AB 0,15
i <
B AB
Ta thay bién ¢6 B la hop cua hai bién c6 xung khic 4B va AB. Do d6

P(B) = P(4B) + P(AB) = 0,63 + 0,15 = 0,78.
Mot céch tong quat, ta co

0.7

"
- -

"% Cho hai bién cé 4 va B véi 0 < P(B) < 1. Khi dé
P(A) = P(B)P(A|B)+ P(B)P(A|B)

goi 1a cdng thire xdc suit toan phan.

Chui y: Céong thirc xac suat toan phan ciing ding véi bién cb B bat ki.
Vidu 1. Trong 'I-, hay tinh xac suat nguol lam xét nghiém co két qua duong tinh.
Gidi

Goi A4 1a bién ¢6 “Nguoi lam xét nghiém c6 két qua duong tinh” va B la bién ¢
“Ngudi lam xét nghiém thuc su nhiém virus™.
Do xét nghiém cho két qua dwong tinh véi 76.,2% céc ca thuc su nhiém virus nén
P(A|B)=0,762.
Do xét nghiém cho két qua am tinh véi 99,1% cac ca thuc su khong nhiém virus nén
P(A|B)=0,991. Suy ra ~

P(AB)=1-0,991= 0,009,
Do ti 1& ngudi nhidém virus trong cong dong la 1% nén P(B) = 0,01 va P(B)=0,99.
Ap dung céng thitc xac suat toan phan, ta c6 xac suit nguoi lam xét nghiém co két qua

duong tinh la B B
P(A)=P(B)P(AB)+ P(B)P(AB)=0,01.0,762+0,99 . 0,009 =0,01653.



& Vao mdi bubi sang & tuyén phd H, xac suit xay ra
"% tic duong khi troi mua va khéng mua lan luot 12 0,7
va 0.2. Xac Suit cO mua vao mot budi sang la 0,1.
Tinh xéc suat dé sang do m}rén ph-:::r H bi tic duong.

2. Cong thirc Bayes

'@ Khao sat thi lue caa 100 hoc sinh, ta thu duoc bang S0 liéu sau:

Gion tinh
Nir Nam
Thi Tue
Co tat khuc xa 12 18
Khong co tat khic xa 38 32

Chon ngau nhién 1 ban trong 100 hoc sinh trén.

a) Biét r‘fmg ban do co tat khic xa, tinh xac suat ban do 1a hoc sinh nam.

b) Biét rﬁng ban do la hoc sinh nam, tinh xac suat ban do co tat khace xa.
Bang s liéu trén dwoc goi 13 bang 56 liéu 2 x 2.
Tir bang s6 liéu, ta thﬁ}r c0 50 hoc sinh nam va 50 hoc sinh nir tham gia khao sat, trong do co
12 + 18 = 30 hoc sinh co tit khic xa va 38 + 32 = 70 hoc sinh khong co tat khic xa.
Goi A 1a bién ¢6 “Hoc sinh duoc chon bi tat khiic xa” va B 1a bién ¢6 “Hoc sinh dwoc chon
la n&r”. Tir bang s6 liéu trén, ta tinh duwoc cac xac suat sau:

12418 0,3 PB)=2238 _ o5, puB)=—2 0,12
100 100

P(4)=

Hon nira, ta cling tinh duoc cac xac suat co diéu kién sau:

12 12
P(AlBy=———=0,24; P(BlA)=———=0,4.
12+38 12+18
Tir day suy ra
P(B)P(4B) 0,5.0,24 0.4= P(B|A)
P(A) 0,3
va
P(A)P(B4) _0,3.0,4 —0.24= P(AlB).
P(B) 0,5
Mot cach tong quat, tir dinh nghia xac suat ¢ diéu kién véi P(4) > 0, ta co
P(B)P(AB
P(A)




Két hop cong thirc trén véi cong thirc xac suat toan phan, ta co:

A Gia sir 4 va B la hai bién c6 ngau nhién thoa min P(4) > 0 va 0 < P(B) < 1. Khi do,
P(B|A)= P{B]P{AH_?} =
P(B)P(A|B)+ P(B)P(A|B)
go1 la cong thirc Bayes.

Chui y:

a) Cong thirc Bayes van dung véi bién c6 B bat ki.
P(B)P(A|B)
P(A)

Vi du 2. Mt nha méy c6 hai phn xuéng I va L Phan xuong I san xuat 40% s san pham
va phan xwong II san xuat 60% so san pham. Ti lé san pham bi 161 cua phan xuong 1

b) Va1 P(A) > 0, cong thirc P(B|A) = cing ducc goi la cong thirc Bayes.

la 2% va cua phan xudng I1 1a 1%. Kiém tra ngau nhién 1 san pham cua nha may.
a) Tinh xac suit dé san pham do bi 15i.
b) Biétrrﬁng san phﬁm duoc kiém tra bi 16i. Hoi x4c suit san phém do do phan xuong nao
san xuat cao hon?
Giai
a) Goi 4 1a bién ¢b “San pham duoc kiém tra bi 15" va B la bién ¢6 “San pham duoc
kiém tra do phan xuong I san xuat™.
Do phan xwong I san xudt 40% s6 san pham va phan xuong 11 san xuat 60% s6 san pham nén
P(B)=0.4va P(B)=1-0,4=0,6.
Do ti 1& san pham bi 16i cua phan xudng I 1 2% va cua phin xudéng 11 1a 1% nén
P(AB)=0,02 va P(4|B)=0,01.
Xéc suat dé san pham duoc kiém tra bi 15i la
P(A)= P(B)P(A|B) + P(B)P(AB)=04.0,02+ 0,6.0.01 =0,014.
b) Néu san phﬁm duoc kiém tra bi 13i thi xac suat san phém do do phan xuong [ san xuat la
P(B)P(AB) 0,4.0,02 4
P(A) 0,014 7

P(B|4) =

Néu san pham duoc kiém tra bi 151 thi xac suat san pham d6 do phin xuong II san xuit la
P(B|A)=1-P(B|A) = %

Vay néu san phﬁm duoc kiém tra bi 15i thi xac sudt san pha;‘.rn do do phan xuong [ san Xuat

cao hon xéc suat san pham do do phan xuong IT san xuat.

Vi du 3. Trong @, mét nguoi lam xét nghiém va nhan dwoc két qua dwong tinh.

Tinh xéc suat ngudi do thue su nhiém virus (két qua lam tron dén hang phéan nghin).



Giai
Stur dung ki hiéu céc bién ¢ nhu & Vi du 1.
Xac sut mot ngudi thue sy nhiém virus khi nguai do co két qua xet nghiem duong tinh
la P(B|A). Taco
P(B)P(AB) 0,01.0,762
P(4)  0,01653

P(B|A) = = 0,461 = 46,1%.
Khi phat hién mét vét thé bay, xac suat mot hé théng radar phat
canh bao 1a 0.9 néu vat thé bay do la muc tiéu that va la 0,05
néu dé 1a muc tiéu gia. C6 99% céc vit thé bay la muc tiéu gia.
Biét ring hé thong radar dang phét canh bao khi phat hién mét

vit thé bay. Tinh xéac sudt vét thé d6 la muc tiéu that.

— ‘ ) ) Hinh 3
s, Ngudn ta dicu tra thay ¢ mot dia phuong no co 2% ta1 xe
sir dung dién thoai di dong khi lai1 xe. Trong cac vu ta1 nan o

dia phuong d6, ngudi ta nhan thiy c6 10% la do tai xé co st dung

dién thoai khi lai xe gay ra. Hoi viéc sir dung dién thoai

di déng khi lai xe lam ting x4c suat gy tai nan 1én bao nhiéu lan?

1. Hop thir nhét 6 3 vién bi xanh va 6 vién bi do. Hop thir hai co 3 vién b1 xanh va 7 vién b1 do.
Cac vién bi c6 ciing kich thudc va khéi lwong. Lay ra ngiu nhién 1 vién bi tir hop thir nhat
chuyén sang hop thir hai. Sau d6 lai lay ra ngdu nhién déng théi 2 vién bi tir hop thi hai.

a) Tinh xdc suit dé hai vién bi lay ra tir hop thir hai la bi do.
b) Biét rang 2 vién bi ldy ra tir hop thir hai 14 bi d6, tinh xac sudt vién bi lay ra tir hép
thir nhét ciing 1a bi do.

2. Trong mot truong hoc, ti I€é hoc sinh nir la 52%. Ti 1€ hoc sinh nit va ti 1€ hoc sinh nam
tham gia cau lac bo nghe thuat lan luot la 18% va 15%. Chon ngau nhién 1 hoc sinh cua truong.
a) Tinh xac suét hoc sinh duoc chon co tham gia cau lac bo nghé thuat.

b) Biét ra:mg hoc sinh duoc chon co tham gia cau lac bo nghé thuat. Tinh xac sudt hoc sinh do
la nam.

Hinh 4

3. Ti 1é ngudi dan da tiém vic xin phong bénh A & mét dia phuong la 65%. Trong s6 nhirng
nguol da tiem phong, ti lé méc bénh A 1a 5%:; trong s6 nhirng nguol chua tiém phong,
ti 1¢ méc bénh A 1a 17%. Chon ngau nhién moét ngudi & dia phuong do.

a) Tinh xac suét nguol duoce chon mic bénh A.
b) Biét ring nguoi dwoc chon méc bénh A. Tinh xac suat nguoi d6 chua tiém véc xin
phong bénh A.

4.0 mot khu rimg no ¢6 7 chi lun, trong do co 4 chi luon noi that, 3 chu con lai luon tu nhan minh
n6i that nhung xéc suat dé mdi chi nay noéi that 1a 0,5. Ban Tuyét gip ngiu nhién mét chi lun.
Goi A4 14 bién c6 “Ch liin d6 ludn noi that” va B 1a bién ¢6 “Cha lan dé tu nhin minh luén noi that”.
a) Tinh xac suét cua céc bién cb 4 va B.

b) Biét rang chii lin méa ban Tuyét gap tu nhan minh 13 ngudi ludn néi that. Tinh xac suat dé

chii lun do ludn noi that.



CAU HOI TRAC NGHIEM
Chon phwong dn ding.

1. Cho hai bién cb 4 va B co P(4) = 08;
P(B)=0,5va P(A4B)=02.

a) Xac suat cua bién cb A véi diéu kién B 1a

A 04, B.05. C.025 D.0,625

b) Xac suat bién c¢6 B khéng xay ra véi
diéu kién bién cb 4 xay ra la

A.06. B.05 €075 D.0,25
¢) Gia tri ctia biéu thirc
P(4|B) _P(B|4) .
P(4)  P(B)
A.-05 B.0 C.05. D.1

2. Mot nha may thue hién khao sat toan bd
cong nhan vé sur hai long cua ho vé diéu kién
lam viéc tai phan xwong. Két qua khao sat
nhur sau:

Thai d6
" | Hai long | Khong hai long
Phan xuéng
Phan xuéng I 37 13
Phan xuéng 11 63 27

Gap ngau nhién mot cong nhan cua nha may.
Goi A la bién ¢6 “Cong nhan dé 1am viéc tai
phén xuong I” va B la bién ¢6 “Céng nhan do
hai long véi diéu kién lam viéce tai phan xuwong”.

a) Xéc suat cua bién co A4 1a

37 37 5 1
A —. B =— C—. D -
140 50 14 2
b) Xac suit cua bién c¢b 4 vai diéu kién B 1a
37 5
A.037. B.05. C.=—= D —.
50 14

¢) Xac suat cua bién ¢ B voi diéu kién A
khong xay ra la

A2 B09 CO07 D >
7 20

3. Cho so d6 hinh ciy dudi day.

0,7 B
0,2 JA<_

03] B
<\ E/”B
0.8

8 M4 <
04 =3

i

a) Xac suat cua bién ¢d ca 4 va B déu khong
xay rala

A 032 B.04 CO08 D092
b) Xac sudt cua bién cb B 1a

A 042 B.062. C.028 D.048.
¢) Xac suat diéu kién P(4|B) la

A % B.07. C. % D.048.

d) Gia tri cuia biéu thirc P{B)P%Alﬂ) la

A 048 B.03. C.0,5. D. 0,6.



BAITAP TU LUAN

4. Mot khu dan cur c6 85% cac ho gia dinh sir
dung dién dé dun nuéc. Hon nira, co 21%
cac ho gia dinh sir dung am dién siéu tdc.
Chon ngﬁu nhién mot ho gia dinh, tinh
X4c suit ho do sur dung am dién siéu toc,
biét hé d6 sir dung dién dé dun nuéc.

5. Cho hai bién cb ngiu nhién 4 va B. Biét
rang P(A|B) = 2P(B|A) va P(AB) # 0.

Tinh ti s P':A}.
P(B)

6. Phong cong nghé cua moét cong ty co
4 ki sur va 6 ki thuat vién. Chon ra ngﬁu nhién
dong thoi 3 ngudi tir phong. Tinh xdc suat
dé ca 3 nguol duge chon déu 1a ki su,
biét rang trong 3 ngudi duoc chon c6 it nhat
2 ki su.

7. Cb hai cai hop giong nhau, hop thir nhat
chira 5 qua bong ban mau tréng va 3 qua
bong ban mau vang, hop thir hai chira 4 qua
béng ban mau tring va 6 qua bong ban mau
vang. Cac qua bong co cung kich thuoc va
khoi luwong. Minh 15}' ra ngau nhién 1 qua
bong tir hop thir nhat. Néu qua bong do
12 bong vang thi Minh lay ra ngiu nhién
déng thoi 2 qua béng tir hop thir hai;
néu qua bong d6 mau tring thi Minh lay ra
ngau nhién dong thoi 3 qua béng tir
hop thir hai.

a) Str dung so do hinh cay, tinh xac suat dé
co ding 1 qua bong mau vang trong cac
qua bong lay ra tir hop thir hai.

b) Biét rﬁng cac qua bong 15}; ra tir hop
thir hai déu c6 mau tring. Tinh xac suat dé
qua bang 14y ra tir hép thir nhat c6 mau vang.

8. Hop thu nhit ¢6 1 vién bi xanh va 5 vién
b1 do. Hop thir hai co 3 vién b1 xanh va
5 vién b1 do. Cac vién bi co cung kich thudc
va khéi luong. L:i},-' ra ngau nhién déng thot
2 vién bi tir hép thir nhat chuyén sang hop
thir hai. Sau do la 1;?:1:-; ra ngau nhién df‘:lng
théi 2 vién bi tir hop thir hai.

a) Tinh xdc suat dé hai vién bi lay ra tir hop
thir hai 1a bi do.

b) Biét rang 2 vién bi lay ra tir hop thir hai
1a bi do. Tinh xac suat dé 2 vién bi lay ra tir
hép thir nhat ciing 1a bi do.

9. Mot doanh nghiép co 45% nhan vién la ni.
Ti 1€ nhan vién nir va ti 1¢ nhan vién nam
mua bao hiém nhan tho lan luot 13 7%
va 5%. Chon ngﬁu nhién mét nhan vién
cua doanh nghiép.

a) Tinh xac suat nhan vién duoc chon co
mua bao hiém nhan tho.

b) Biét réng nhian wvién duoc chon co
mua bao hiém nhan tho. Tinh xac suat
nhan vién do la nam.




HOAT DONG THUC HANH VA TRAI NGHIEM

Bai 1. Tinh gia tri gan dang tich phan bang may tinh cam tay

MuUC PIiCH
— Thuc hanh su dung may tinh cam tay dé tinh gia tri gén dang cua tich phan xac dinh.
— On tap va minh hoa gia tr1 cua tich phan xac dinh.
CHUAN BI
— May tinh cam tay.
— Sach giao khoa Toan 12, tap hai — bo sach Chan troi sang tao.
HUGNG DAN CHUC NANG CUA MAY TINH CAM TAY

Pé tinh tich phan xac dinh j“_f'{.\:} dx ta thuc hién cac thao tac sau:

. An phim dé chon phép toan tich phén o B

xac dinh: [[=). IﬂDdx
2. Nhip ham sé f{x). O
3. Nhap hai can tich phan: a, b.

4. Tinh gia tri gan diing cua tich phan xac dinh. Hinh 1

TO CHUC HOAT DONG
Chia lop thanh cac nhom, moi nhom tir 4 dén 8 hoc sinh.

Nhom truong phan cong cac thanh vién trong nhom thue hién cong viéc theo cac hoat dong sau:
HOAT DONG 1. Sir dung mdy tinh cim tay dé tinh gan ding f. (x* =3x)dx
Sau khi mo may, an phim dé chon phép toan tich phén xac dinh.

Nhap ham so va hai can tich phan bang cach an lién tiép cac phim sau:

Ay OFCEeEHEEON®LN®EE



Ta duoc rl (x’ —=3x)dx = 120 (Hinh 2).

——t
Jﬂ(zﬁ-Bdex

120

Hinh 2
Ql Sir dung may tinh cam tay dé tinh gan ding J-Dm (x* +x° —5x)dx.

- sy—1
mmﬂmmlﬁ@qmﬂmﬁmnﬁmuhﬁq“%HM
X

Sau khi mo may, an phim dé chon phep toan tich phan xac dinh.

Nhap ham sb va hai cin tich phan bang cach an lién tiép céc phim sau:

By OHO@EHOBOOO®EE

sxy—1 Yyor @ A
Ta duge | ——dx = 1.416481062 (Hinh 3). 5 x_I d
x

0 x+1
0x+1
1.416481062

Hinh 3

dx.

82x+3
% Sur dung may tinh cam tay dé tinh gan dung I - ]
2o

2

HOAT DONG 3. Sir dung my tinh cim tay dé tinh gin ding r Lty A
s x+1

Sau khi mo may, an phim dé chon phep toan tich phan xac dinh.

Nhip ham sb va hai cin tich phan bang cach an lién tiép cac phim sau:

By OEHEw 0@ OFHO0®EH0RE

Blojals

T e | JE"EI A
Ta duoc L} —————dx = 1,177585093 (Hinh 4). J‘4 x _x_l d
-

x+1
-0.5 x+1
1.177585083

Hinh 4

w2x +x+7
% Sir dung may tinh cam tay dé tinh gan ding I %dx
X+



Bai 2. Minh hoa va tinh tich phan bang phan mém GeoGebra

b=08
- 7 - ry -

MUC PicH
— Thuc hanh sir dung phan mém GeoGebra dé minh hoa va tinh tich phan xac dinh.
— Xem x¢t, mo phong cac bai toan tich phan xac dinh.

— On tap va minh hoa céc khai niém da hoc vé tich phan.
CHUAN BI

— May tinh xach tay c6 cai dit phin mém GeoGebra hoidc c6 két ndi Internet.
— May chiéu hodc man hinh ti vi lén.

— Thuc hanh trong phong méy néu cac truong cé diéu kién.

— Sach giao khoa Toan 12, tap hai — bo sach Chan tron sang tao.

HUGNG DAN CHU'C NANG CUA GEOGEBRA

Pé minh hoa tich phén trén phﬁn mém GeoGebra, ta thuc hién cac thao tac trén bon ving sau:
1. Ving chira cac thanh cong cu;

2. Ving hién thi danh sach cac déi twvong;

3. Vung lam viéc: chira hinh biéu dién tich phan xac dinh;

4. Ving nhap 1énh: dé nhap cong thitc cac ham s6 va biéu thic.

r £ Geolisbra Clamic § - =] =
VI]I:%Ch]I_fa Hé so Chinhsika Hidnthi Céc by chon Céc ofing oy Cidva sd Tro gidp
cac than 2
b il Fe
cang L-u | 'IA__ ""’f _-*'1"_'__ i--’.:_. (:J @ "{‘-__ \'l\‘{_ -rr._. 'P o
¥ Heln thi danh sdch ddi twomg * | = Viong lam viée o
& fy=05x"+1 O- - A
® a=18

Viing hién thi
danh sach |
cac do1 tuong |

Ving nhép lénh {| nnsp e

Hinh 1. Cde viing lam viéc clia GeoGebra Classic 5



— Danh sach ca phap 1énh tinh nguyén ham va tich phan co ban.

Déi tuong Ct phéap lénh Chu ¥
a1 . - — Phar dinh nghia truoc
Nguyén ham x )dx TichPhan .

S ‘f J) @ hai ham so f{x), g(x).
j” £(x)dx TichPhan(f, a, b) | — Co th'é khai ]:lé.ﬂ truce hai
Tich phin ¢ tham so a, b ro1 dung chuot
dé dicu chinh gia tri cuia a, b.

[ "If(x)-g(x)]dx | TichPhan(f, g, a b) | © e
T6 CHUC HOAT PONG

Chia lop thanh cac nhom, moi nhom tir 4 dén 8 hoc sinh.
Nhom truong phan cong cac thanh vién trong nhom thuc hién cong viéc theo cac hoat dong sau:

HOAT DONG 1. Sit dung phin mém GeoGebra dé tinh gin ding I:%.r"‘dx

1. Khai dong phan mém GeoGebra di cai dat trén may tinh hodc truy cip vao trang web:
https://www.geogebra.org/ dé sir dung phién ban online.

2. Cac buoc thao tac trén GeoGebra:

— Nhap ham s6 theo ct phap f:y=(1/3)x"3.

— Nhap tich phan theo ci phap TichPhan(f, 1, 2).

3. Quan sat két qua nhu Hinh 2.

Chi y: Néu da tao cac thanh truot a, b biéu thi gia tri dau va gia tri cudi cua tich phan thi nhap
theo cu phap TichPhan({, a, b), ro1 dung chudét de dieu chinh gia tri cac thanh truot cua a, b.

£F Beedleben Clminz § = [u] Ed
Wi g Chinh sira Hidn e Cde iy chon G cbing ou Cla sl Tro gilp
..t A :. .:‘“" o ‘)‘ .: =t gy
*H{hlﬂmﬂfﬂﬁ:ﬂuimﬂx = Wing lm vise
e =
.y JI
L 1R |
® h=244 | a=1
® cuzar P —
I [ B
q———————-'—-
‘ 1
: - - 2 [
I 1
|
Hhdi inh 1
Hinh 2

al Sir dung phan mém GeoGebra dé minh hoa va tinh gin ding 'rf (x* —3x)dx.




i -1
HOAT DONG 2. Sur dung plﬁn mém GeoGebra dé tinh gﬁn duang I:[%—l]d.‘t

1. Khot dong phf“m mém GeoGebra da cai dat trén may tinh hoac truy ciap vao trang web:
https://www.geogebra.org/ dé sir dung phién ban online.

2. Cac buoc thao tac trén GeoGebra:
— Nhap ham sé theo ca phap fiy=(x-1)/(x+1); g:y=1.
— Nhap tich phan theo cu phap TichPhﬁnGiﬁaHaiH&mSé{f, g 1, 3).

Cht y: Néu d tao cac thanh truot @, b bicu thi gia tri dau va gia tri cudi cua tich phan thi
nhép theo cti phap TichPhanGitaHaiHamS4(f, g, a, b), rdi dung chudt dé diéu chinh gia tri
cac thanh truot cua a, b.

3. Quan sat két qua nhu Hinh 3.

7 GeoGebsa Classic 5 - O b4
Hé sor Chinhsika Hiénthi Céctily chon Céc cfngcu Cika sé Tro gilp

e ' . -~ - .
0BRSS s rRNEER u
¥ Hién thi danh sach di rong < | = Viong lam viéc

x—1 L =2
F:vy=

¥ %41 i
g:y=1 .
amq
b=3 5 b=3

c=-139 -

Mhap Enh:

Hinh 3
2x+2

x—1

% Su dung phzlm mém GeoGebra dé minh hoa va tinh gﬁn dung J.j( — E]dx.



HOAT DONG 3. Sir dung phin mém GeoGebra dé tinh gin ding

i xt—x-1

I — |- (x-2) |dx

! x+1
1. Khai dong phin mém GeoGebra di cai dat trén may tinh hodc truy cip vao trang web:
https://www.geogebra.org/ dé sur dung phién ban online.
2. Cac buoc thao tac trén GeoGebra:
— Nhap ham sb theo ¢t phap fiy=(x"2-x-1)/(x+1); gry=x-2.
— Nhap tich phan theo cu phap TichPhanGiiraHaiHamSo(f, g, 0,2).

Chii y: Néu da tao céc thanh truot @, b biéu thi gia tri dau va gia tri cudi cua tich phan thi
nhip theo ci phap TichPhanGitraHaiHamSo(f, g, a, b), roi dung chudt dé diéu chinh gia tri
cac thanh truot cua a, b.

3. Quan sat két qua nhu Hinh 4.

7 Geolebea Classic 3 - o *
Hi s Chinhsira Hién thi Cdc tiy chon Cac cfing cy Cira 58 Ty gidp
P e - T
AN DUORON Al N2l
¥ Hidn thi danh sdch ddi trong | * Ving lam vike X
x! —x—1 hC~
Bf:y=
y x4 1
® gy=x-2
® a=0
® h=32
®c=11 P
a=0
-
Nhadp Enih:

Hinh 4

% Sur dung phﬁn mém GeoGebra dé minh hoa va tinh gén dung r[#— 2]:1:.'.
[] 2 x—




Bai 3. S’ dung phan mém GeoGebra dé biéu dién hinh hoc
toa do trong khong gian

MUC PicH
— Thuc hanh s dung phﬁn mém GeoGebra dé biéu dién hinh hoc toa dé trong khong gian.
— Biéu dién diém, vecto, cdc phep toan vecto trong hé truc toa do Oxyz.
— Vé duong thﬁng, mat phfmg, mit cau trong hé truc toa do Oxyz.
— Xem xét sy thay ddi hinh dang khi thay doi céc yéu t6 trong phuong trinh caa ching.
— Xem x¢t, mo phong cac bai toan toa do khong gian.
~On tap va minh hoa cac khai niém cua hinh hoc toa do.
CHUAN BI
— May tinh xach tay c6 cai dit phan mém GeoGebra hodc c6 két ndi Internet.
— May chiéu hodc man hinh ti vi lén.
— Thue hanh trong phong méy néu cac truong cé diéu kién.
— Sach giao khoa Toan 12, tap hai — bo sach Chan tron sang tao.
HUGNG DAN CHUC NANG CUA GEOGEBRA
Dé biéu dién hinh hoc toa do trong khong gian trén GeoGebra ta thuc hién cac thao tac trén
ving sau:
1. Viung chira cac thanh cong cu;
2. Vung hién thi danh sach cac doi twong;
3. Vung hién thi dang 3D: chira cac diém, vecto va mit phf:mg trong hé truc toa do Oxyz;
4. Viung nhap lénh: dé nhap toa do cac n:iiém1 vecto va mat phﬁng.

T Bt i § e
Vﬂﬂg chita cac : w50 Cnon sl sinin CH¢ iy chon Cix cbng ow Claos? oo i

thank cone cu 1D #~2n B Bl o A @ 4N - )
gct g |t ke g = b o g 3 o
F15 .
=13
LT T T2
. a=pag
Iy |
- R . u = |\:l]
Ving ]31&11 th . T
dqnh sach
don tuong

Vilng nh{:p lénh | [t om '

Hinh 1. Cde viing lam viéc cia GeoGebra Classic 5



— Danh sach ¢t phép lénh biéu dién cac déi twong hinh hoc toa dé trong khong gian trén

GeoGebra.
béi tuong C1 phap lénh Giai thich
Diém M(x; y; z) M(x.y.z) hay M=(x.y.z)
K1 hiéu vecto khong co
i =(x;y;:2) u(x,y,z) hay v=(x.y.z) miii tén g

Vecto

. Nhap hai diém M va N

it = MN u=Vecto(M, N)

trude khi nhap ii.

Puong

Puong thing di qua diém

Nhap d iém va vecto chi

e M(xy; yy3 z) €0 vecto chi DuongThang(M, u) phuong trudc khi vé
8 phuong i =(a: a,: a,) duong thang.
Ax+By+Cz+ D=0 Ax+By+Cz+D=0
Mat phﬁng di qua diém . W 2
Nhapd d than
M(x,. ¥y z,) va vuong goc | MatPhangVuongGoce(M, d) . lﬂ.rwf‘ ui:lng : £
. : trudc khi v& mit phang.
vo1 duong thiang d.
Mt
phang | Mat phﬁng di qua diém Nhap diém va cap vecto
M(x;, ¥o» Z,) Va €0 cap vecto MatPhang(M, u, v) chi phuong trurge khi vé
chi phuong 0, V. mit phéing.
Mit phang di qua 3 diém Nhap 3 diém 4, B, C
A, B, C. MatFhang(A. B, C) trude khi vé mat phing.
Mt cau co phuong trinh: (x—a)"2+(x—b)"2+
(x—a) +(x—b)y+ (x—¢)"2=R"2
(x —c) =R
3 : Nhiép tim mit ciu va ban
Mait cau st ca i an Lk P : .
Mat cau (5) tam / ban kinh R. MatCau(l, R) kinh trude khi v& mat ciu.
s . ) Nhap tam mat cau va
Mat cau (5) tam [ di qua MatCau(l, M) diém ndm trén mit cau

diém M.

trudc khi v& mat cau.




T6 CHUC HOAT PONG

Chia 16p thanh cac nhom, moi nhom tir 4 dén 8 hoc sinh.
Nhom truong phan cong cac thanh vién trong nhom thue hién cong viéc theo cac hoat dong sau:

HOAT DONG 1. Sir dung phin mém GeoGebra dé biéu dién diém, vecto cé toa dd

cho trude

1. Khoi dong phian mém GeoGebra da cai dat trén méy tinh hodc truy cip vao trang web:
https://www.geogebra.org/ dé sir dung phién ban online. Chon ché d6 Vé do hoa 3D voi
giao dién 1a mét miat phing nén dé biéu dién diém, vecto (Hinh 2).

L7 Guobabra Classic 3
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2. Cac budc thao tac trén GeoGebra:

Hinh 2

— Nhap toa dé diém: A(1; 2;0), B(2; 4; 2) vao vung nhap 1énh theo ca phap A(1,2,0); B(2,4,2).

— Nhap vecto 4 =(1;2;2), 1 = AB theo ct phap u(1,2,2); n=Vecto(A, B).

3. Quan sat diém, vecto duoc vé trén vung lam viéc (Hinh 3).

Hinh 3

@ a) Sir dung phin mém GeoGebra dé biéu dién céc diém M(-2; —4; -5), N(3; 5; 0),

P(0; 0; -2).

b) Sir dung phin mém GeoGebra dé biéu dién cac vecto ¥ =(-2;—4;-5), @ = MN, b = NP.



HOAT DOQNG 2. Sir dung phin mém GeoGebra dé biéu dién mit phing:
(P): 6x +3y+27-6="0

1. Khot dong ph;:m mém GeoGebra da cai dat trén may tinh hodc truy cap vao trang web:
https://www.geogebra.org/ de sir dung ]:-hu:n ban online. Chon ché d6 V& do hoa 3D véi

giao dién 1a m6t mat phing nén dé biéu dién mat phang.

2. Cac budc thao tac trén GeoGebra:
Mhap [Enh: 6x+3y+2z-6=0

Nhiap phuong trinh mit phing vao viing nhép lénh

theo cti phép 6x+3y+2z-6=0 (Hinh 4). Hinh 4

J. Quan sat mat ph?mg trén vung lam viéc (Hinh 5).

Hinh 5

4. Sir dung chuét dé xoay hé truc dé c6 cam nhan 3D trong khong gian Oxyz.

Sur dung phan mém GeoGebra dé biéu dién céc mét phang (P): 4x + 2y=0,(Q):x+y+z=3,
' (R): z=4.

HOAT DONG 3. Sir dung phin mém GeoGebra dé biéu dién dwing thing d:
x=2+t
y=3+2
z=41

1. Khoi dong phﬁn mém GeoGebra da cai dat trén may tinh hodc truy ciap vao trang web:
https://www.geogebra.org/ dé sir dung phién ban online. Chon ché dé V& do6 hoa 3D véi
giao dién la mot mat phing nén dé biéu dién duong thang.

2. Cac budc thao tac trén GeoGebra:

x=2+t
Nhap phuong trinh tham s cua duong théng d: 1 v =3+ 2¢ vao vung nhap lénh theo cu phap:
z=4¢

A(2,3.0); u(1,2.4); DuongThang(A, u).



3. Quan st duong thing trén ving lam viéc (Hinh 6).

/

Hinh 6

4. Str dung chuét dé xoay hé truc dé c6 cam nhan 3D cua khéng gian Oxyz.

x=2+3t
% Sir dung phan mém GeoGebra dé biéu dién duong thang d: { y=5—1
z=-3+41

HOAT DONG 4. Sir dung phiin mém GeoGebra dé biéu dién mit ciu:
(=3 + (-5 +(-4)=4

1. Khai dong phin mém GeoGebra da cai dat trén may tinh hoac truy edp vao trang web:

https://www.geogebra.org/ dé sir dung phién ban online. Chon ché d6 Vé do hoa 3D véi

giao dién 1a mot mét phang nén dé biéu dién mat cau.

2. Céc bude thao tac: Nhap phuong trinh mat cau (x — 3)* + (v — 5)* + (z — 4)’ =4 vao ving

nhap lénh theo cu phap: 1(3,5.4); R=2; MatCau(I, R).

3. Quan sat mit cau trén ving lam viéc (Hinh 7).

Hinh 7

4. Str dung chuét dé xoay hé truc dé ¢6 cam nhan 3D trong khéng gian Oxyz.

Sir dung phan mém GeoGebra dé biéu dién mat cau (5): x> + y* + =22 = 25 va

(5): (x =2+ (y+ 3V +(z+2)=09.



BANG GIAI THICH THUAT NGU

B Biéu thirc dwéi diu tich phan

La biéu thirc f(x) dx trong tich phan
]
j f(x)dx,con duoc goi la vi phan cia

ham sé F(x), ki hiéu dF'(x), trong do F(x)
la mét nguyeén ham cua f(x). Ta co
dF(x) = F'(x)dx =f(x)dx.

Cip vecto chi phuwong

Cﬁp vecto chi phuong cua moét mit
phéng la hai vecto khong cung phuong,
c6 gia song song hodc nam trong
mat phang.

Cén tich phén

La hai diém dau mit @ va b ciia doan
[a; b] khi ta lay tich phan tu a dén b
cua mot ham so lién tuc tréen doan nay;
a duoc goi la can duol, b duoc goi la
cin trén.

Caéng thirc Bayes

Vi moi bién ¢ 4 va B, P(4) > 0,

P(B)P(A|B)
P(B)P(A|B)+P(B)P(A|B)

P(B| 4) =

Céng thire nhén xdc suit
Cho hai bién cb A va B,
P(AB) = P(B)P(A|B).
Cong thire xdc suiit toan phén
Cho hai bién c6 A va B,
P(A)= P(B)P(A|B)+P(B)P(AlB).
Ham s6 dwéi ddu tich phén

b
La ham s/ (x) trong tich phan [ f(x)d.x.

Hinh thang cong

La hinh phang giéi han boi do thi
ham sé y = f'(x) lién tuc va khéng am
trén doan [a; b], truc hoanh va hai
duong thfmg x=a,x=b.

vk

! y=7x)

0| a b x
Dién tich cua hinh thang cong nay
bang F(b) — F(a), trong do F(x) la mot
nguyén ham cua f(x) trén doan [a; b].
Nguyén ham
Cho ham sé f{x) xac dinh trén K.
Ham so F(x) duoc goi la nguyén ham
cua ham so f(x) tréen K néu F'(x) = f(x)
vo1 mo1 x thude K.

Phuong trinh chinh tiic ciia duwimng thiing
Trong khn:mg gian Oxyz, phuong trinh

chinh tic cua duong thang d d1 qua
diém M(x,; »; z,) va co vecto

chi phuong a =(a,; a,; a;) voir a,, a,, a,
deu khac 0 la:
X—X% _Y Ve _Z73%

y L a5

d:

Phuwong trinh tham s6 cia dwing thing

Trong khﬂng gian Oxyz, phuong trinh
tham so cua duong thang di qua diém

M(xy; ¥o; Zp) vanhan a = (a,; a,; a;) lam
vecto chi phuong la:
x=x,+at
d:yy=y,+tat voite R

2=Zu+ﬂ'3.!'




Phuong trinh ciia mit chu tim Ka; b; c), V Vecto chi phuwong ciia dwimg thing

bin kinh R trong khong gian Oxyz La vecto khéc 0 co gia song song hoic

*(x-af+(y-by+(z-c)=R". tring voi duong thing.
e P+ 2+ 22— 2y~ 2z + d— 0 v

Vecto phap tuyén cia mit phiang
FP+P+E-d>0R="a’ +b + —d.

i La vecto khac 0 va c6 gia vuéng goc voi
Phuong trinh tong quit cia mit phiing mit phing.
trong khong gian Oxyz '
. o X Xic suit c6 diéu kién
La phuong trinh co dang ) o o
) _ Xac suat cua bién co B khi bién co 4 xay
Ax +By +(z+ D=0 ra duoc goi la xac suat cua B vor dieu kién
trong d6 A, B, C khong dong thai bang 0. A, ki hiéu la P(B|A).
T Tich phéin

Tich phén tir @ dén b caa ham sb [ (x)
b
lién tuc trén doan [a; b], ki hiéu J F(x)dx,

1a hiéu sb F (b) - F (a), trong d6 F (x) la
mot nguyeén ham cua f(x).

BANG TRA CUU TU NGU
B N
Biéu thirc dudi diu tich phan 14 Nguyén ham 6
C P
Cip vecto chi phuong ciia mat phing 32 Phurong trinh téng ql{i'll cua mét ph:-in_g 35
Cin diréi 14 Phuong trinh chinh l'f'n: cua duimg t]_ﬁng 46
Cén trén 14 Phuong trinh tham so L‘I‘:Iﬂ duong thing 45
Céng thirc Bayes 78 Phuong trinh cia mét cau 61
Céng thirc nhin xéc suat 71 T
Céng thirc tinh xac sut 6 dieu kién Tl Tichphan 14
Cong thire xac suat toan phin 76

v

H ' ' Vecto chi phuong ciia dudmg thing 44
Ham s6 dudn dau tich phin 14
Hinh thang cong 13 X ) .
Ho nguyén ham 7 Xac suit co diéu kién 69



Nha xudt bin Gido duc Viét Nam xin trin trong cam on
cac tac gia co tac pham, tw ligu dwrge swe dung, trich din
trong cuén sdch nay

Chiu trach nhiém xuét ban:

Téng Giam doc HOANG LE BACH

Chiu triach nhiém ni dung:
Téng bién tap PHAM VINH THAI

Bién tap néi dung: TRAN THANH HA —~ NGUYEN THI PHUGC THO
DANG THI THUY

Bién tap mi thuat: BUI XUAN DUONG
Thiét ké sach: BUI XUAN DUONG
Trinh bay bia: TONG THANH THAO — PANG NGOC HA
Minh hoa: NGOC KHANG ~ XUAN DUONG
Sua ban in: TRAN THANH HA —~ NGUYEN THI PHUGC THO

DANG THI THUY — HOANG THI THU DUNG
Ché ban: CONG TY CO PHAN DICH VU XUAT BAN GIAO DUC GIA DINH

Bin quyén thudc Nha xuit ban Gido duc Viét Nam.

Tat cd cde ph:i:n cua noi dung cuon sdach nay déu khong duoc sao chep, lwu irir,
chuyén thé dwdi bat ki hinh thirc nao khi chiea cé su cho phép bang van bdn ciia
Nha xudt ban Gido duc Viét Nam.




TOAN 12 - TAP HAI (CHAN TRO1 SANG TAO)

M3 so:

S6 QPXB.......... ngay .... thang.... nam 20 ...
In xong va nop luu chiéu thang ....nam 20....
Ma s6 ISBN: Tap mot:

Tap ha:



HUAN CHUONG HO CHI MINH

BO SACH GIAO KHOA LOP 12 - CHAN TROI SANG TAO

1. Toan 12, Tap mjt 4.
2. Todn 12, Tap hai 15.
3. Chuyén dé hoc tap Toan 12 16.
4. Ngiivan 12, Tap mit 17.
5. Ngiivan 12, Tap hai 18.
6. Chuyén dé hoc tap Ngii van 12 19.
7. Tiéng Anh 12 20.
Friends Global — Student Book 21
8. lichsir12 22.
9. Chuyén dé hoc tap Lich st 12 23.
10. Diali12 24,
11. Chuyén dé hoctap Diali 12 25.
12. Gido duc kinh té va phap luat 12 26.
13. Chuyén dé hoc tap Giado duc kinh té 27.
va phap luat 12 28.

Vatli12

Chuyén dé hoc tap Vatli 12

Hod hoc 12

Chuyén dé hoc tip Hod hoc 12

Sinh hoc 12

Chuyén dé hoc tép Sinh hoc 12

Tin hoc 12 - Binh hudng Tin hoc ing dung

. Chuyén dé hoc tap Tin hoc 12 — Binh hudng Tin hoc dng dung

Tin hoc 12 - Binh hugng Khoa hoc may tinh

Chuyén dé hoc tap Tin hoc 12 - Binh hudng Khoa hoc may tinh
Am nhac 12

Chuyén dé hoc tip Am nhac 12

Hoat ddng trai nghiém, huang nghiép 12 (1)

Hoat ddng trai nghiém, hudng nghiép 12 (2)

Gido duc quac phdng va an ninh 12

Cac don vi dau méi phat hanh

e MiénBic: CTCP Dau tuva Phat trién Gido duc Ha Noi
CTCP 5ach va Thiét bi Gido duc mién Bac

» Mién Trung: CTCP Pau tuva Phat trién Gido duc Da Nang
CTCP Sach va Thiét bi Giao duc mién Trung

« Mién Nam: CTCP Pau tuva Phat trién Gido duc Phuong Nam
CTCP Sach va Thiét bi Gido duc mién Nam
CTCP Sach va Thiét bi Giao duc Ctiu Long

Sach dién tu: http:/hanhtrangso.nxbgd.vn




